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1. Introduction

In this contribution we consider degenerate evolution equations on the real line that
have the distinguished feature that they contain an exponential weight function.
More precisely, we consider evolution equations of the type

eFou+ h(0)u = f, u(0) = uo, (1.1)

where s > 0 is a fixed number, x € R and u = u(t,z). Here h(9,) is a pseudo-
differential operator whose symbol h = h(i§) is meromorphic in a vertical strip
around the imaginary axis and satisfies appropriate growth conditions.

Our interest is motivated by problems that arise from elliptic or parabolic
equations on angles and wedges, and by free boundary problems with moving
contact lines. To describe the class of symbols we have in mind, let us consider the
case of dynamic boundary conditions. It can be shown that the boundary symbol
for the Laplace equation Au = 0 on an angle G = {(rcos¢,rsing); r > 0 ¢ €
(0,a)} in R? with Dirichlet condition u = 0 on ¢ = o and dynamic boundary
condition dyu + J,u = g on ¢ = 0 is given by

atez + "r/)O(_(aac + 6)2)7 ¢0(Z) = \/ECOth(a\/z)’ z€C.
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Here 0 € R is a parameter that will ultimately determine the weight function
corresponding to the angle a. Similarly, if one considers the one-phase Mullins-
Sekerka problem in two dimensions with boundary intersection and prescribed
contact angle « € (0, 7], one is led to the boundary symbol

O™ = 1 (—(0s + B)%) (O + B+ 1)(0: + B +2),

where this time ¢ (z) = /2 tanh(a+/z). The free boundary problem for the sta-
tionary Stokes equations with boundary contact and prescribed contact angle in
two dimensions leads to

Oe” + (0 + B),

where
cos(2az) — cos(2ar)
sin(2az) + zsin(2a)’

P(z) = (1+2)
in the slip case and

(14 2) sin(2az) — zsin(2a)
4 22sin’(a) — cos2(az)

P(z) =

in the non-slip case. This motivates the study of equations of the type (1.1) and
its parametric form

ve*Tu + h(0z)u = f, (1.2)
where s > 0, v € C.

It is our goal to identify function spaces such that the operators in (1.1)
and (1.2) become topological isomorphisms between these spaces, i.e. to obtain
optimal solvability results. We will do this in the framework of L,-spaces. Our
main tools are recent results on sums of sectorial operators, their H>°-calculi, and
R-boundedness of associated operator families, see for instance [1, 2, 3, 4, 6, 7, 9].

Once this goal is achieved, one can go on to study symbols of higher dimen-
sional or time-dependent problems. The symbols for the Mullins-Sekerka problem
in higher dimensions, for the Stefan problem with surface tension, and for the free
boundary of the non-steady Stokes problem will be the subject of future work.

The case where h is a second order polynomial is studied in detail in [8], and
an application to a parabolic evolution equation in a wedge domain with dynamic
boundary conditions is given.

Observe that equations (1.1) and (1.2) are highly degenerate, due to the
presence of the exponentials. Therefore they are not directly accessible by standard
methods for pseudo-differential operators. Moreover, the basic ingredients of these
symbols, namely e* and 9., do not commute. Still, there is a close relation between
these operators. In fact, e is an eigenfunction of d, with eigenvalue s, or to put
it in a different way, the commutator between e** and 9, is se®*. It is this relation
we base our approach on. It allows us to apply abstract results on sums of non-
commuting operators.

The plan for this paper is as follows. In Section 2 we introduce the symbol
class My ;. Our first main result, Theorem 2.5, states that parametric symbols of



Degenerate evolution equations 3

the form (1.2) lead to sectorial operators in L,(R) which admit a bounded H°-
calculus. This result is used in Section 3 to show that problem (1.1) generates
a bounded, strongly continuous, analytic semigroup on L,(R) for every symbol
h e Mg,b, see Theorem 3.1 We can also show that the degenerate evolution equa-
tion (1.1) enjoys L,-maximal regularity, provided h is replaced by wg + h with
an appropriate nonnegative number wy, see Proposition 3.2. We pose the open
question whether or not wy can in fact be chosen to be zero, and we answer this
question in the affirmative in case that p = 2. Finally, in Section 5 we study some
of the functions introduced above, and we characterize values of 3 so that the
associated symbol hg belongs to the symbol class MZ,b’

In order to keep this paper short, we refer to [2, 7] for the definitions and for
background material on sectorial operators, their H>°-calculus, and the concept
of R-boundedness. For the reader’s convenience, we will include a recent result
on an H-calculus for the sum of non-commuting operators. For this, we con-
sider two sectorial operators A and B and we assume that A and B satisfy the
Labbas-Terreni commutator condition [5], which reads as follows.

0 € p(A). There are constants ¢ >0, 0 <a < <1,
Ya > ¢a, ¥ > ¢B, Ya+¢p <,
such that forall A€ X _y,, p € Xr_yy,
JA -+ A) A+ B) = (u+ B) LA < /(1 + Ao a4,
(1.3)
Assuming this condition we have the following generalization of a result by Kalton-
Weis [3] on sums of operators to the non-commuting case, see [7].

Theorem 1.1. Suppose A € H*(X), B € RS(X) and suppose that (1.3) holds for
some angles V4 > ¢, Yp > o8 with a + Yp < .

Then there is a number wg > 0 such that wy + A + B is invertible and sectorial
with angle Guo+a+p < max{a,p}. Moreover, if in addition B € RH>®(X) and
Y > ¢, then wo + A+ B € H*(X) and o v arp < max{a,¥p}.

2. Parametric Symbols

In this section we consider the parametric problem
ve* u + h(0z)u = f, (2.1)

where f € L,(R) for 1 < p < oo, v € ¥y, s € R, s # 0, and h(0;) is a pseudo-
differential operator whose symbol  belongs to the class My ; defined below. We
study the unique solvability of (2.1) in L,(R) with optimal regularity. This means
that we are looking for a unique solution u of (2.1) such that e**u € L,(R) and
u € Hj(R), where r € R denotes the order of the symbol h(z). It is an important
objective to obtain estimates for the solutions that are uniform in v € 3.
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We introduce now the class of symbols. For this purpose we consider the
vertical strip

S@ap =12€C: a<Rez<b} where 0¢ (a,b).

Definition 2.1. Let » > 1 be a fixed number.
Then £ is said to belong to the class My , if

(i) h(z) is a meromorphic function defined on the strip S(, ),

(ii) h(z)/|z]" — 1 as |z| — 00, 2 € S(ap),

(iii) there are constants C, N > 0 such that

|2k ()| < C(1+2]"), 2 € S@py, |21 2N,

(iv) h has no poles on the line iR,

(v) there exists a number ¢g > 0 such that Re h(i§) > ¢ for all £ € R.
Remark 2.2. The following properties are easy consequences of Definition 2.1.

(a) Suppose h satisfies (i)—(ii) in Definition 2.1. Then h has only finitely many
poles in S, p)-
(b) Suppose h satisfies (i)—(ii) and (iv)—(v) in Definition 2.1. Let

Oy, := sup{|arg h(i)|: £ € R}.
Then 6), < /2.

In the next proposition, we study some mapping properties of h(0,) and we derive
an expression for the commutator [e**, h(0y)].

Proposition 2.3. Let r > 0 and 1 < p < oo. Suppose 0,—s € (a,b) and suppose
that

(i) g:Sw@up) — C is meromorphic,
(ii) there are positive constants C and N such that

9(2)| +129'(2)| < C(L+ [2]"), 2 € Stapy, |2l = N,
(iii) g has no poles on the lines iR and iR — s.
Let g(0;) and g(0, — s) be the pseudo-differential operators defined by
9(0u)u = F~H(g(i€)Fu),  g(ds — s)u:=F ' (g(i€ — 5)Fu), ueSR),

respectively, where F denotes the Fourier transform, and S(R) is the Schwartz
space of rapidly decaying functions. Then

(a) the operators g(0y) and g(0, — s) are well-defined and
g(az)a g(az - 5) € B(H;(R)aLP(R))
(b) For any function v € Hy(R) such that e**v € HJ(R) we have the identity

e’ g(0y)v(x) = g(0, — s)e*Fv(z) 4+ e** ; /]Rpk:(x — )Ty (y)dy,

for x € R, where zi, denote the finitely many poles with order my of g in the
strip S(_s,0) and p(x) are polynomials of order my, — 1.
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Proof. (a) Let m, be defined by my(¢) = h(i& —o)/(1 4 |£[>)7/? for € € R and
o =0, s. It is not difficult to see that m,, satisfies supgcg(|mq ()] +[Em; (§)]) < oo,
and the assertion follows from Mikhlin’s multiplier theorem.

(b) Let v € D(R) be a test function. Then by definition of the pseudo-differential
operator ¢g(0;) we have

1 T .
9@0(@) = 5 [ gl FuEte, w ek
™ JR
Note that by assumption (ii) there are only finitely many poles zj in the strip
S(—s,0)- Multiplying with e** and applying the residue theorem yields
1

T or

_ 1 %% g(i€ —8) Fo(€ +is)dE + e°® Z Res[e*®g(z) Fv(—iz)] 1=z,
k

e* (0 )v(x) Ae(s+i£)z9(i§)fv(§)d£

21 Jr
— g0, ol@) +e* Y [ e - o)y,
L R

where the pg(x) are polynomials of order my, — 1 corresponding to the order my
of the pole of g(z) at z = z;. The assertion now follows from an approximation
argument. O

Next we state a result on kernel bounds for h(8,)~! which is also of independent
interest.
Proposition 2.4. Suppose r > 1 and

(i) h:Saay — C is holomorphic for some d > 0,
(ii) there are positive constants ¢,C such that

|h(2)| > c(|z|" +1) and |h(z)| + |20/ (2)] < C(1+2]"), z € S(_q,a)-
Then
(a) the operator h(0,) is well-defined and
h(9.) € Isom(H(R), Ly(R)).

(b) h(dy)~" is a convolution operator with kernel k, where e’k € Ly (R) for
some 0 > 0.

Proof. (a) Mikhlin’s theorem implies that h(0,) is a well-defined invertible oper-
ator with domain H (R).
(b) The kernel of h(9,)~* is given by the inverse Fourier transform of h(i¢) 1, i.e.

N
k(x)—zﬂ/Re hGe)’ z €R.
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Shifting the path of integration by 2§ < d to the left or to the right, we obtain by
Cauchy’s theorem

1 . d¢
+26x _ iEx
k(x) = — —_ R.
e k(@) 277/]1%6 nics20) °°
Plancherel’s theorem then yields e?’1*lk € Ly(R). Using that edl®lk = e—0ll20llf;
we obtain from Hélder’s inequality that e9®/k € L;(R). O

We will now state our main result for problem (2.1). Before doing so, we introduce
the following spaces

Xo :=L,(R),
Xy :=H:(R) N {v € Ly(R) : e*v € L,(R)). (22)

Theorem 2.5. Let 1 <p < oo, r>1, and a,b € R with 0, —s € (a,b). Suppose the
symbol h belongs to the class My, and let 0y, be as in Remark 2.2. Then

(a) (ve’® 4+ h(dy)) € Isom (X1, Xo) for each v € ¥r_p, .
(b) For each 6 > 0y, there is a positive number My such that

Nve™ + h@:) sz ) + e (v + h@:) sz, < My, (23)

for everyv € ¥, _4.
(c) (ve® + h(0y)) € H™®(L,(R)) for each v € ¥, _g, .

Proof. (1) Let @ > 6}, be fixed and choose v € X, _g. Let A be the operator in
Xo = Ly(R) defined by means of (Au)(x) = ve**u(z), = € R, for

u€ D(A)={ue€ L,(R): eue L,(R)}.

A is a multiplication operator, hence it is sectorial and admits a bounded H>°-
calculus with angle ¢%° = ¢4 = |argr| < m — 6. Next we introduce the operator
B in X given by

Bu = h(0)u, we€ D(B)=H,(R).

As in the proofs of Proposition 2.3 and Proposition 2.4 we obtain from Mikhlin’s
theorem that B is well-defined, invertible, sectorial, and admits a bounded H>°-
calculus with angle ¢¥ = 6.

We would now like to apply Theorem 1.1 to the sum A+ B. For this purpose
we have to check the commutator condition (1.3). In order to do so, it turns out to
be convenient to first remove the poles of A in the strip 5'(,370)7 decomposing h as
h = hi + ha, where hy is holomorphic in S(_,_. .y and hy is rational and bounded
at infinity. By adding a sufficiently large constant to h; (and subtracting it off
from hy) we can assume that Re hq (i€ —0) > ¢p > 0 for all o € [0, s], and also that
01, < 0y, Therefore, the operators hy(9,) and h1 (9, — s) have the same properties
as B. In particular, the parabolicity condition ¢ + qbﬁ“i(am) <m—0+4+0, <m7is
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satisfied. For > 0 fixed we obtain from Proposition 2.3(b), with g = (u + hq)~!
and (a,b) = (—s —¢,¢), that

(n+ D)X+ 0+ ) m+ A) 7 (1 + ha(0:) 7]
= A0+ A7 (4 ()7 Al + A)7F
= (A +n+A) 7+ 7 (0: = )7 [h1(0:) = hi(0s — 5)]
S+ h(92)) T A+ A) T
Since |hy (i€) — h1(i€ — s)| ~ |£|"~! we see that the function m defined by

_ ha(i&) — ha (i€ — s)
m(§) = (14 £2)—9)/2

belongs to L2(R), and also that m’ € Ly(R) for each § € (0,1/2). This implies
that m is the Fourier transform of an L;-function and it follows that

(h1(02) — (0, — 5)) € B(H,°(R), Ly(R)).
Hence we obtain the estimate
17+ AN +n+A) 7 o+ A7 (n+ ki (9:) 71
< CON + ) ™M (82) = 7 (@ — o 1+ Pa (@) sy )
< Cy(1+ Al 7O,

and (1.3) holds with « =0, 8 =d/r, and ¥4 > ¢a, ¥ > ¢p such that Y4 +vp <
7. Thus by Theorem 1.1 and [7, Remark 2.1] there is a sufficiently large wg such
that wg + A + h1(0;) is invertible, sectorial, and belongs to H*(X,) with angle
less than max{¢4,¥p}. Since hs(9;) is bounded, the same results hold for

wo+A+B=uwy —&—A—&—hl(@i) —|—h2(8w),

possibly at the expense of enlarging wg. This implies in particular that A+ B with
domain

D(A+B)=D(A)ND(B) = X;
is closed.

In the remaining part of the proof we want to remove wy by means of a
Fredholm type argument. Suppose we know that w + A + B is injective and has
closed range for all w € [0, wp]. Then these operators are semi-Fredholm, hence their
index is well-defined and constant, by the well-known result on the continuity of
the Fredholm index. Now, for w = wq this index is zero since w 4+ A+ B is bijective
as proved above. Then it must be zero for all w € [0,wp], hence the operators
w + A + B must also be surjective since they are injective. We can then conclude
from [2, Proposition 2.7] that A+ B is sectorial and admits a bounded H>-calculus
as well.

(2) Let us first consider the easiest case p = 2. Suppose u € D(A)N D(B) satisfies
ve®u + wu + h(dy)u = f.
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Taking the inner product with u in Lo(R) yields
vl e ull3 + wllull + (h(9:)ulu) = (f|u).
By means of Plancherel’s theorem we have
(h(O)ulu) = (F(h(02)u)| Fu) = (h(i§) FulFu),
and by taking real parts we obtain
collully < Re (h(0x)ulu) < || fll2]lull2,

provided Rev > 0. This implies the a-priori bound

lullz < g 'l|£l2,

which is independent of w > 0 and Rev > 0, i.e. injectivity and closed range of
w + A + B follow. In the case of a general angle 6 > 6;, we set p = tan@,. Then

Im h(i€)| < pReh(i€), €€ R.

Taking real parts we get this time
Re v[|e**/?ul3 + wlul3 +/RReh(i€)\fUI2d€ < [1fll2llell2,
and taking imaginary parts we obtain
[tm ] [|e*/2ul|3 —/R\Imh(if)l\fUFdé“ < [ fll2llull2-
Thus
(Mmv[+(e+p)Re u)||e“/2u||§+/R ((e+p)Re (i€)—[Im h(i€)) | Ful* dE < c|| fllz]lull2.

For [Imv| + (¢ + p)Rev > 0 we may now conclude that
[ulls < (14 p+e)/coe) | fl2-

The assumptions |argr| < m — 6 and 8 > 6, allow for such a choice of € > 0.
Hence in any case we have shown that w + A+ B is injective and has closed range
for all w > 0, which completes the proof of the theorem for p = 2.

(3) We next prove injectivity for all p € (1, 00). Suppose u € X satisfies
ve**u 4+ wu + h(0;)u = 0.
Then u, e’*u € L,(R) implies that e”"u € L,(R) for all o € [0, s]. But this gives
e = —e " (w4 h(8,)) T wetTu = —(w 4 h(8, + ) trels Ty,

where € > 0 is so small that Reh(i€ + o) > ¢p/2 for all £ € R and 0 < ¢ < &.
It follows that e’*u € L,(R) for all o € [—¢,s]. Using the Sobolev embedding
Hy(R) — Co(R) and Hélder’s inequality we get

[ 1 do < fulloo [ & da) [ el oyt
R R R



Degenerate evolution equations 9

and we conclude that uw € Lo(R). Uniqueness in Lo(R) now implies u = 0, i.e.
w+ A+ B is injective in L,(R) for all w > 0.

(4) Closedness of the ranges is more involved for p # 2 since we cannot refer
to Parseval’s theorem. Moreover, B will in general not be accretive in L,(R). So
assume to the contrary that R(w+ A+ B) is not closed in L,(R), for some w > 0.
Then there is a sequence (u,) C D(A) N D(B) with

[unlly =1 and f, := (w+ A+ B)u, — 0 in Ly(R) as n — oo.

Since woy + A+ B is invertible by step (1) this implies that u,, is bounded in H}(R)
and e**u is bounded in L,(R). By reflexivity of these spaces there exists a function
u € HJ(R)NL,(R, eP**dr) and a subsequence (w.l.o.g. the full sequence) such that

up, —u in H)(R), Bu, = Bu in Ly(R) and e*u, — " u in Ly(R).

The function u then satisfies ve**u + wu + h(9;)u = 0. Hence v = 0 by the
uniqueness result proved in the previous step.

We want to show u,, — 0 in L,(R) which gives a contradiction to ||u,|, = 1.
To achieve this we use the embedding H(R) — BUC(R) for « = —1/p > 0.
Since u,, converges weakly to 0 in L,(R) and is relatively compact in C(R) w.r.t the
topology of uniform convergence on compact sets by the Arzela-Ascoli theorem,
we may conclude that u,, — 0 locally uniformly. Let a € R be a fixed number.
Then given any £ > 0 there exists numbers b > a and k € N such that for any
n>k

00 ) b
/ | |Pde < eiSb”/ |un e |Pdx —|—/ |t [Pdex
a b a

< e sup uye™ (! + (b— a) sup{lun (@) : @ € [a,8], n >k} <e.
n

Hence [ |u,|Pdz — 0 as n — oo for each a € R.

We will now apply Proposition 2.4 to w + h(z) and we find that its inverse has a
kernel k such that e’l#lk € L, (R) for § > 0 sufficiently small. This yields

Up = (W +h(0:)  H(frn — vesTuy) = k* fr — kxvet®u, = k* f, — vp.

Observe that e %v,, = (e7%%k)*(ve®>=9%u,,). Since e(*~9)%y,, is uniformly bounded
in L,(R) with respect to n and e %k € L;(R) we conclude that e~%%v,, is also
uniformly bounded in L,(R). Let € > 0 be given. Then we can find numbers a € R
and k € N such that

( / funlPd2)? < K] [ fallp + €5 / e~ 0 Pdr) /P

< kNl fallp + €2lle™ % vall, < e

whenever n > k. (This can be done by choosing first a sufficiently negative and
then k sufficiently large.) Hence u,, — 0 in L,(R), and so the range of w+ A+ B
must be closed for each w > 0.
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(5) Finally we prove the estimate (2.3) by a scaling argument. Let 7, denote
the translation group on L,(R), i.e. (7,v)(z) = v(x + a), and observe that h(9,)
commutes with this group. Then with a = %ln |v| and ¥ = arg v we have
ve*Tu(x) + h(dp)u(z) = f(x), =z €R,
if and only if '
Ve u+ h(0g)T—qu =T_qof.
Setting Ty = e'?e’* (e + h(d,)) ™! this gives the representation
ve'Tu = ve* (ve®™ + h(0,)) ' f = TaToT_of.
The family {T’s }9e[—0,6) C B(Lp(R)) is continuous in 1, hence uniformly bounded.
Since the translations are isometries on L,(R) we obtain the estimate

”Vesw(l/esw + h(aw))_luB(Lp(]R)) < |?91|1<I)9 ||T19||B(LP(R)) < 00. (24)

This proves estimate (2.3) since h(9,) € B(H,(R), L,(R)) is an isomorphism. [

3. The evolution equation

By means of the transformation v(z) = e**u(z), (2.1) is equivalent to the para-
metric problem

vu + h(0y)e *%v = f. (3.1)
We thus consider the new operator C on X = L,(R) given by
Cv=h(0,)(e*"v), veD(C)={velL,R): e*ve H,(R)} (3.2)

We have the following result.

Theorem 3.1. Let the assumptions of Theorem 2.5 be satisfied. Then C is sec-
torial with ¢ = 0, < w/2. Hence —C' is the generator of a bounded analytic
Cy-semigroup on X.

Proof. It is clear that C is densely defined, since D(R) C D(C). Observing that
v(v+C) = vt (et + h(0,) Y, v E T, (3.3)

it follows from Theorem 2.5(b) that C is sectorial with angle 5. This shows that
—C is the generator of a bounded analytic Cy-semigroup in X = L,(R). The

ergodic theorem X = N(C) & R(C) shows also that the range of C is dense in X
since obviuosly C' is injective. O

We pose the question whether the Cauchy problem

v+ Cuv=Ff, v(0)=0, (3.4)
has maximal L,-regularity. This is not clear from Theorem 2.5, but the first step
of its proof shows that (3.4) has in fact maximal L,-regularity if C is replaced
by C, = (w + h(0y))e ** with w > wp, where wy is an appropriate nonnegative
number. It is an interesting open question whether wy can be chosen to be 0.
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Due to the transformation u(t,z) = e **v(t, ) is is clear that every solution of
the Cauchy problem (3.4) is also a solution of the following degenerate Cauchy-
problem

e owu(t, ) + h(0z)u(t,x) = f(t,z), t>0, z €R,

u(0,z) = 0. (35)

Thanks to Theorem 3.1 we know that problem (3.4) admits a unique solution v for
an appropriate function f, and hence, problem (3.5) also admits a unique solution
(whose regularity properties can be deduced from the regularity properties of v
via the transformation u = e~5%v).

It is an open problem whether or not (3.5) has maximal regularity. In that direc-
tion, we can only prove the following weaker result.

Proposition 3.2. Let the assumptions of Theorem 2.5 be satisfied. Then there exists
a non-negative number wgy such that
e ou(t, ) + wu(t,z) + h(0)u(t,z) = f(t,z), t>0, z€R,

u(0,2) =0 (36)

admits a unique solution u with mazimal Ly-reqularity for every w > wy. That is,
for each f € Ly(J x R), problem (3.6) admits a unique solution u € Ly(J, H)(R))
such that e’*Opu € L,(J x R) where J = (0,T). There is a constant M = M,, > 0,
independent of f, such that

¥ Opullr,(7xr) + ullz, (s ®) < M fllL,7xR)-
Moreover, the operator L = 0re®® + w + h(0;) admits a bounded H™-calculus on

L,(J xR) forw > wy.

Proof. Repeating step (1) of the proof of Theorem 2.5 in L,,(J xR) = L,(J, L,(R))
with A replaced by A = 0;e®**, we obtain a number wy such that the operator

wo + 0re®* + h(0,),

with natural domain, is invertible and admits a bounded H°°-calculus. Proposi-
tions 1.3.(iv) and 2.7 in [2] imply that this is also true for any w > wy. g

On the other hand, we do obtain maximal L,-regularity for problem (3.5) in
case that X = Lo(R). This is the statement of the next theorem.

Theorem 3.3. Let the assumptions of Theorem 2.5 be satisfied. Then for each
f € Ly(J, La(R)), problem (3.6) admits a unique solution u € Ly(J, H5(R)) such
that e**0yu € L,(J, L2(R)). There is a constant M > 0, independent of f, such
that

||€S$atu||Lp(J7L2(]R)) + ||UHLP(J,H2T(]R)) < M”fHLp(J,Lz(R))'
The operator L = 0;e® + h(0,) admits a bounded H>-calculus on L,(J, La(R)).
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Proof. Let X = Ly(R). According to Theorem 3.1 we know that the operator
C is sectorial with ¢ = 6. Since X is a Hilbert space, we have that C' is, in
addition, also R-sectorial with ¢& = 6),, see for instance [2, Remark 3.2.(3)]. This
implies that the Cauchy problem (3.4) has maximal L,-regularity, see for instance
[2, Theorem 4.4]. Since w + h(z) satisfies the same assumptions as h(z) for each
w > 0 we deduce that the Cauchy problem (3.4) with C replaced by C,, also has
maximal L,-regularity. That is, for each f € L,(J,X), with X = Lo(R), there is a
unique solution v € H}(J, X) of (3.4), and there is a positive constant M = M (w)
independent of f such that

9/, 7x) + 1CuvlL, (1x) < M fllz,rx), [ € Lp(J, X).

Going to (3.6) via the transformation u = e~*%v yields a unique solution of (3.6)
and the estimate

le**Brull L, (1.x) + I(w + 1(02))ul L, (1x) < M fllL,0.x),  f € Lp(J, X).

Since w + h(9,) € B(H}(R), L,(R)) is an isomorphism for each w > 0, this yields
invertibility of the operators w+0;e**+h(0,) on Ly (J, L2 (R)) with natural domain,
for each w > 0. As in Theorem 3.1 we obtain that there is a number wy > 0 such
that wg + 9,e®* + h(9;) admits a bounded H*-calculus on L, (J, L2(R)). Using |2,
Proposition 2.7] we conclude that die®® + h(9,,) is invertible, sectorial and admits
a bounded H>-calculus on L,(J, L2(R)), and this completes the proof. O

4. Examples

In this section we discuss some of the examples introduced in Section 1.

(i) We first consider the symbol of the Laplace equation in an angle G =
{(rcos¢,rsing): r > 0, ¢ € (0,a)} with homogeneous Dirichlet condition on
¢ = a and dynamic boundary condition d;u + d,u = g on ¢ = 0. Then we obtain
a problem of the form (1.1) with s =1 and

ha(z) = do(—(z +)*)  with () = v/Ceoth(av/C).

Since the function coth(¢) is odd, g is a meromorphic function on C with poles
in {¢x = —r} = —k*(7/a)? : k € N}. Since coth¢ — 1 for [¢| — oo, |arg(¢)| <
0 < m/2, it is easy to see that hg(z)/|z| — 1 as [z| — oo, in any strip S, ). In
particular r = 1 and h satisfies (i)-(iii) of Definition 2.1 in S(4) for all a < b.
Next we determine the values of § which are admissible. The parabola P3 =
{—(i¢ + 8)? : € € R} passes through a pole of vy if and only if |3| = r} for some
k € N. Therefore Definition 2.1(iv) is satisfied if and only if |3| # ry for all k € N.
To check Definition 2.1(v), we compute the real part of hg(if), to the result

. |¢]sinh(2a[¢]) 4 Bsin(2a)
Re hg(i§) = cosh(2alé|) — cos(2aB)
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This shows that the real part of hg(if) is strictly positive for all values of £ € R
if and only if Re hg(0) > 0, which in turn is equivalent to |3] cot(c|3|) > 0. This
yields the range

18] € [0,7/20) | (kn/a, (k + 1/2)7/cv).

k>1

(ii) Ifin (i) we change the Dirichlet condition on ¢ = « into a Neumann condition
then the function h becomes

ha(2) = a(=(z+B)*) with ¢1(¢) = v/Ctanh(ay/Q).
Here we have again a meromorphic function, s = r = 1, but the poles are this time
in {¢ = —s7 = —(2k + 1)*(7/2)? : k € No}. The admissible values of 3 then are
|8 # sk for k € Ny. For the real part of hg(i§) we get
o lelsinh(2alg]) — Bsin(2a5)
Reh = .
ey (ic) cosh(2a(¢]) + cos(2a3)
Thus the real part of hg(i€) is in this case strictly positive for all £ € R if and

only if Rehg(0) > 0 which in turn is equivalent to |3|tan(«|8]) < 0. This yields
the range |3| € Up>1(km/a, (k+1/2)7/a).

(iii) We next discuss the symbol of the two-dimensional Mullins-Sekerka
problem
hp(z) = —¥r(=(z+ B)")(z + B+ 1)(2 + B+ 2),
with ¢ as in (ii), where we restrict attention to the physically relevant range
a € (0,7). Here again h is meromorphic and we have s = r = 3. The poles are

the same as in (ii), and for the real part of hg(i€) we get the more complicated
expression

_ |¢lsinh(2a[¢]) (€2 — 38(8 +2) — 2) + (B + 1) sin(2a8)(B(8 + 2) — 3¢?)

2(sinh? (o) + cos?(af)) .
For 3 > 0 we set &2 = B(B + 2)/3 to see that €2 — 33(8 + 2) — 2 < 0, hence
Re hg(i&) < 0. If 8 = 0, then we also have Re hg(i&) < 0 for ¢ sufficiently small.
Thus nonnegative values of § are not admissible, and neither are small negative
values of . On the other hand, if 3 < —2 then the same choice of &; shows
Re hg(i€y) < 0, so that such values of 5 do also not meet (iv) of Definition 2.1.
This shows that the admissible values of # are contained in the interval (—2,0).
Next we look at hg(0) which is

hs(0) = || tan(e|5]) (8 + 1)(8 + 2).

There are two distinguished cases, namely —2 < < —1 and —1 < 8 < 0, as
hg(0) =0 for 8 = —1.If —1 < 8 < 0 we always have the window —7/2a < 8 < 0.
Restricting attention to this range, a sufficient condition for Re hg(i§) > ¢o > 0 is

max{—1,—7/2a} < < —1+1/V3.

Re hg(i€)
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In fact, we then have sin(2a|8|) > 0 as well as 3|5](8 + 2) — 2 > 0, which implies
Rehs(i€) > 0 for all £ € R. On the other hand, if £2 is such that the coefficient of
sinh(2a/¢|)[€] is negative, i.e. if €2 — 33(8 + 2) — 2 < 0, then we may estimate

sin(20/8)(8 + 1) (=36 + B(5 + 2)) + sinh(2al¢])[€](€* — 36(6 +2) - 2)

< 2a|p|(1 — |8]) [3¢? + |BI(2 — 18] + 2a€>[€* + 3]8](2 — |B]) — 2]

=2a[¢" — (2+6|81* - 9IBNE” + |61°(1 — 181)(2 — |5])]-

The last line becomes negative for some value of €2 > 0 if and only if

BI2(1 = 18)(2 — 18]) < (1 + 3|81 - 915]/2)?,

which shows that the range —0.195 < § < 0 is forbidden. Computations with a
computer algebra system suggest that there is an increasing function §*(«) such
that the range of well-posedness is given by —1 < 8 < §*(«), and —0.32 < §*(«a) <
—0.195.

(iv) Finally we discuss the symbol of the stationary Stokes problem with boundary
contact and prescribed contact angle in the slip case in two dimensions. This
symbol reads as

cos(2a() — cos(2a)
sin(2a€) + ¢ sin(2a)

ha(z) = (2 +B) with (¢) = (1+)

This symbol is much more complex than those discussed before, and we do not
intend to present a complete discussion here. Obviously, 8 = 0 leads to a first
order pole, hence neither of the intervals [—4,0] and [0, §] are admissible. We want
to concentrate on a neighborhood of 8 = 1. Computing the real part of ¥(1 4 i)
leads to the expression

(cosh(2a€) — 1) (& sinh(2a&) + &2 sin(4a)/2)
sin?(2a)(cosh(2a€) + 1)2 + (cos(2a) sinh(20€) + € sin(2a))2

Rey(14 i) =

This representation of Re ¢ (1+i£) shows that it is strictly positive except at & = 0.
Thus § = 1 is not admissible. We expand the symbol at (3,£) = (1,0) to the result

hs(i§) = 2a(1 = B —i&) + o(|B — 1] + [¢])-

This shows by means of a compactness argument that Re h(i§) is bounded below
for € € R when f is restricted to an interval (5*(«), 1) with §*(a) < 1. This range
of B is admissible, i.e. for such numbers § the conditions (iv) and (v) of Defini-
tion 2.1 are satisfied.
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