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1. Introduction

The principle of linearized stability is a well-known and powerful tool for proving stability or
instability of equilibria of nonlinear evolution equations. It is known to be true for large classes of
nonlinear evolution equations, even for such which are nonlocal. The literature on this subject is
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large. Since here we are mainly interested in quasilinear parabolic problems, we only refer to the
monograph by Lunardi [21], and to [1,24].

In this paper we will consider the following situation: suppose that for a nonlinear evolution
equation we have a C!-manifold of equilibria £ such that at a point u, € &, the kernel N(Aq) of the
linearization Ag is isomorphic to the tangent space of £ at u,, the eigenvalue 0 of Ag is semi-simple,
and the remaining spectral part of the linearization Ag is stable. Then solutions starting nearby u,
exist globally and converge to some point on £. This result is well known to specialists in the area
of dynamical systems (where it is considered a folk theorem), but might be less familiar to people in
the PDE community.

The situation described above occurs frequently in applications. We call it the generalized principle
of linearized stability, and the equilibrium u, is then termed normally stable.

A typical example for this situation to occur is the case where the equations under consideration
involve symmetries, i.e. are invariant under the action of a Lie group G. If then u, is an equilibrium,
the manifold £ includes the action of G on u, and the manifold Gu, is a subset of £.

A standard method to handle situations as described above is to refer to center manifold theory. In
fact in that situation the center manifold of the problem in question will be unique, and it coincides
with &£ near u,. Thus the so-called shadowing lemma in center manifold theory implies the result.
Center manifolds are well-studied objects in the theory of nonlinear evolution equations. For the
parabolic case we refer to the monographs [18,21], and to the publications [6,7,10,19,20,22,28,29].

However, the theory of center manifolds is a technically difficult matter. It usually involves higher
regularity of the involved nonlinearities—in particular concerning the shadowing property. Therefore
it seems desirable to have a simpler, direct approach to the generalized principle of linearized stability
which avoids the technicalities of center manifold theory.

The purpose of this paper is to present such an approach. It turns out that the effort is only
slightly larger than that for the proof of the standard linearized stability result—which is simple. We
emphasize that our approach requires only C!-regularity for the nonlinearities. By several examples
we will illustrate that our result is applicable to a variety of interesting problems in different areas of
applied analysis. It is our belief that the approach devised in this manuscript will be fruitful for the
stability analysis of equilibria for parabolic evolution equations that involve symmetries in the way
described above.

Here we would also like to mention the work in [9], where the action of a Lie group has been used
for the stability analysis of equilibrium solutions. However, the approach given here is considerably
more general and flexible.

In Section 2 we formulate and prove our main result for abstract autonomous quasilinear parabolic
problems. Theorem 2.1 implies, for instance, the main result in [15] on convergence of solutions for
the Mullins-Sekerka problem. We also show by means of examples that the conditions of Theorem 2.1
are necessary in order to have convergence to a single equilibrium.

In Section 3, we consider quasilinear parabolic systems with nonlinear boundary conditions and
we show that our techniques can also be applied to this situation. Sections 4 and 5 illustrate the
scope of our main result, as we show convergence towards equilibria for the Mullins-Sekerka model,
and stability of travelling waves for a quasilinear parabolic equation.

In Section 6 we consider the so-called normally hyperbolic case, where the remaining part of the
spectrum of Ag also contains an unstable part away from the imaginary axis. In this situation, one
cannot expect convergence of all solutions starting near u,, but only for those initial values which are
on the stable manifold.

To cover the quasilinear case our approach makes use of maximal Lp-regularity in an essential
way. As general references for this theory we refer to the recent publications [11,12], to the survey
article [24], and also to [2-4,8,21].

In a forthcoming paper these results are extended to the case where the boundary conditions are
of relaxation type, i.e. are coupled with an evolution equation on the boundary, as in [13]. Problems
of the last kind are important e.g. for the Stefan problem with surface tension, see [14,26], and for
the two-phase Navier-Stokes problem with a free boundary.

Finally, we should like to point out that the generalized principle of linearized stability described
in the current paper can also be adapted and applied to fully nonlinear parabolic equations, see [27].
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2. Convergence for abstract quasilinear problems

Let Xo and X; be two Banach spaces such that X; — Xp, i.e. X7 is continuously and densely
embedded in Xp. In this section we consider the autonomous quasilinear problem

() + A(u®))u(t) = F(u®)), t>0, u(0)=uo. 21)

For 1 < p < oo we introduce the real interpolation space X, := (Xo, X1)1-1/p,p and we assume that
there is an open set V C X, such that

(A,F)eC1(V,B(X1,X0)><X0). (2.2)
Here B(X1, Xp) denotes the space of all bounded linear operators from X; into Xo. In the sequel we
use the notation |- |; to denote the norm in the respective spaces X; for j=0,1,y. Moreover, for
any normed space X, Bx(u,r) denotes the open ball in X with radius r > 0 around u € X.
Let £ C V N X; denote the set of equilibrium solutions of (2.1), which means that

ueé ifandonlyif ueVnXy, A@)u=FQ).

Given an element u, € £, we assume that u, is contained in an m-dimensional manifold of equilibria.
This means that there is an open subset U ¢ R™, 0 € U, and a C!-function ¥ : U — Xj, such that

e U(U)C & and ¥ (0) = u,,
e the rank of ¥’/(0) equals m, and
e A(W@Q)W () =F(¥()), ¢eU. (2.3)
We assume further that near u, there are no other equilibria than those given by ¥ (U), i.e.
EN By, (Uuy, 1) =¥ (U), for some r1 > 0.
We suppose that the operator A(u,) has the property of maximal Lp-regularity. Introducing the
deviation v =u — u, from the equilibrium u,, the equation for v then reads as
V(E) + Aov() =G(v(D), t>0, v(0)=vy, (2.4)
where vg = ugp — u, and
Aov = A(u)Vv + (A’ (W) v)u, — F'(uy)v for v e X. (2.5)
The function G can be written as G(v) = G1(v) + G2(v, v), where
G1(v) = (F(ux +v) = F(uy) — F'(@a)v) — (A(ts +v) — A(us) — A (Us)V) Uy,

Go(v,w)=—(A(ux +v) —AW))w, weXq, VeV,

where V, :=V —u,. It follows from (2.2) that G; € C!(V,, Xo) and also that G, € C1(V, x X1, Xo).
Moreover, we have

G1(0) =G2(0,0) =0, G{(0) = G5(0,0) =0, (2.6)

where G and G/, denote the Fréchet derivatives of G1 and G, respectively.
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Setting ¥ (¢) = ¥ (¢) — u, results in the following equilibrium equation for problem (2.4)

Ao¥ (£) =G(y(¢)) forall ¢ eU. (2.7)

Taking the derivative with respect to ¢ and using the fact that G’(0) = 0 we conclude that Agy’(0) =0
and this implies that

Ty, (&) C N(Ao), (2.8)

where T, (£) denotes the tangent space of £ at u,.
After these preparations we can state the following result on convergence of solutions starting
near u,.

Theorem 2.1. Let 1 < p < oo. Suppose u, € V N X; is an equilibrium of (2.1), and suppose that the functions
(A, F) satisfy (2.2). Suppose further that A(u,) has the property of maximal L,-regularity. Let Ao, defined in
(2.5), denote the linearization of (2.1) at u,. Suppose that u, is normally stable, i.e. assume that

(i) near u, the set of equilibria £ is a C'-manifold in X; of dimensionm € N,
(ii) the tangent space for £ at u, is given by N(Ao),
(iii) 0 is a semi-simple eigenvalue of Ao, i.e. N(Ag) @& R(Aog) = Xo,
(iv) 0(Ap) \ {0} CcC4 ={ze C: Rez> 0}.

Then u, is stable in X,, and there exists § > 0 such that the unique solution u(t) of (2.1) with initial value
up € Xy satisfying |ug — uly, <& exists on R and converges at an exponential rate in X,, to some Uy € €
ast— oo.

Proof. (a) Note first that assumption (iii) implies that 0 is an isolated spectral point of o (Ag), the
spectrum of Ag. According to assumption (iv) o (Ag) admits a decomposition into two disjoint non-
trivial parts with

0(Ap) ={0}Uos, o05CCip={zeC: Rez>0}.

The spectral set o, := {0} corresponds to the center part, and o to the stable part of the analytic
Co-semigroup e~4o!, or equivalently of the Cauchy problem W + Aqgw = f.

In the following, we let P!, I € {c, s}, denote the spectral projections according to the spectral sets
o. = {0} and oy, and we set Xg- := P'X; for I € {c,s} and j € {0,1, ). The spaces Xﬂ‘ are equipped
with the norms |- |; for j=0, 1, . We have the topological direct decomposition

X1=X{®X5, Xo=X{®X},
and this decomposition reduces Ag into Ag = A @ As, where A; is the part of Ag in Xé for I € {c, s}.
Since o = {0} is compact it follows that X§ C X;. Therefore, X{ and X coincide as vector spaces.
In the following, we will just write X = (X, |- ;) for either of the spaces X{ and X{. We note that
N(Ap), the kernel of Ao, is contained in X°. The operator A; inherits the property of L,-maximal
regularity from Ap. Since o (As) = o5 C C, we obtain that the Cauchy problem

w+Aw=f, w(0)=0, (2.9)

also enjoys the property of maximal regularity, even on the interval J = (0, co). In fact the following
estimates are true. For any a € (0, oo] let

Eo(a) = Lp((0.a); Xo).  Eq(a) = Hp((0.a): Xo) N Lp((0.a); X1). (2.10)
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The natural norms in E;(a) will be denoted by || - [|g;@ for j =0, 1. Then the Cauchy problem (2.9)
has for each f € Ly((0,a); X{) a unique solution

w e Hy((0,); X5) N Ly (0. a); X3),
and there exists a constant Mg such that W]k, @ < Moll fllgy@) for every a > 0, and every function
feLp((0,a); X3). In fact, since o (A; — w) is still contained in C, for w small enough, we see that the
operator A; — w enjoys the same properties as As. Therefore, every solution of the Cauchy problem
(2.9) satisfies the estimate

||e‘”w||]E](a) < MOHe“fHEO(a), o €[0,w], a>0, (2.11)

for f € Lp((0,a); X3), where Mg = Mo(w) for w > 0 fixed; cf. [24, Section 6]. Furthermore, there exists
a constant M7 > 0 such that

He“’te_AStPsu”El(a) + ts[lcl)p)|ewte_A5tP‘u|y <M,y |P5u|y (212)
€l0,a

for every u e Xy and a € (0, oo]. For future use we note that

sup [w(®)|, <colwlg,@ forall weEi(@ with w(0)=0 (2.13)
tel0,a)

with a constant cg that is independent of a € (0, oo], see for instance the proof of [25, Proposition 6.2].
We remind that N(Ap) is contained in X¢.
(b) It follows from the considerations above and assumptions (i)-(iii) that in fact

N(Ap)=X° and dim(X°)=m.

As X¢ has finite dimension, the norms |- |; for j=0, 1,y are equivalent, and we equip X° with one
of these equivalent norms, say with |- |o. Let us now consider the mapping

g:UCR™— X%, g():=Pv(), ¢el.
It follows from our assumptions that g’(0) = P¢y/(0):R™ — X¢ is an isomorphism (between the
finite-dimensional spaces R™ and X¢). By the inverse function theorem, g is a C!-diffeomorphism of a
neighborhood of 0 in R™ into a neighborhood, say Bxc (0, pg), of 0 in X€. Let g~ : Bx<(0, pg) — U be
the inverse mapping. Then g1 : Bx<(0, po) — U is C! and g~1(0) = 0. Next we set @ (x) := ¥ (g~ (x))
for x € Bx<(0, pp) and we note that
® e C'(Bxc(0, po). Xj), @(0)=0, {®(X) +us: xeBxe(0,p0)}=ENW,
where W is an appropriate neighborhood of u, in X;. One readily verifies that

PO(x)=((PCoy)og ) =(g0g )X =%, xeBx(0, po),

and this yields @ (x) = P°®(x) + P5®(x) = x + P*®(x) for x € Bxc(0, pp). Setting ¢ (x) := PSP (x) we
conclude that

¢ € C'(Bxc(0, po), X}), ¢(0)=¢'(0)=0, (2.14)
and that

{x+ @) +uy: xeBxe(0,p0)} =ENW,
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where W is a neighborhood of u, in Xj. This shows that the manifold £ can be represented as the
(translated) graph of the function ¢ in a neighborhood of u,. Moreover, the tangent space of £ at
u, coincides with N(Ag) = X¢. By applying the projections P!, I € {c, s}, to Eq. (2.7) and using that
x+¢(x) =y (g~ 1(x) for x € Bxc(0, pg), and that A. = 0, we obtain the following equivalent system
of equations for the equilibria of (2.4)

PG(x+¢(x)) =0, PG(x+¢x)=As¢p(X), x€Bx.(0,po). (2.15)
Finally, let us also agree that pp has already been chosen small enough so that
|0/ gexexsy <1 [0, <Ixl, x € Bxe(0, po). (2.16)

This can always be achieved, thanks to (2.14).
(c) Introducing the new variables

x= P =P(u—u,y),
y="Pv—¢(PVv)=P(u—u,) —¢(P(u—u,)
we then obtain the following system of evolution equations in X¢ x X}

x=T(x,y), x(0)=xo,

. 217

Y+ Ay =Rx.y). ¥(0) =y, (217)
with xg = P¢vg and yg = PSvg — ¢ (P vy), where the functions T and R are given by

T(x,y)=PG(x+¢(x) + ),

R(X,y)=PG(x+¢X) +y) — Asp(x) — ' ()T (X, ¥).
Using the equilibrium equations (2.15), the expressions for R and T can be rewritten as
T(x,y)=P(G(x+¢(x) +y) — G(x+ ¢ ())),
RX ) =P (G(X+¢X +y) —G(x+¢X)) — ' 0T X, y). (218)

Although the term P°G(x + ¢(x)) in T is zero, see (2.15), we include it here for reasons of symmetry,
and for justifying the estimates for T below. Eq. (2.18) immediately yields

T(x,0)=R(x,0)=0 for all x € Bxc(0, po),

showing that the equilibrium set £ of (2.1) near u, has been reduced to the set Bxc(0, po) x {0} C
X x X5,

Obsérve also that there is a unique correspondence between the solutions of (2.1) close to u, in
Xy and those of (2.17) close to 0. We call system (2.17) the normal form of (2.1) near its normally
stable equilibrium u,.

(d) From the representation of G and (2.6) we obtain the following estimates for G; and G,: for
given n > 0 we may choose r =r(n) > 0 small enough such that

|G1(V])—G1(V2)|0§7]|V1—V2|y, V],VzGBXy(O,T).

Moreover, there is a constant L > 0 such that
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|G2(v1, W) — Ga(va, w)|y < LIwli|vi —valy, we X1, vi,va€Byx, (0,1),

|G2(v, w1) — Ga(v, wa) |y < Lriwy — wal1, w1, wa € X1, veBx,(0,1).

We remark that L does not depend on r € (0,rg] with ro appropriately chosen. Combining these
estimates we have

|G(v1) = G(v2)|y < (n + LIvali)Ivi — valy + Lr|vy — vals
<Co(n+r+1vali)lvi —vahi (219)

for all vi,vy € Bx, (0,r) N Xy, where Co is independent of r € (0, ro].
In the following, we will always assume that r € (0, r9] and ro < 3pp. Taking vi =x+ ¢ (x) + y and
vy =X+ ¢(x) in (2.19) we infer from (2.16) and (2.18) that

[T )| R Y|y < C1(n+1+ [x+ 0 @)],) 1y < Blyh (2.20)
for all x € Bx<(0, p), y € BX; (0, p) N X1 and all p € (0,r/3), where 8 = C(n + ), and where C; and
C, are uniform constants. Suppose that n and, accordingly, r were already chosen small enough so
that

MoB = MoCa(n +1) < 1/2. (2.21)

(e) By [24, Theorem 3.1], problem (2.4) admits for each vo € Bx, (0,r) a unique local strong solu-
tion

v eEqi(a) NC([0,al; X,) (2.22)

for some number a > 0. This solution can be extended to a maximal interval of existence [0, t,). If t,
is finite, then either v(t) leaves the ball Bx, (0,r) at time t,, or the limit lim;—., v(t) does not exist
in X;,. We show that this cannot happen for initial values vo € Bx, (0,9), with § <r to be chosen
later.

Suppose that xg € Bx<(0, N§) and yg € BX; (0, N§) are given, where the number § will be de-

termined later and N := ||P||g(x,) + ||PS||B(XV). Let t, denote the existence time for the solution
(x(t), y(t)) of system (2.17) with initial values (xg, yg), or equivalently, for the solution v(t) of (2.4)
with initial value v = xo + ¢ (Xo) + yo. Let p be fixed so that the estimates in (2.20) hold. Set

t1 :=1t1(X0, yo) := sup{t € (0, t,): |x(7)|, |y(T)|y <p, T€[0,t]}
and suppose that t1 < t,. Due to (2.11)-(2.12) and (2.20) we obtain
1€ Ly, < Malvoly + Mol e Rex 1) g, < Milyoly +MoB ey |,
This yields with (2.21)
le” Vg, ) <2Milyoly, o €[0,0l. (2.23)

Using this estimate as well as (2.12)-(2.13) we further have for t € [0, t1)
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|emy(t)‘y < ’ecty(t) _ eate—Astyo‘y + ’eate—Asty0|y

<colle” y(©) —e e Myl ) + Milyoly

< (3coM1 + M1)|yoly,
which yields with My = (3¢co + 1)M1,
|y(t)|y <Mae %yoly, tel0,t1), o €[0,w]. (2.24)

We deduce from the equation for x, the estimate for T in (2.20), and Holder’s inequality that

t
x(6)] < Ixo] +/}T(X(s),y(s))\ds
0

t
< Ixol Jrﬁfly(s)}1 ds
0

o0

<|xo|+/3</

1/pr
e—a)sp/ ds) H ewty H[E1 )
0

=Ixol + Bc1] ey g, ,) < %ol + Ms|yoly. te[0.t1),

where M3 = Myc1/Mg and ¢ = (1/[wp’])"/?’. Summarizing, we have shown that |x(t)| + ly®ly <
|xo| + (M3 4 M3)|yol, for all t € [0, t1). By continuity and the assumption t1 < t, this inequality also
holds for t =t;. Hence

x(t)| + |y (0], < X0l + (M2 + M3)lyoly < (1+Ma +M3)NS < p/2,

provided § < p/[2N(1+ M3 + M3)]. This contradicts the definition of t; and we conclude that t; =t,.
In the following, we assume that § < p/[2N(1 4+ M, + M3)]. Then the estimates derived above and
(2.16) yield the uniform bounds

IVIE, @ + sup |V(t)|y <M, (2.25)
te(0,a)

for every initial value v € Bx, (0,8) and every a < t,. It follows from Corollary 3.2 in [24] that the
solution v (t) of (2.4) exists on R,.
(f) By repeating the above estimates on the interval (0, co) we obtain the estimates
(O] <Xl +Mslyoly,  [y(O], <Ma2e™|yoly. te[0,00), (2.26)

for all xg € Bxc(0, N§) and yg € Bx; (0, N§). Moreover,

tlim x(t) = xg + / T(x(s), y(5)) ds =: X0
0

exists since the integral is absolutely convergent. Next observe that we in fact obtain exponential
convergence of x(t) towards X, as
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[X(t) = xo0| =

/T(x(s), y(s))ds
t

oo

< /3/\3/(5)!1 ds
t

oo

<ﬂ(/

1/p
o—@P ds) HewsyH]& (c0)
t

< Mge “yoly,. t2>0.
This yields existence of
Voo := lim v(t) = lim X(t) + ¢ (X(6)) + ¥ (t) = X + ¢ (Xc0)-
t—o00 t—o00

Clearly, v is an equilibrium for Eq. (2.4), and v, + u, € £ is an equilibrium for (2.2). Due to (2.16),
(2.26) and the exponential estimate for |x(t) — Xoo| We get
[V(®) = Voo|, = [x(6) + ¢ (x(D) + ¥ (1) — Vox],
< [x(O) = xe |, +[#(x(0) =P (xe0) [, + [y(®)],

< (CM4 + M2)e™“|yoly

/A

Me™®|P*vo — ¢(P Vo)

Vo (2.27)
thereby completing the proof of the second part of Theorem 2.1. Concerning stability, note that given
r > 0 small enough we may choose 0 < § <r such that the solution starting in Bx, (ux,d) exists on
R4 and stays within B Xy Uy, 7). O

Remarks 2.2. (a) Theorem 2.1 shows, given that situation, that near u, the set of equilibria constitutes
the (unique) center manifold for (2.1).

(b) It is worthwhile to point out a slightly different way to obtain the function ¢ used in the
proof of Theorem 2.1. Applying the projections P* and P° to the equilibrium equation (2.7) yields the
following equivalent system of equations near v =0

Asz=P5G(x + 2), Acx=PG(x+2), (2.28)

with z= Py (¢) and x = Py (¢). Since G(0) = G'(0) =0 and A; is invertible, by the implicit function
theorem we may solve the first equation for z in terms of x, i.e. there is a C!-function ¢ : Bxc (0, pg) —
X3 such that

$(0)=0 and Asp(x)=P°G(x+¢(x)), x€Bxc(0, o).

As x + ¢ (x) is the unique solution of the first equation in (2.28) we additionally have A.x = P¢G(x +
¢ (x)), as well as PSy(¢) = ¢ (P (¢)) for all ¢ € U. Since G’(0) =0 we obtain As;¢’(0) = PSG'(0) =0
and this implies ¢’(0) = 0. This shows that £ ¢ M with M = {x + ¢(x) + u,: x € Bxc(0, pg)} in a
neighborhood of u, in Xj.

M is a C'-manifold of dimension ¢ := dim(X¢) with tangent space Ty, (M) =X and € is a
submanifold in M. In general, £ has lower dimension than M. Our assumptions in Theorem 2.1 do
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in fact exactly amount to asserting that £ and M are of equal dimension. Since £ C M we can then
conclude that they coincide in a neighborhood of u,.

(c) An inspection of the argument given above shows that in fact all equilibria of Eq. (2.1) that are
close to the equilibrium u, are contained in a manifold M = {x+ ¢ (x) +u4: x € Bx<(0, po)} such that
¢(0) = ¢’(0) = 0, with no additional assumptions on the structure of the equilibria. To see this, let us
once more consider the equation

Asz=PG(x+2), xeX, zeXj. (2.29)
Clearly, x =z =0 is a solution. Exactly as in the remark above, we can solve (2.29) by the im-
plicit function theorem for z in terms of x, obtaining a C!-function ¢:Bxc(0, pg) — X5 with
¢(0) =¢'(0) =0. If v € X; is an equilibrium for the evolution equation (2.4) close to 0, then the
pair x = P¢v, z= PSv necessarily satisfies Eq. (2.29), and therefore lies on the graph of ¢.

(d) We illustrate by means of examples that convergence to equilibria fails if one of the conditions
(i)-(iii) in Theorem 2.1 does not hold.

Example 1. Consider in G := R?\ {0} the ODE system

x=x+y)(1—x2+y?),
y=u =01 —/x>+y?). (2.30)

In polar coordinates (2.30) reads as

F=—-rr—1),

0=r—1,
thus the set of equilibria £ of (2.30) in G is the unit circle, and for any initial value (xg, yo) € G we
have r(t) — 1 as t — oo. Since the phase portrait is rotationally invariant we may restrict the stability

analysis for £ to one equilibrium, say u, = (0, 1). Denoting the right-hand side of (2.30) by F(x, y),
we have F € C1(G), and

Ao =—F'(u,) = [8 }]

The eigenvalues of A are 0 and 1 with eigenvectors (1,0) and (1, 1), respectively. Thus 0 is semi-
simple, and N(Ag) coincides with the tangent space Ty, (£). Consequently, u, is normally stable, and
hence we can apply Theorem 2.1 to conclude that each trajectory converges to some point on the unit
circle as t — oo. It is readily seen that the trajectories satisfy the relation 6(r) = co — Inr for some
appropriate constant cg, and this confirms that 6(r) converges as r — 1.

Example 2. In this example, we consider in G :=R?\ {0} the ODE system

x=—x(\/x* +y*— 1)3 —y(2+y2-1)",
Y=y +y2=1) +x(2 +y2 - 1)", (231)

with m = 1. In polar coordinates (2.31) reads as
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F=—r@—1)3,

6=@r—1m

Again, the set of equilibria £ of (2.31) in G is the unit circle. As above, we may restrict the stability
analysis for £ to one equilibrium, say u, = (0, 1). Denoting the right side of (2.31) by F(x,y) we
obtain (in case m=1)

Ao = —F'(u,) = [8 (1)]

Clearly, {0} is an eigenvalue of Ag with algebraic multiplicity 2, and N(Ag) = span{(1, 0)}. Therefore,
the eigenvalue {0} has geometric multiplicity 1 and algebraic multiplicity 2. So we have the following
situation:

(i) £€={(,y): 2+ y?=1} is a smooth manifold of dimension 1 in RZ,
(ii) the tangent space of £ at u, is given by N(Ap),
(iii) {0} is not semi-simple,

and hence condition (iii) of Theorem 2.1 is not satisfied. We will show that the trajectories of system
(2.31) still converge towards the unit circle, but will spiral around the circle at increasing speed as
r — 1. This can be seen as follows. First we observe that V(x,y) := (r —1)? with r=/x2+y2 is a
Lyapunov function for system (2.31), since for every solution (x, y) of (2.31) we have

d
EV(X’ y) =2i(r—1)=—=2r(r — 1)* <0.

So r(t) - 1 as t — oo for every solution. On the other hand one verifies that the trajectories satisfy
the relation 6(r) = co + In(Jr — 1|/r) +1/(r — 1). This shows that all trajectories spiral around £ with
increasing speed, in clockwise direction as r 7 1, and in counter-clockwise direction as r \ 1.

Example 3. Here we consider system (2.31) with m = 2. This example is similar to the one in [5, p. 4].
In this case we have

A0=—F/(u*)=[8 g].

Clearly, {0} is now an eigenvalue with geometric multiplicity 2, and N(Ag) = R2. So condition (ii) of
Theorem 2.1 is not satisfied. The function V from the previous example is again a Lyapunov function,
and this yields r(t) — 1 as t — oo. The trajectories satisfy 6(r) = co — In(Jr — 1|/r), showing that they
spiral counter-clockwise with increasing speed around the unit circle as r — 1.

3. Quasilinear parabolic problems with nonlinear boundary conditions

The analysis in the previous section applies in particular to quasilinear parabolic systems of partial
differential equations with linear autonomous boundary conditions. In this section we show how this
can be extended to the case where also the boundary conditions are nonlinear. For this purpose, let
§2 C R" be an open bounded domain with boundary 92 € C¥™. The outer normal at a point x € 92
will be denoted by v(x). Consider the problem

deu(t) + A(u))u) = F(u(t)) in £2,
Bj(u(®))=0 on 82, je{l,...,m}, (3.1)
u(0) =uyg in £2.
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Here we employ the maps

[Aw)v]x) = Z Ao (%, u(®), Vu), ..., V""" lux)D*v(x), xe 2,

|lo|=2m
[Fa)]®) = f(x u®), Vu®),..., V" lu@), xe2,

[Bj(w)](x) =bj(x, u(x), Vu(x),..., Vu(), xe€os, (3.2)

for functions u € BC?™~1(£2; CN), and v € W™ (£2; CN). The numbers m; are integers strictly smaller
than 2m, and with E = CV, the coefficients are subject to the following regularity assumptions

(R) aq € C'(E x EN x - x EN"'; BC(2; B(E))) for || = 2m,
feC ExEN x - x EN"' BC(2: ),
bj e C?MH1-Mi (32 x Ex EN x - x EN;E) for je{l,...,m}.

We set B = (Bi,..., Bn). We point out that, for a fixed ug € BCZ"~1(£2; CN), A(up) is a linear dif-
ferential operator of order 2m with bounded coefficients; whereas F contains all terms involving
derivatives of order |o| < 2m.

We will employ the L,-setting for this problem as in [19], hence we fix p > n+ 2m and the basic
spaces

2m(1-1
Xo=Lp(2:E).  Xi=WZ¥(2:E)., X, =Xo. X011, =W, """ (2:F).

As in Section 2 we denote the norm in X; by |-|; and open balls in X; by ij (u,r), j=0,1, y. Note
that by the Sobolev embedding theorem we have X, < BC2m=1(§2; E), which allows us to plug in
functions u € X, into the coefficients of A, into f and into the functions b; pointwise, without any
growth restrictions on these nonlinearities.

Assume we have a C!-manifold of equilibria ¥ : U — X; where U C R¥ is an open neighborhood
of 0,

AW (@)=F(¥ () ing, ceU,
B(¥(¢))=0, onaR, ¢eU, (3.3)

and set u, = ¥ (0). Assume that the rank of ¥’'(0) is k and that there are no other equilibria near
u, in Xi, ie. €N By, (uy, 1) = ¥ (U), for some rq > 0, where as in Section 2, £ denotes the set of
equilibria of (3.1).

The linearization of (3.1) at u, is given by the operator Ap defined as follows

A=AV + (A W) v)u, — F'(u)v in 2,

B,v=B'(u,)v on L2, with veD(A,)=D(B,) =W}"(2:E),
Ap = Ax|neB,)- (34)
Next we consider the property of maximal Ly-regularity for the pair (A4, By), and in particular for the

operator Ag. For this we only need to consider the principal parts of the corresponding differential
operator and of the boundary operators, i.e.
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A4(x, D) = Z Ao (%, U (), ..., V2" U, (0)) D%,

|la|=2m

Biw(x. D)= Y M [ab;/3(8fu)](x..... V" u,(x)) D,

[Bl=m;

for j=1,...,m. Note that we use the notation D = —iV, hence V# =il#ID#. It is shown in [12] that
normal ellipticity of A4 and the Lopatinskii-Shapiro condition for (A#, Bs#) are necessary, and in [11]
that they are also sufficient for L,-maximal regularity of Ag. These conditions read as follows:

(E) Forall xe 2, £ eR", |£] =1, 0 (Az(x,&)) C C,, ie. A(x, D) is normally elliptic.

(LS) (Lopatinskii-Shapiro condition) For all x € 382, £ e R", with £ - v(x) =0, A€ C4, A0, and h € E™,
the system of ordinary differential equations on the half-line

W) + Ag(x. £ +iv(®)dy)v(y) =0, y >0,

Bj#(x.& +iv(x)dy)v(0)=hj, j=1,....m,
admits a unique solution v € Co(R4; E).

Now assume that u, € X; is an equilibrium of (3.1), and let conditions (R), (E), and (LS) be satisfied.
It was shown in [19] that (3.1) then admits a local strong solution in the L,-sense for each initial
value up € X, provided the compatibility condition B(ug) =0 holds and |ug — u], is sufficiently
small. The solution map [ug > u(t, up)] defines a local semi-flow in X, near u, on the nonlinear
phase-manifold

M={ueXy,: Bu)y=0ona}.

In case the equilibrium u, is hyperbolic, i.e. o (Ag) NiR = @, it was moreover shown in [19] that it
is isolated and that it has the so-called saddle point property, which means that the local semi-flow
in M admits a unique stable and unstable manifold near u,. We refer to [19] for details as well as
to [24] in the case of linear boundary conditions.

Returning to our situation, differentiating (3.3) w.r.t. { we obtain for ¢ =0

A (0) + [A' @ )¥ (0)]u. — F w)¥'0) =0 in £,

B/j(u*)llf’(O):O onodf2, j=1,...,m.

This shows that the image of ¥’(0) is contained in the kernel N(Ap) of Ap, and also that Ty, (&),
the tangential space of £ at u,, is contained in N(Ag). As in Section 2 we assume now that
R(¥'(0)) = N(Ap), that the eigenvalue 0 of Ag is semi-simple, and that the remaining spectrum of Ag
is contained in the open right half-plane C,. Note that by boundedness of 2 and compact embed-
ding, the spectrum of Ag consists only of isolated eigenvalues of finite algebraic multiplicity, anyway.
We can now state the main result of this section.

Theorem 3.1. Let 2m+n < p < 0o, let $2 C R" be an open bounded domain with boundary of class C2™, and
let the spaces X, j =0, 1, y, be defined as above. Suppose u,. € Xy is an equilibrium of (3.1), and assume that
conditions (R), (E), and (LS) are satisfied. Let Ag defined in (3.4) denote the linearization of (3.1) at u,, and
suppose that u, is normally stable, i.e. assume that

(i) near u, the set of equilibria £ is a C-manifold in X1 of dimension k € N,
(ii) the tangent space for £ at u, is given by N(Aop),
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(iii) Ois a semi-simple eigenvalue of Ao, i.e. R(Ag) & N(Ag) = Xo,
(iv) 0(Ag)\ {0} cC. ={z€C: Rez>0}.

Then u, is stable in X,,, and there exists § > 0 such that the unique solution u(t) of (3.1) with initial value

up € Xy, satisfying |ug — u4l, < & and the compatibility condition B(ug) = 0 on 052, exists on R, and
converges exponentially fast in X, to some U € £ ast — oo.

Proof. (a) The proof is similar to that of Theorem 2.1. It is based again on the reduction to normal
form. We use the notation introduced above and denote as in Section 2 by P’ and P° the projections
onto X§ = R(Ag) resp. X = N(Ag). We first center (3.1) around u, by setting il = u — u,, and obtain
the following problem for u:

ol + A = G(1) in 2,

B.u=H(u) on 452, (3.5)

u(0) =1ug:=ug—u, in 2.
Here G is defined as in Section 2, and

H(@) = Bl — B(u, + i) = —[B(u, + 1) — B(u,) — B'(u)].

Exactly as in the proof of Theorem 2.1 we obtain a function ¢ € Cl(Bxc(O,,oo),X{) with ¢(0) =
¢'(0) = 0 such that the equilibrium equation

A (@) =G(y(©) in2, ¢el,
B.y(¢)=H(¥ () ond2, ¢eU,
for (3.5) can equivalently be expressed by
PAp(v) = PG(v+¢(v)),
PA.p(V) =PG(v+¢(v),  Bup(v)=H(v+9(v)), (3.6)
for every v € Bxc(0, pg). We can now introduce the normal form of (3.1) for the variables
v:=P°(u —u,) = P°i, w:=P(u—u,) — (P (u—uy) = Pu—¢(Pu),

which reads as

ov=T(v,w) in £2,
ofw + PSA,PSw=R(v,w) in £2, (3.7)
B.w=S(v,w) on 952, ’

v(0) =vg, w(0)=wg in £2.
Using the equilibrium equations in (3.6) we can derive, similarly as in Section 2, the following expres-
sions for T, R and S:
T(v,w)=P(G(v+¢(v)+w)—G(v+¢(V)))— PAw,
R, w)=P(G(v+ (W) +w) —G(v+¢(V))) —¢' (T (v, w),
S(v,w)=H(v+¢V)+w)—B.p(v)
=H(v+¢W)+w)—H(v+o()).
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Clearly,
R(v,0)=T(v,0)=S(v,0)=0, v eBx(0,po).
Therefore we are in the same situation as in Section 2, except that here the infinite-dimensional part,

i.e. the equation for w, has a nonlinear boundary condition in case S(v, w) 0.
(b) Let 0 < a < oo and define the following function spaces on (0,a) x £2:

Ei(@) = Hp((0,a); Xo) N Ly((0,a); X1),  Eo(@) = Lp((0, a); Xo).
We also need spaces for the boundary values. For this purpose, we set with kj =1—m;/2m —1/2mp

2mk

Yo=Lp(32;CN),  Yj=w, “(ae;CN),
and
m
Ki .
F(a) = ]_[Fj(a), Fj(a) =W, ((0,a); Yo) N Lp((0,a); Y;), j=1,...,m.
j=1
Note that by trace theory we have

Fj(@) = BC(10,al; Wy " P (agsc)),  wyp"

32;CN) — BC(3s2; CN)
by the condition p > 2m +n and since m; < 2m. The spaces F;(a) are the trace spaces on the lateral
boundary (0,a) x 852 of (0,a) x §2 for the derivatives Dfu of order |8| = m; for u € Eq(a).

The basic solvability theorem for the fully inhomogeneous linear problem

B.u = g(t) on 082, t>0, (3.8)

{Btu+A*u=f(t) in 2, t>0,
u0)=uo in 2

in the L,-setting reads as follows, see [12].

Proposition 3.2. Let a < oo. The linear problem (3.8) admits a unique solution u € E1(a) if and only if
f € Eo(a), g € F(a), up € Xy, and the compatibility condition Buo = g(0) holds. There is a constant
C = C(a) > 0 such that the estimate

Il @ < C(luoly + | fllEs@ + I€llF@)
holds for the solution u of (3.8).

We shall also need a variant of Proposition 3.2 for the problem

oW + PSAPSw= f(t) in £2, t>0,
B.w = g(t) on 082, t >0, (3.9)
w(0) =wg in 2

on the half-line, where we assume wg € Xf, and f e Ly(Ry; X3). For this purpose we proceed as
follows. Suppose first that u solves (3.8) with ug = wg. Since A,P‘u = B,P‘u =0 we then conclude
that w = P%u solves problem (3.9). Let u; denote the solution of (3.8) with A, replaced by A, + 1.
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The spectrum of Ag + 1 is contained in C4, hence we may apply Proposition 3.1 of [19] to obtain a
uniform estimate for uq in E1(co). Then uy; =u — uq solves the problem

Oz + Asuz =y, B.uz =0, u2(0) =0.

As o (As) C C4, As has maximal L,-regularity on the half-line, hence we obtain also a uniform esti-
mate for PSuy in Eq(c0). These arguments yield the following result.

Proposition 3.3. Let a < co. The linear problem (3.9) admits a unique solution w € E1(a) N L, ((0, a); X(S)) if
and only if f € Lp((0,a); Xp), g € F(a), wo € X;, and the compatibility condition B,wg = g(0) holds. There
is a constant Cy > 0, independent of a, such that the estimate

IwlEe @ < Co(Iwoly + I f IEo@) + 1€lIF@))
holds for the solution w of (3.9), for all functions f € L,((0,a); X3), g € F(a) and all initial values wq € X;.

Proposition 3.3 remains valid when we replace w(t) by etw(t), f(t) by et f(t) and g(t) by
e%tg(t) where 0 <o < w, w < inf{ReA: A € 0(Ag)}.

(c) Next we consider the nonlinearities R, T, and S. Since by assumption the functions a, and f
are in C! and p > n + 2m, it follows easily via the embedding Xy = BC(£2) that A and F are as in
Section 2. Hence we obtain as there the estimates

IT(v. w)|, <Cam+n)|wli +C3lwli, v eBxe(0,p), we Bxs (0, 0) N X1,

where r =3p and C3 := ||[P°A,.PC||5(x,,xc). Since ¢'(0) =0 we can assume that oo was chosen so
small that |¢’(w)|3(xc’X§) < n for all w € Bxc(0, pp). With this we obtain

[R(v, W[y < Cam+nIwli, veBxe(0,p), weBxs(0,0)NX1.

Observe that in contrast to the previous section the constant Cs is no longer small since P!, I € {c, s},
and A, do not commute. However, this does not alter our conclusions. It is more involved to derive
the estimates on S needed for Proposition 3.3. Fortunately, we can refer to [19, Proposition 3.3]. This
result implies

e (H(@1) — H(ii2)) ”]F(a) < e (@~ ﬁZ)H]El(a)’

for all e“ti1q, e®tiiy € E1(a) such that [ (®O]y, luz(t)ly <1, t €[0,al. Therefore, by possibly decreasing
r>0, with iy =v+¢(v)+w and uy =v + ¢(v) this yields

le*s(v, W)”]F(a) < ’7||eth||E1(a)’

for all e®'v,e“'w € E1(a) such that v([0,a]) C Bxc(0, p) and w([0,a]) C BX; (0, p). These are the
estimates we need for applying Proposition 3.3.

(d) We may now follow parts (c)—(f) of the proof of Theorem 2.1 to complete the proof of Theo-
rem 3.1, the needed local well-posedness result being Proposition 4.1 in [19]. O
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4. Convergence of solutions for the Mullins-Sekerka problem

We consider the two-phase quasi-stationary Stefan problem with surface tension, which has also
been termed Mullins-Sekerka model (or Hele-Shaw model with surface tension) and is a model for
phase transitions in liquid-solid systems. Let 2 be a bounded domain in R", n > 2, with smooth
boundary 952. Let Iy C 2 be a compact connected hypersurface in £2 which is the boundary of an
open set 29 C §2, and let I'(t) be its position at time t > 0. Denote by V (t,-) and «(t, -) the normal
velocity and the mean curvature of I'(t), and let £21(t) (liquid phase) and £2,(t) (solid phase) be the
two regions in £2 separated by I'(t), with £21(t) being the interior region. Let further v(t,-) be the
outer unit normal field on I"(t) with respect to £21(t). We shall use the convention that V is positive
if £21(t) is expanding, and that the mean curvature is positive for uniformly convex hypersurfaces. The
two-phase Mullins-Sekerka problem consists in finding a family I"(t), t > 0, of hypersurfaces satisfying

V=[dyux]l, t>0, I'(0)=ITp, (4.1)

where u, = u,(t,-) is, for each t > 0, the solution of the elliptic boundary value problem

u=« on (), (4.2)

{Au:O in £21(t) U £2,(t),
dyu=0 on as2.

Here [0yuy] = Bvu% — Bvu}( stands for the jump of the normal derivative of u, across the interface
I'(t), and 0,u denotes the normal derivative of u on 942.

Assuming connected phases and that the interface does not touch the fixed boundary 952, the set
of equilibrium states of (4.1), (4.2) consists precisely of all spheres Sg(xg) C £2, where R denotes the
radius and xo the center. Thus there is an (n + 1)-parameter family of equilibria, the parameters being
the n coordinates of the center Xy and the radius R.

Let now X C £2 be some fixed sphere without boundary contact. We are interested in the asymp-
totic properties of solutions of the Mullins-Sekerka problem that start in a neighborhood of X, that
is Ip is close to X. Following [15] we first use Hanzawa’'s method to transform the original problem
to a system of equations on a fixed domain. Here the basic idea is to represent the moving interface
I (t) as the graph of a function in normal direction of a fixed reference surface, which will be X' in
our case. Denoting the parameterizing function by p(t, -) this leads to a problem on X of the form

P+ B(P)S(p)=0, t>0, p(0)=po, (4.3)
where S(p) is the solution of the transformed elliptic boundary value problem

A(p)v=0 in 27U §2,,
v=K(p) onX, (4.4)
dhv=0 on 0f2.

Here §21 and 2, are the two regions in £2 separated by X, with £ being enclosed by X. By con-

struction, the solution I'(-) = X of the original problem (4.1) corresponds to the solution p =0 of

(4.3). The operator F(-) := B(-)S(-) in (4.3) is a nonlocal pseudo-differential operator of third order

and renders (4.3) a quasilinear parabolic problem, see [15] for its precise definition and more details.
We want to study (4.3) in an Lj-setting. Let p > n+ 2 and define

Xo=W, P(®).  Xi=w, M)
Given | = (0,a), a > 0, we view (4.3) as an evolution equation in the space Eo(J) = Lp(J; Xo), that is

we are interested in solutions of (4.3) in the class E{(J) = H},(]; Xo) NLp(J; X1). For the correspond-
ing trace space we have

Xy 1= (Xo, XD1-1/p.p = Wy P ().

Note that, by Sobolev embedding, we have X; — X, < C3(>).
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Let

Ai={p e CX(D): Iplecs) <n)

with 7 > 0 sufficiently small denote the set of admissible parameterizations. Setting U := X1 N2, one
has F € C*°(U; Xp) and the linearization L := F’(0) is given by

Lp=—[0TAxpl,

where Tg denotes the solution of the elliptic problem

Av=0 in 21U §2,,
{v:g on X, (4.5)
dy,v=0 onos2,

and

A 1 n—1 A
r= n—l( R2 + ):),
with R being the radius of ¥ and Ay the Laplace-Beltrami operator on X. The operator Ay is
the linearization K’(0) of the transformed mean curvature operator K(p) at p = 0. Concerning the
linearization L = F’(0) we refer to [15,26].

One can show (cf. [26, Theorem 2.1]) that the spectrum of L consists of countably many real
nonnegative eigenvalues of finite algebraic multiplicity, and that 0 is a semi-simple eigenvalue of L
with multiplicity n+1, see also [15, Proposition 5.4 and Lemma 6.1]. Moreover, the kernel of L is given
by N(L) =span{Yo, Y1, ..., Yy}, where Yo =1, and where Yj, 1 < j <n, are the spherical harmonics
of degree 1. We may assume that Y; = R*ijlg, 1< j <n, with p; being the harmonic polynomial
of degree 1 given by p;(x) =x; for xeR"; by pj|> we mean the restriction of p; to X.

Let us assume that X is centered at the origin of R". Suppose S C £ is a sphere that is suffi-
ciently close to X'. Denote by (z1, ..., z;) the coordinates of its center and let zg be such that R + zg
corresponds to its radius. Then, by [15, Section 6], the sphere S can be parameterized over X by the
distance function

n n 2 n
p(Z)=ZZij—R+ (szyj) + (R +20)2—ZZ§.
j=1

j=1 j=1

Denoting by O a sufficiently small neighborhood of 0 in R™!, the mapping [z — p(2)]:0 —
W;“l/"(z) is smooth and the derivative at 0 is given by

n
p'Oh=>"hjY;, heR"
j=0

So we see that near X' the set £ of equilibria of (4.3) is a smooth manifold in X; of dimension n+ 1,
and that the tangent space Ty (€) coincides with N(L).

In order to be able to apply Theorem 2.1 from Section 2 it remains to verify that the operator L
has the property of maximal Lp-regularity. This means we have to show that for any | =(0,a), a >0,
and any g € Eo(J) the problem

p+lp=g, te], p0)=0, (4.6)
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has a unique solution in the space E1(J). By means of the standard localization method, perturbation
arguments, and by solving certain elliptic auxiliary problems, (4.6) can be reduced to the following
two-phase problem on R" x R with R =R\ {0}:

—Axw—8§w=0, te], xeR", yeR, (4.7)
Wly=0 +Axo =0, te], xeR", (4.8)
oo —[0yw]l=h, te ], xeR", (4.9)

c(0)=0, xeR"

Here [dyw] = dyw|y_o+ — dyW|y—o-, and h € Ly(J; W;_l/p(R”)) is a given function. We take the
Fourier transform w.r.t. x and denote the transformed functions by w and &. Then (4.7) and (4.8)
imply that w = e~ lé11¥l|£|25 . Inserting this into (4.9) leads to the subsequent problem for & on R":

%6 +20E°6 =h, te], &(0)=0.

Set Yo =W, /P(R") and Y; = W, /P(R") and let G be defined by G = d/dt with domain D(G) =
OH}J(]; Yo), here the zero means vanishing trace at t = 0. Then G is sectorial, invertible and admits
an H*-calculus in L, (J; Yo) of angle 7 /2. Let further D be the operator in L,(J; Yo) with symbol
2|€® and domain D(D) = Ly(J; Y1). Then D is sectorial and admits an H*°-calculus in Ly(J; Yo) of
angle 0. Thus by the Dore-Venni theorem, the equation Go + Do = h possesses a unique solution
o € D(G) N D(D). Hence L has the property of maximal L,-regularity.

So all assumptions of Theorem 2.1 are satisfied, hence we obtain the following result, which is the
main result in [15] except for the different functional analytic setting.

Theorem 4.1. Let p > n + 2 and §2 C R" be a bounded domain with boundary of class C2. Suppose X is
an arbitrary sphere in §2 of radius R without boundary contact. Then p = 0 is a stable equilibrium of (4.3)

in X, = Wg_4/p(2), and there exists § > 0 such that if | pol, < 8, then the corresponding solution of (4.3)
exists globally and converges at an exponential rate in X,, to some equilibrium po, as t — oo. In this sense,
the sphere X is a stable equilibrium of the Mullins-Sekerka problem, and any solution I" () of (4.1) that starts
sufficiently close to X exists globally and converges to some sphere at an exponential rate as t — oc.

This approach can also be used to show the stability of spheres for the two-phase quasi-stationary
Stokes flow in a bounded domain, see [16,17] for alternate approaches in the one-phase case. More-
over, it can be applied to models in tumor growth, see [9] for a discussion of existing work.

5. Stability of travelling wave solutions to a quasilinear parabolic equation

The situation of the generalized principle of linearized stability may occur when studying the
stability of travelling wave solutions of parabolic equations, see e.g. [18, Section 5.4] for the semilinear
case. In what follows we want to consider a quasilinear variant of the Huxley equation:

ue— (o (uy),=f@, t>0, xeR. (5.1)

Here f(r)=r(1 —r)(r —a), r € R, where a € (0,1/2) is a constant, and o is a C> smooth function on
R satisfying

0<c<o'(n<c, rekR (5.2)
A travelling wave u(t, x) = w(x + Vt) with speed V satisfies

(o (W/(S)))/ —Vw'(s)+ f(w(s)) =0, seR. (5.3)
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Similarly to the special case o (r) =r (cf. [18]), one can show, by means of a phase plane analysis,
that for some V > 0 (5.3) admits a solution w with w(s) - 0 as s — —oo and w(s) —> 1 as s — oo.
For this purpose we introduce the variable z := w’. Then (5.3) is equivalent to the system

w=z,1
{2: (Vz—f(w)).

0'(2)

Denoting its right-hand side by H(w, z), we find that

1. 0) = 0 1 .
(l, ) - f() v , le {0, 1}
T o’(0) o’ (0)

We have f/(0) = —a and f’(1) =a — 1, thus the equilibria (0,0) and (1,0) are both saddle points.
The eigenvalues of H'(0, 0) are given by

M= L(v +V V2 +4a0'(0))
“7 207(0) ’

(1/A1, 1) is an eigenvector to A > 0, thus the unstable manifold points into the first and third quad-
rant, with steeper slopes for higher values of V > 0.
Define the functions

y y
F(y):/f(r)dr, G(y):/a/(r)rdr, yeR.
0 0

Then (5.3) implies that
%(G(Z(s)) + F(w(s)) =Vz(s)?, seR. (5.4)

In particular G(z) + F(w) is a first integral if V = 0. By (5.2) we further have C;y? < 2G(y) < C2y?,
yeR.

We now consider the trajectory y that (near the origin) lies on the unstable manifold to (0, 0)
in the first quadrant. For V =0, y cannot reach the line w =1, since F(w) <0 on y, and F(1) =
%(% —a) > 0. In case V > 0, (5.4) shows that y, as long as it remains in the first quadrant, moves
through increasing values c of the level curves G(z) + F(w) =c. For V sufficiently large, y will reach
the level curve to ¢ = F(1) at some point with z > 0. For continuity reasons, there exists then V > 0
for which y becomes a heteroclinic orbit, connecting (0,0) and (1, 0); observe that y is the only
such orbit. Hence there is a smooth solution w to (5.3) satisfying w’(s) > 0 for all s € R and

(w(s), w'(s)) > (0,0) as s— —oo, (w(s), w'(s)) > (1,0) as s— oo, (5.5)
both exponentially fast. Clearly each translate w(- 4+ o) with @ € R enjoys the same properties.
In order to investigate the stability of the travelling wave we change to moving coordinates with
y:=x+Vt and u(t, y) := u(t, x), thereby transforming (5.1) into
ﬁt—(a(ﬁy))y—i—vﬁy:f(ﬁ), t>0, yeR. (5.6)

Evidently, i = w and all translates of it are equilibria of (5.6). Letting v := @i — w be the deviation
from w, the equation for v reads as

vt—(a(vy—l—wy))y—l—V(vy+wy):f(v+w), t>0, yeR. (5.7)
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For this equation, the set
E={w(+a)—w(): xR} (5.8)

forms a one-dimensional smooth manifold of equilibria. Observe that £ contains all equilibria w(y)
of (5.7) satisfying w(y) — 0 as |y| — oco. By definition, the travelling wave under study is stable, if
v =0 is stable for (5.7). Of course, this has to be understood in the sense of a suitable functional
analytic setting.

Let us choose again the L,-setting to study (5.7). Let 1 < p < o0, Xo =Lp(R), and X1 = H%(R).
Define M : X1 — Xp by

M) =—(o(vy +wy))y +V(vy+wy) — f(v+w), veXi.

This definition makes sense since by (5.2)-(5.3) and (5.5) wy, wyy, and f(w) belong to L,(R). The
fact that f(v 4+ w) belongs to the space L,(R) can be justified by observing that

1
f(V(y)+w(y))=f(W(y))+ff/(W(y)+rv(y))drv(y), yeR.
0

Since v and w belong to Co(R) one readily verifies that f’(v + w) is continuous and bounded, and
this yields the statement for f(v + w). The linearization Ag:= M’(0) of M at v =0 is given by

Agv = _(o/(wy)vy)y +Vvy — f/(w)v, veD(Ag) :=X.

By (5.2), Ao is a uniformly elliptic operator with smooth coefficients whose leading coefficient satisfies
—o’(W'(y)) - —c’(0) as |y| — oo. Thus, by [11, Theorem 5.7], Ap enjoys the property of maximal
Lp-regularity.

Next observe that £ C Hf,(]R) <> X7 and that the tangent space for the manifold £ at v =0 co-
incides with span{w’}, the span of w’ € X;. On the other hand, by differentiating (5.3) we see that
Agw’ = 0. So to show normal stability of v =0, it remains to prove that 0 is a simple eigenvalue of
Ao and that the remainder of the spectrum of Ag lies in {z € C: Rez > 0}. We proceed similarly as in
[18, p. 131], generalizing the proof given there to the quasilinear case. Suppose A with ReA < 0 is an
eigenvalue of Agp with eigenfunction v € X, that is

fiiwy) v Av

14 2b / —
VBV Swon ' T Two)

0, yeR,

where

_o'wy)w'(y) -V
b(y) = 207 W (y)) . YeR.

By studying the characteristic equation for the limits y — +o00, one sees that there exist constants
8, C > 0 such that

lv(y)| < Ce®HV/ITOW y <o, vy <ce™, y>o.

Letting ¢(y) = v(y) exp(f§ b(r)dr), we have at least ¢(y) = 0 (e~ VIWI/22' Oy for |y| — oo, and

q)u+( A fiwy)

—b(y)—b 2) =0, R. 5.9
T o) T oW ) —by)" e ye (5.9)
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The function ¥ (y) := w'(y) exp(foy b(r)dr) is strictly positive, and since Agw’ =0, it satisfies

o (M —b(y) _b(y)2)¢=o, yeR. (5.10)
o' (W (y))

Combining (5.9), (5.10) yields

TSP L
T ewon? Ty T

Multiplying this equation by @, integrating over R, and integrating by parts gives

—(@" WY ) — oMY (y))dy

x/ WP [ _eW)
o' (W' (y)) V()
R R

=/W(y)z{[(Rew(y)/l//(J’))/]z+[(Im<ﬂ(y)/1/f(y))/]2}dy,
R

hence 1 =0. In view of (5.9) we may then suppose that ¢ is real and nonnegative, and so the last
formula above implies that ¢ /v = v/w’ is constant on R. Hence N(Ag) = span{w’}.

We now show that the essential spectrum o,(Ag) of Ag, that is the set of all spectral points except
isolated eigenvalues of finite multiplicity, is contained in [Rez > 0]. This can be seen as follows.

By the asymptotics of w, see (5.5), we know that f’(w(y)) — f'(0) = —a as y — —oo, and that
f'(w(y)) — f'(1) =—(1 —a) as y — oo at an exponential rate. Due to a € (0, 1/2), a is the smaller
of the two numbers {a, (1 —a)}. Fix &€ > 0 so that a— & > 0. We can then find a number R > 0 so that
—f'(w(y)) > a— & whenever |y| > R. Let ¢ be a bounded continuous function on R that agrees with
—f’(w) on [|y| > R] and satisfies c(y) >a — ¢ for all y € R. Let B: X; — X be the operator defined
by

Bv:= —(a’(wy)vy)y +Vvy +ecv.

One readily shows that B is accretive on L,(R) and also that o (B), the spectrum of B, is contained
in [Rez > (a — €)]. Next, note that Ag can be written as Ag = B + S, where S is a perturbation
which is relatively compact with respect to B. For this we note that S can be written as Sv =
—(f'(w) +c)xv, where x is a smooth cut-off function for the interval [—R, R], with support con-
tained, say, in £2 = (—2R, 2R). Since H;(Q) is compactly embedded in L, (£2) for s > 0 we conclude
that S is a compact operator from H;(]R) — L,y (R). A well-known perturbation result now shows that
0.(Ap) must also be contained in [Rez > (a — ¢)]. Since this is true for every €, we have proved that
0e(Ag) C [Rez > a]. Ap might still have isolated eigenvalues outside of this set. As Ao generates an
analytic semigroup, they must be contained in an appropriate sector with opening angle 6 < 7 /2.
Since we have already shown that there are no eigenvalues in [Rez < 0] we conclude that there is a
number « > 0 so that o (Ap) \ {0} C [Rez > «]. Finally, since the operator A; defined by

f'w)

— ,——b’(y)—b(y)2>v, veD(A) =Xy,
o’ (w)

A]VZ:Vyy+(

is self-adjoint in L(R), it follows in view of (5.9) with A =0 that the eigenvalue 0 of Ag is semi-
simple.
Summarizing we have shown that

e the set &£ consists of all equilibria of (5.7) in X; and forms a smooth 1-dimensional manifold,
o To(&) =span{w'} = N(Ag),
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e the eigenvalue 0 is semi-simple,
e 0(Ap) \ {0} CCy={zeC: Rez> 0},

and we can now formulate our main result for this section.

Theorem 5.1. Let p € (1, 00), f(r) =r(1 —r)(r —a), r € R, witha € (0,1/2), and ¢ € C*>(R) such that (5.2)
holds.

Then (5.1) possesses a travelling wave solution u(t,x) = w(x + Vt) with speed V > 0 and profile
w € C3(R) satisfying w/(r) > 0, r € R, and (w(r), w'(r)) — (0,0) as r — —oo, as well as (w(r), w'(r)) —
(1,0) asr — oo.

This travelling wave is stable in the sense that v = 0 is a stable equilibrium of (5.7) in X, = Wﬁfz/p(]R).
Moreover there exists § > 0 such that if |vol, < &, then the solution v of (5.7) with v(0) = vq exists globally
and converges at an exponential rate in X,, to some equilibrium v, i.e. to some element of the set £ defined
in (5.8). In this sense, any solution u of (5.1) that starts sufficiently close to w exists globally and converges at
an exponential rate as t — oo to some translate w(x + Vt + «), o € R, of the travelling wave solution.

This approach applies to many other travelling wave solutions of quasilinear parabolic systems, as
soon as the condition of normal stability is satisfied.

6. Convergence for abstract quasilinear problems II

We return to the setting of Section 2 for the case that o (Ap) also contains an unstable part, i.e.
we now assume that

o(Ap)={0}UosUoy, withoy,CcCy, oy CcC_, (6.1)
such that o, # ¢. In this situation we can prove the following result.

Theorem 6.1. Let 1 < p < oo. Suppose u, € V N Xy is an equilibrium of (2.1), and suppose that the functions
(A, F) satisfy (2.2). Suppose further that A(u,) has the property of maximal L,-regularity. Let Ag be the
linearization of (2.1) at u,. Suppose that u, is normally hyperbolic, i.e. assume that

i) near u, the set of equilibria £ is a C'-manifold in X; of dimension m € N,
(ii) the tangent space for € at u, is given by N(Aop),
(iii) 0 is a semi-simple eigenvalue of Ao, i.e. N(Ag) & R(Ao) = Xo,
(iv) o (Ag) NiIR ={0}, oy ;=0 (Ap) NC_ #0.

Then u, is unstable in X,, and even in Xo.
For each sufficiently small p > 0 there exists 0 < § < p such that the unique solution u(t) of (2.1) with
initial value ug € Bx, (U, d) either satisfies

° distxy (u(to), £) > p for some finite time to > 0, or
o u(t) exists on Ry and converges at an exponential rate to some U € € in X, ast — oo.

Proof. The first assertion follows from [24, Theorem 6.2], so we need to prove the second claim.

(a) Let P! denote the spectral projections corresponding to the spectral sets o;, where o, = {0}
and og, 0, are as in (6.1). Let X’j = Pl(Xj), l € {c,s,u}, where these spaces are equipped with the
norms of X; for j e {0,1, y}. We may assume that X; is equipped with the graph norm of Ay, i.e.
[v]1 :=|v]o + |AoV]o for v € Xj. Since the operator —Ag generates an analytic Cp-semigroup on Xp,
oy is a compact spectral set for Ag. This implies that P¥(Xo) C X;. Consequently, X§ and X} coincide
as vector spaces. In addition, since Ay, the part of Ap in XY, is invertible, we conclude that the
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spaces X;’ carry equivalent norms. We set X" := Xy = X} and equip X" with the norm of X, that is,
X% = (X",]-1]o). As in the proof of Theorem 2.1 we obtain the decomposition

Xi=X@XjoX', Xo=XoXjoX"
and this decomposition reduces Ag into Ag = Ac & As ® Ay, where A is the part of Ag in Xé for

l € {c,s,u}. It follows that o (A;) = o; for | € {c, s, u}. Moreover, due to assumption (iii), Ac =0. In the
sequel, as a norm in X; we take

|v|j:]PCv|+|Psv|j+|P”v‘ for j=0,y,1. (6.2)

We remind that the spaces X’j have been given the norm of Xé for I € {c, u}.

We also fix constants w € (0, infReo (—Ay)) and Ms > 0 such that |eA«f| < Mse=®! for all t > 0.
WIlog we may take w < 1.

(b) Let @ be the mapping obtained in step (b) of the proof of Theorem 2.1, and set ¢;(x) := P!® (x)
for € {s,u} and for x € Bxc(0, pp). Then

¢ C'(Bxe(0, po), xll), #1(0) =¢[(0) =0 forle{s, u}. (6.3)
These mappings parametrize the manifold £ of equilibria near u, via
[x> (X+¢s(X) + du(X) +u,)].  x€Bxe(0, po).

We may assume that pg has been chosen small enough so that
|6/ pexe xpy <1 %€ Bxe(0, po). L€ s, u}. (6:4)

(c) The equilibrium equation (2.7) now corresponds to the system

PG (x4 ps(x) + ¢u(x)) =0,
PG (x+ ps(x) + pu(®) = Al (x),  x € Bxe(0, po), | € {s,u}. (6.5)
The canonical variables are
x= P, y =PV — ¢s(%), z=P"v — ¢y (%)
and the canonical form of the system is given by
x=T(x,y,2), x(0)=xo,
V+Asy=Rs(x,y,2), y(0)=yo, (6.6)

Z+ Auz=Ru(x,¥,2), 2(0)=z.
Here the functions T, Rg, and R, are given by
T(X,y.2) =P (G(X+ ¥ + 24 ds(X) + dpu(0) — G(X + ¢s(X) + du(%))).

Ri(x,y,2) = PG (X + y +Z+ ds(X) + pu(®) — G(X + ps(X) + du (X))
— ¢ 0T, y,2), l€ls,u}, (6.7)
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where we have used the equilibrium equations (6.5). Clearly,
Ri(x,0,00=T(x,0,0)=0, x¢€Bx(0,po), [€{s,uj},

showing that the equilibrium set £ of (2.1) near u, has been reduced to the set Bxc(0, po) x {0} x
{0} C X x X5 x X".
There is a unique correspondence between the solutions of (2.1) close to u, in X, and those of
(6.6) close to 0. We again call (6.6) the normal form of (2.1) near its normally hyperbolic equilibrium u,.
(d) The estimates for R; and T are similar to those derived in Section 2, and we have

IT(x,y, 2], [Rix y,2)|o <B(Iyh +121), (6.8)

)

for all x,z e BIX(O, ), le {c,u},and y € BX; (0, p) N X1, where p < po, r=5p, and B =Ca(n +71).

(e) Let us assume for the moment that p is chosen so that 4p < pg. Let u(t) = u,+ @ (x(t))+y () +
z(t) be a solution of (6.6) on some maximal time interval [0, t,) which satisfies distXV u@®),&) < p.
Set

t1:=t1(Xo, Yo. 20) :=sup{t € (0, £.): [u(r) —us[, <3p, T €[0,1]}

and suppose that t1 < t,. Assuming wlog that the embedding constant of X; < X,, is less or equal
to one it follows from (6.2), (6.4) and the definition of t; that

x®|. [y©l,. 20 <3p, tel0.t], (6.9)

so that the estimate (6.8) holds for (x(t), y(t), z(t)), t € [0, t1].

Since £ is a finite-dimensional manifold, for each u € Bx, (ux,3p) there is u € £ such that
disty, (u, £) = |u — uly,, and by the triangle inequality u € Bx, (ux, 4p). Thus we may write u = u +
d(X)+y+zand u=u,+ P(x), and therefore

p = distx, (u, &) = lu —uly

= X=X+ [y +¢s®) — g ®)|, +[z+Pu® — gu®)|

=[x — X+ 2] — [pu () — pu®)| > |2l

since x,x € Bxc(0, po) and ¢ is non-expansive, see (6.4). Therefore we obtain the improved estimate
|z(t)] < p for all t € [0, t1].

We begin the estimates with that for the unstable component z(t). Integrating the equation for z
backwards yields

t

z(t) = eM@=Dz(t;) — / eMETOR, (x(5), y(5), 2(5)) ds. (6.10)

t
With (6.8) and |z(t1)| < p we get

t

|z()| < Mse @170 p +/3M5/e_w(5_t)(|y(s)|1 +|z(s)|) ds
t
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for t € [0, t1]. Gronwall’s inequality yields

t

|z()| < Mse™ 1170 p +5Msfe“‘”“‘t)ly(s)ll ds
t

for t € [0,t1], where w1 = ® — BMs5 > 0 provided B, i.e. n,r are small enough. In particular, with
Mg = Ms /w1, this inequality implies

1llLg(j1:x0) < Mep + BMsll Y llLy(j1:x1)s (6.11)

where we have set J{ = (0,t1); here q € [1, oo] is arbitrary at the moment. A similar estimate holds
for the time-derivative of z, namely

1211y (11:%0) < (1Aull + B2l g (11:x0) + BUYILg(r1:x0)- (6.12)
Note that
|2(t +h) — 2®)| <HVP 2111, (yix0) -

t1—h

/ |z(t + h) — z(0)| dt < hl|ZI|Ly(jy: X0)- (6.13)
0

Next we consider the equation for x. We have

t t

Ix(®)] < Ixo] + f k()| ds = [xo] + / I (x(5). ¥(5). 2(5)) | ds
0

0

< Ixol 4+ BUIYIIL, Jr:x0) + 1212y (J1:X0))-

Combining this estimate with that for z we obtain

sup|x(®)| < X0l + X1l (J1:X0)»
teq

1X1L4(J1:X0) < B(Msp + (1 + ﬂM6)||Y||Lq(11:x1))~

This estimate is best possible and shows that in order to control |x(t)| we must be able to control
I¥1lL,¢j1:x,)- Note that

|x(t +h) — x(©)| <RVP XLy (Jy:x0)s

t1—h

[ e = x] e < h1 . (6:14)
0

Now we turn to the equation for y, the stable but infinite-dimensional part of the problem. As in the
proof of Theorem 2.1, part (e), we obtain from (6.8)

IVIE @) < Milyoly + BMo(I1YlIE, @) + 1ZIEecr))-
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Employing (6.11) with ¢ = p we get
IYllE @) < M1lyoly + BMoMesp + BMo(1+ BMe) |1 YIIE ¢r)-
Assuming BMo(1 + BMs) < 1/2, this yields
IYllE ¢ < 2M1lyoly +28MoMep. (6.15)

Repeating the estimates leading up to (2.24) with 0 =0 we now get
ly®l, <Cs(1yoly +Bp). tel0.tl, (6.16)

where Cs is a constant independent of p, yo and t1. In particular, we see that |y(t)|, < o for all
t € J1, provided |yol, and B, i.e. n and r are sufficiently small.
For later purposes we need an estimate for |y(t +h) — y(t)|,,. We have

lye+h) —yol, <Clye+h —yoly 7 [ye+m - yol)
<SCRE P31 (e +mI + yol)) (6.17)

for all t €[0,t1], t +h €[0,t1] with y(t + h), y(t) € X1. We remind that y =1—1/p.

Unfortunately, this is not enough to keep |x(t)| small on Jq, for this we need to control
l¥1lL;(Jq;x1), and we cannot expect maximal regularity in Ly.

To handle ||y||t,(j,;x,). we are forced to use another type of maximal regularity, namely that for
the vector-valued Besov spaces B{ (J1; X), where « € (0, 1); cf. [23, Theorem 7.5]. Before stating the
result we remind that

lgllse_j;x) == 1&lLi;x) + (8l 5e.x
a—h
[gljex:= sup h7“ / lg(t+h) — g(t)] dt
0<h<min(1,a) o

defines a norm for g € B _(J; X), where ] = (0, a). The maximal regularity result, which is valid for
all exponentially stable analytic Cp-semigroups, reads as follows: there is a constant M7 depending
only on As and on « € (0, 1) such that the solution y of

y+Asy=f, te], y©0) =yo, (6.18)
satisfies the estimate
1918 _(j:xs) < M7(1¥0lD s @000 + 1 F B (j:x3))-
Note that this estimate is in particular independent of | = (0, a), by exponential stability of e~4st. Fur-

ther we have yp € X, N XS =Da,(1—-1/p,p) = Da,(a,00), provided o < 1—1/p. Another parabolic
estimate valid for (6.18) that we shall make use of reads as

1Yl _(j:xs) < Ms(1¥0lD s @.00) + I1F Ly gexs))
provided o < 1. Here the constant Mg is also independent of | = (0, a).

We set Ri(t) = —¢;(x(D))T (x(t), y(t), z(t)) and recall that |¢;(x(t))|B(xc.x;) < 1 for t € [0, t1]. Em-
ploying the Li-estimate for z, see (6.11), yields
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ty

RNy (gqixp) < /|T(X(5)~ ¥(5),2())|ds < BV Ly gy:xy + 120 Jrixo))
0

< BMsp + B(1+ BMe) 1YLy (j1:x1)-
Therefore, for the solution y; of (6.18) with f = R{ we obtain
(NUEERTIB SRS Msg(1yoly + BMesp + B(1 + MsB)IYIlL,(jr:x1))-

Next let Ry(t) = P5(G(®(x) + y + z) — G(D(x))). Then by estimate (2.19)

IR211Ly (J1:x0) < BUY Ly (g1 x0) + 12018513 %0))
<BMep + B+ MBIV L (Ji:x0)

and with some constant Cg

|R2(f) - Rz(f)|0 < Csﬁ(!}’(f) - J’(E)\l + |Z(f) - Z(f)} + ’X(f) - X(E)D
+Coly®, (ly® = y®], +[x(O) = xO[ + [2() — 2®]).
Hence we obtain the following estimate
t1—h

[R2]e,0 < CeB{[¥la.1 + [Zla,0 + [X]a0} + Co sup h= / ly®,
0< g‘n
0

Alyt+h) - y(r)}y + |x(t + h) — x(O)| + |2(t + h) — z(1) |} dt,
where we set hy :=min(1, t1) and [-la,j :=[-1j3;e,x; for j=0, 1. (6.11)-(6.13) yield for each « € (0, 1)

[2]ar.0 < N1Zl1Ly (J1:%0) < C7(0 + BUY L1 x0))s

with some uniform constant C7. In the same way we may estimate [x]y 0. Next we have again by
(6.11)-(6.13)

ti—h

sup h™¢ / |y(t)|1}z(t+h)—Z(f)|df<h”p/*allille(jl;xo)||y||L1(jl;x1)
0<h<h] 0

< Cs(Iyoly + P)IYIlLy(r:x0)

provided o <1 — 1/p, and similarly for the corresponding integral containing the x-difference. Last
but not least, for @ < (1 — y)(1 —1/p) we have by (6.17)

t1—h

— — /_ 1=
sup ™ / ly©l, [y +m = y©], de <2Ch Py Iy guxollV T G
0<h<hy

0

< Co(lyoly +8p)" " VI, i)
< Cro((1yoly +B)" + (1yoly +B0)I¥lLysr:x0)-

where we used Young's inequality in the last line.
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Collecting now all terms and choosing @ = (1 — y)/p’ = 1/pp’, we find a uniform constant Cq;
such that for |ygl, <$

1y lse_cjixs) < Cri(1oly + B0 + (B +p +OIYlse_cjyixp)-

hence

Iy crasxsy <MY NB2 (giixs) < 2C11(Iyoly + Bp), (6.19)

provided C11(8 + p +38) < 1/2. Choosing now first 8, i.e. n and r small enough, and then p and § > 0,
we see that |u(f1) — u4ly < 3p, a contradiction to t; < t,. As in (e) of the proof of Theorem 2.1 we
may then conclude that ¢, = oo, which means that the solution exists globally and stays in the ball
Bx, (ux, 3p).

(f) To prove convergence, let (x(t), y(t), z(t)) be a global solution of (6.6) that satisfies

|x(t)

yol,. 20| <3p, forallt>0,

see (6.9). Similarly to the proof of Theorem 2.1, part (e), we obtain from (6.8)

e <2Miyoly +28Mo e (6.:20)

ty”u«:l (c0) Z”]Eo(oo)’

where w € (0, inf{ReA: A € 0(As)}) is a fixed number and g is given in (2.21). Repeating the estimates
leading up to (2.24) we get

e y(®)],, < M2|yoly +2BcoMolle” 2|, . t>0. (6:21)

From Eq. (6.10) we infer that
o0
z(t) = —/e’A“(t’s)Ru(x(s),y(s),z(s))cls, t>0, (6.22)
t

since |z(t1)| < p for each t; > 0 and e?«1=0 js exponentially decaying for t; — co. Using (6.22) and
the estimate for R, from (6.8) and proceeding as in the proof of Young’s inequality for convolution
integrals one shows that

192 0y < CrB (1€ |y 0 + €% 25y (623)
Making 8 sufficiently small (by decreasing n and, accordingly, r) it follows from (6.20) and (6.23) that
1€ ¥ |y o0y + € 2l o) < Cr31¥01y -

This estimate in turn, together with (6.21), implies |y(t)|, — 0 and |z(t)| — O exponentially fast as
t — oo. As in the proof of Theorem 2.1 part (f) we get

X(t) = Xoo :=Xo + / T(x(s), y(s), 2(s)) ds.
0
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This yields existence of the limit
Uso = Uy + Voo i= Uy + tlino]o V(t) = Uy + Xoo + s (Xoo) + Pu(Xo0) € E.
Similar arguments as in Section 2 yield exponential convergence of u(t) to uso. O

A result similar to Theorem 6.1 is also valid in the setting of Section 3. We leave the details to the
interested reader.
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