Reduction of Order exercises

(1) Yy’ — %y’ — 4o’y = —% — 43, Yy =e
(2 YUY +HA+y = 2t mr—g p=e®
(3) 22y —2zy + (¥ +2)y = 27, Y1 = rsinx

Solution to (1). y”—%y’—4x2y = —%—4:53, with y; = €. Substitute y = ue® .
Compute

1‘2

y = ue
y = 2zue” /e
y' = (422 + 2ue” +zu'e” +u'e”
y' — Ly —da?y = (427 + 2)ue” Hau'e” 4"
—uer’ _ 107"
—4:625;2 "

2

— Oue™ +(4z — Hu'e™ +u'e”

which should equal —% — 423. Divide both sides by er, and substitute v = o/,

to obtain
2

1 1
dxr — — "= (= +4zPe ™.
(4x x)v—l—v (x+ x’)e

That’s linear in standard form (except for the order of summation on the left
side). The integrating factor is
(4z—1)dx 2z%—Inx L g2

= € = —€
i

pa) = el

Multiply the standard form equation through by that, to obtain

1 222 1 ! _2x? 1 2\ 2
(4—§)ve +ovet = —(P—Hlx Je

1 2 2 ! 1 2 2
- T — _(__ 4 x
(IUG > (gj2 + 4dx )6

Now we need to integrate both sides. This was apparently a very bad choice of
an example problem, because that right side is difficult to integrate — perhaps



2

impossible in elementary terms. For what it’s worth, the problem I should have
given you is ¢ — %y’ —4z?y = —422, with y; = e*". If that had been our problem,
the procedure outlined above would now give us

1 /
(—062“2) = —Age®
T

and then the right hand side is much easier to integrate. Sorry about that.

Solution to (2). ¢ — (4+2)y + (4+ 1)y = z* —x — 1 with y; = €*".

Substitute y = we?*. Then

y = ue®

y = 2ue” +u'e?®

/A 4ue2x —i—4u’e2x +u//e2x
y// . (4 4+ %)y/ + (4_|_ %)y — 4u€2x +4u/€2x _|_u//€2x

—(84 Due™ —(4+ 2)u'e*
+(4+ 2)ue*
— 0u€2x _ %U/GQLE +u//€2x

which should be equal to 2% — z — % Substitute ' = v and multiply both sides

by e~2*, to obtain
2 5 1

o4 = (P —)e ™
. ( )
which is linear in standard form. The integrating factor is
u(x) _ ef—%dx _ 2z _ i
22

Multiply the standard form equation through by that, to obtain

Again, I seem to have messed up — the right side is too difficult to integrate.



Solution to (3). 2%y" — 2zy’ + (22 +2)y = 2°, with y; = xsinz.

Substitute
y = ux Sin x
y = usinz  Juxrcosx  +u'xsinx
y' = —uxsine  +2ucosx  +2u'sinx  +2u'wcosw
ny// _ Q:Ey’
+(2?+2)y = —uzdsiny +2ux? cos +2u’:z: sinz +2u'x? cosx

—Qzusiny —2uxlcosx —2u'x’sinz
3 .
+(2z° + 2z)usinx
= Ouz®sinz +0ux? cos x Ou'z?sinx +2u'x3 cosx

which should equal z3. Substituting v = v’ yields

2013 cos x + Vatsing = 28

V' 4+ 2(cot z)v = cscw
linear in standard form, with integrating factor

echotxda: _ tensmx _ sin2x.

px) =
Multipying that through the standard form equation yields
(sin® z)v" 4 2(sinz)(cos z)v = sinx
/
<(sin2 x)v) = sinz

Integrating,
(sin®x)v = —cosz + ¢

Multiply through by csc? z to isolate v;

W = v = —cscxcotx + cpescx
Integrating again,
U = cscxr —crcotxr + ¢
and finally
y = uy; = (cscx —cpcotx + co)xrsine

Y = T — ClTCOST + CoxSINT

+u"z sin x

+u

+u

"3 sin

"3 sin o



