The Horn conjecture

for compact selfadjoint operators

H. Bercovici, W.S. Li, D. Timotin



N x N complex Hermitian matrix A.
eigenvalues A(A) = {A1(A) > Xa(A) > ... > An(A)} CRY

Question. Characterize (o, 3,7) € (lev)s such that there exist
Hermitian matrices A, B, and C such that o = A(A),B =
A(B), and v = A(C') such that C = A+ B.
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Notation:

I={i1<iy<...<i.}.

I° =N\I.

I;; = set consisting of the p smallest elements of 1°.
1 = |J) = |K| =

Theorem. (conjectured by A. Horn, proved by Klyachko,

Totaro, Knutson and Tao.)

Let (o, B,7) € (Rff)S. The following are equivalents:

(1) There exist Hermitian N X N matrices A, B, and C = A+ B
with o = A(A), B = A(B), v = A(C).

(2) For every Horn triple (I,J, K) € TN, 1 <r < N—1, the triple
(v, B,7) satisfies the Horn inequality

Doker Vo S Dier i + Zjej B;

and the trace equality

Zﬁil Vi = Zi\il Q; + Zf\il Bi .
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(1)

(2)

From Hermitian matrices to compact selfadjoint operators

A = compact operator

A (A) = {A(A4) 2 Ag(4) > )

Theorem. Let o, 3,7 € RY, with limit zero. The following

conditions are equivalent:

There exist positive compact operators A and B such that
Ap(A)=a, AL (B)=06, AL(A+B) =1.

For every Horn triple (I,J, K), and all positive integers p,q,

we have the Horn inequality

Z’Yk; SZ&H—ZBJ‘

keEK i€l jeJ

and the extended reverse Horn inequality:

Z 7k2204¢+25j-

kEKE, Q€I JETS
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‘Cut and interpolate’

_ N
a=(ag,...,ay) €ER
a* = decreasing rearrangement of a.

a, o, o e RV,
Definition. « is between o' and " if min{a}, o/} < a; <

max{a;, ol }.

Lemma. Ifa/, o’ € RN are decreasing and « is between o/

and o', then o™ is between o/ and o’ .

Proposition. For N € N. Let o, o, 3, 8, v, ¥ € RN, and
satisfying all Horn and reverse Horn inequalities for allr < N,
i.e. for every (I,J,K) e TN,

DD i+ B

ke K il jeJ
and

IEDWES A

ke K i idJ

Then, there exist Hermitian N x N matrices A, B, C' such that
C' = A+ B and A(A) (resp. A(B), A(C)) is between o and o
(resp. 5" and 5", v and ~").
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A selfadjoint compact operator on H,
Ah=>", ur(h,er), h € H, {ex} o.n. system, limy_, pr = 0.
Adn
A is the n-th largest non-negative term of (1)
A_p is the n-th smallest non-positive term of (1)
Denote Ag(A) the sequence A\ > Ag... > A9 > A_1.
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Inserting a gap
(a technical lemma)

Lemma. Fiz(I,J,K)eTN,0<p,q, pt+q<rand M € N.

ET VL +M ifl>r—p
ET VT + M ife>r—g
¢ Ke+M ifé>r—(p+q)

Then, (I',J',K') € TNTM,
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Extended Horn inequalities

Proposition. Fixz compact self-adjoint operators A, B, C' on
H,C <A+B, (I,JK) e TN, 0<p,q, p+q <r. Then
the sequences a = Ag(A), B = M(B), v = Ao(C) satisfy the

inequalities

r—(p+q) r
Z YK, + Z YK, —N-1
(=1 (=r—(p+a)+1
<ZCYI£—|— Z a1, —N— 1+26J4+ Z Br,—N—1-
l=r—p+1 l=e—q+1

Proof. Choose a projection P whose range contains all the
eigenvectors of A, B, C corresponding with a+,, B+tn, Y+n,
n < N, rank of P equals N + M. Apply Lemma.
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a=(—a_1>—0_9>...> —0y9 > —0y)

Theorem.  Consider sequences o', &, 3, 8", o', 4" €

Clor-  Assume both (o/,0,v"), (&",B",7") satisfy all the
extended Horn inequality. Then there exist compact self-adjoint
operators A, B, C such that C = A+ B,

Ao(A) is between o and o

Ao(B) is between ' and ("

Ao(C) is between v and " .

Corollary. (Horn conjecture for compact self-adjoint opera-

tors). Let a, B, v € C|o1. The following are equivalent:

(i) There exist compact self-adjoint operators A, B, C such
that C = A+ B, Ag(A) = a, Ag(B) = 3, Ao(C) = .

(ii) (v, B,7) and (@, 3,7) satisfy all the extended Horn inequal-

1tres.
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Partially specified eigenvalues

Under what conditions we can find operators

A,B,C, C = A+ B, such that Ag(A), Ao(B), and Ag(C) are

only partially specified.

Matrix Case:

o € RN, with a;, > ay, > ... Qj, are specified.

(075 if 4 S ’il
amin = ! —oo ifi,<i<N
Qi if ’ij <1< ’ij+1

+oo if1 < iy
amax = q; ifi, <i< N
a7 if ’ij <1< ij+1

B e Rfr agrees with o on the specified indices iff o™ < 3 <

a™?* . Write 8 D «.
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Proposition. N € N, partially specified decreasing vectors c,
B,y €eR). TFAE:

(i) 3 A, B, C" Hermitian such that C = A+ B, A(A) D a,
A(B) D 3, A(C) D ~;

(i) V(I,J,K) € TN, r <N,

Z Vlgnin < Z agnax + Zﬁ;nax

keEK iel jed

and

Z ~Vpmax > Z a?in + Z ﬁjmin .

kZK il JEJ

Theorem. Let o, 3, v € Clo1 be partially specified. TFAE
(i) 3 compact self-adjoint operators A, B, C with C = A+ B
and Ao(A) D a, Ag(B) D 3, Ao(C) D (7);

(i3) both (a™ax, gmax ~miny gnd (qmin, gmin ~Wax) sqtisfy all

the Horn inequalities.
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