(I don’t know why these topics are omitted from our textbook’s introduction to power series.

More Topics About Power Series

These topics ought to be included in any introduction to the subject.)

Finding the Coefficients in a Power Series

If we're given some function f(z) that we know a lot about (such as sinx or e”), how can we

find its power series? Here is the basic idea. Assume that f(z) = ¢o+ 17+ cow?® + 3z + - - -,

where

the ¢;’s are numbers that we're trying to find. Take derivatives, term by term. Thus we compute:

Co

and, in general,

+oix Hcpr? +cga® +eqxt +ega®
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2c9 +2-3c3x +3 - deyx? +4 - 5esad
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FExample: To find the power series for sin x, calculate
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sin x,
cos T,
—sinz,
—cosz,
sin x,
coS T,
—sinz,
—cosz,
sinz,
coS T,
—sinz,

and thus we have the power series

Ezercises. Find the power series for cosz, e, e
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Another example. Using the method above with f(z) = (1 — )™, show that
1
1—2z

= lt+az+2®+2°+a' +2°+ .

This series is important enough to have a name. It is called the geometric series. The formula
above is only valid when |z| < 1; we will discuss it further a few paragraphs from now.
Power series in disquised form. By making substitutions, show that

9 15 21 27
() = Bt v
(@) = d gty
1 . r 22 2 2t
1
= l-o+2? -2 +a2* -2+
1+
1
—— = 11—+t =2+ 20
14 22

Integrating series term by term. By integrating series for the function 1/(1 — z) or the function
1/(1 + z?), respectively, show that
2 3 4 5 6

In(1 - z) TR
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arctanr = r— —+———+———+---
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What is the Radius of Convergence?
and
What do we mean by a power series converging?

(After this topic we’ll discuss how to find the radius of convergence.)

(In most of the discussion below, by a “number” we will mean any complex number; infinity
is not one of the numbers allowed. There is one exception: In the definition of R, we allow any
“number” in [0, 00]. It must be a real number, it must be greater than or equal to 0, but it could
be infinity.)

Let’s start with a simpler question. Instead of power series, let’s just consider a series of numbers.
For instance, we say that

1+1+1+1+1+1+1+ = 2
2 4 8 16 32 64 T
What does that mean? How can we add up infinitely many numbers?

What it means is that we add up just finitely many of the numbers, and see what we get:

1 = 1

1 _,_% = 15

1 _|_% 4& 4_% = 1.875
141 1 1

1+ 41+t 4+ = 1.9375

1 _|_% _|_i _f_% +1i6 —|-3i2 = 1.96875

1 +3 47 +5 +5 +35 +o = 1.984375



The numbers in the right hand column are getting closer and closer to 2. So we say that the series
converges to 2, or that the sum of the series is 2.

Some series do not converge. For instance, the partial sums of the series 1 —14+1—-1+1—1+---
are the numbers 1,0,1,0,1,0,.... Those are not getting closer to one limit, so we say that the series
1—14+1—-141—"-- does not converge, or that it diverges.

The partial sums of the series 1424448416+ - - do not converge to any finite number, so this
series also diverges, in our terminology. (In some contexts this series would instead be described as
“converging to infinity,” but that alternate description is not useful for our purposes and we will
not use it. We will simply say that this series diverges.)

Now let’s turn to a power series. For instance, consider

flz) = l+a+2>+2°+a"+---.

When we plug in a number for x, we get a series of numbers, which might converge or diverge. For
instance,

plugging in x = % yields f (%) =1 —|—% +% +é —1—%6 +--- = 2 (convergent);
plugging in = = -1 yields f(-1) = 1 -1 +1 -1 +1 —--- which diverges;
pluggingin =2 yields f(3) = 1 +2 +4 48 +16 +--- which diverges.

In fact (though I won'’t prove it here) it turns out that

1/(1—2z) if |z| <1,

— 2 3 4. =
flx) = ldata’+z"+a"+ {divergent if |z| > 1.

So we can define a function by

1/(1—x) if |z| <1,

_ 2 3 4., =
fla) = T+zta”+a2°+a"+ {undeﬁned if |z > 1.

We say that this series has radius of convergence equal to 1; that term is explained further below.
It should be understood that the function 1/(1 — z) is actually defined everywhere except at
x = 1; for instance, it is defined at = 3. But the function 1 + 2 4+ 2? + 23 + - - - is defined only
for those « where |z| < 1. So those two functions are not the same — they are defined on different
domains.
All sorts of radii of convergence are possible. For instance, the series

1 T x? x3 xt z"

2 311279452 w012 sl 162 2ot

converges for |x| < 3 and diverges for |z| > 3, so this series has radius of convergence equal to 3.

To understand the general case, you first need to understand subsequences and limsups.

If you're given a sequence, and you cross out some of its terms — perhaps finitely many, perhaps
infinitely many, but make sure that you still have infinitely many terms left — then what remains
is called a subsequence of the given sequence. It might have a limit, even if the original sequence
did not. For instance, 1,0,1,0,1,0,... does not have a limit, but

this crossing out yields this subsequence which converges to
LO,L0 1L 01 0,... 1,1,1,1,1,1,1,. .. 1
Lo, A0 0 40,... 1,1,1,1,1,1,1,... 1
4,0, 1,0, 1,0, 1,0,... 0,0,0,0,0,0,... 0
1,0, 1,0,1,0, 1,0, ... 1,0,0,1,0,0,... (no limit)
1,0,1,0,1,0,1,0,... 0,1,0,1,0,1,... (no limit)
Lo, A, 0, 1, 0, A, 0,.. 1,0 (not a subsequence)



Now, it turns out that, if we allow 400 as a possible limit, then every sequence ay, as, as, aq, . ..
of real numbers has at least one subsequence that converges. Furthermore, if you look at all the
limits obtained in this fashion, there is a highest limit. That highest limit is called the limsup of
the original sequence; it is denoted limsup,, ., a,. Here are some examples:

e 1.0,1,0,1,0,1,0,... has limsup equal to 1.
e 1.2, 1,3,1,2,1,3,1,2,1, 3, ... has limsup equal to 3.
e 0,—1,1,0,—-2,2,0, -4, 3,0, =8, 4,0, —16, 5, 0, —32, 6, ... has limsup equal to +oc.

1 1 1

e 1,3,3, %, 3, ... has limsup equal to 0.

That last example illustrates an important point: if the original sequence is convergent to some
limit, then all its subsequences are convergent to that same limit, and so that limit is also equal to
the limsup.

Now we can talk about power series in general.

Theorem. Suppose that cg, c1, o, 3, ¢4, ... are some given

complex numbers. Define the number R = 1/limsup,,_, M .
Then R is a number in [0, 0o, called the radius of convergence
of the series Y2, c,x". It has the property that the series

o2y Cnx™ converges whenever we plug in a number x satisfying
|z| < R, and diverges whenever |z| > R.

That’s for compler numbers z, not just real numbers. So the numbers {x : || < R} form the
inside of a circle, and R is its radius; that’s why R is called the radius of convergence. Actually,
mathematicians use the term disk of convergence for the inside of the circle, and circle of
convergence for the boundary of the circle.

There are some aspects of this theorem that still need explaining. Perhaps the most obvious
question is, when happens when |z| = R? i.e., what happens along the circle? The answer is,
all sorts of things could happen when |z| = R, and to explain them all we’d need a much more
complicated theorem, so it’s better (at least for beginners) if we simply don’t try to draw any
conclusion about that case. For instance, though I won’t give proofs of these facts, it turns out that

> ,a™  converges for |z| < 1, diverges for |z| > 1, diverges for |z| = 1;

00 z" : — Q.
o gz converges for [z] < 3, diverges for [z| > 3, converges for |z| = 3;

converges for some x’s with
|z| = % and diverges for others.

oo 2Mx™
n=0 n41

converges for |z| < 3, diverges for |z| > 4, {

Also, what does R =0 or R = oo mean?
Well, take for instance e* = 1+x + 2—? + g—? + Z—? + -+ This has ¢, = 1/n!, It can be shown' that

the numbers {/1/n! converge to 0. So we get R = oco. This means the series converges for every

L Theorem. lim,_.o. ¥/n! = co. Outline of proof. Let k be the highest integer less than or equal to n/2. That is,
kisn/2 or (n —1)/2, according as n is even or odd. Then

n TL/2

nl = 1.2-----(k=1)-k- (k+1)-(k+2)-----(n—1)-n > 1k~(7> ; hence V/n! > \/n/2.

these factors there are n/2 or more of these
are all > 1 factors; each is n/2 or higher.




x satisfying |z| < oco. That’s true for every complex number x, so in fact the exponential series
converges for every complex number.

On the other hand, consider the series f(z) = 1+ x + 2!2? + 3!23 + 4l2* + - - .. This has ¢, = n!.
We have /n! — oo, hence R = 0, which tells us that this series diverges for every complex number
x that satisfies |x| > 0. The theorem doesn’t tell us what happens when |z| = 0, but we can figure
that out easily enough: When x = 0, then all of the numbers 1, 1 + 2, 1 + 2 + 2!22, and so on are
equal to 1, and so that sequence of partial sums converges to 1. Thus the series does converge when
r =0. We get

1 when £ =0

-2 13 4 ... =
L4207 + 3™ 4 dlo” 4 {undeﬁned otherwise.

That’s not a very useful function, evidently.

How do we find the radius of convergence?

Here is a rule that is usually a little simpler than the limsup formula.

Root test. If the number 1/lim, . | {/|c,| exists, then it
is equal to 1/limsup,,_,. {/|cs|, the radius of convergence.

On the other hand, if 1/lim,,_. |{/|c,| does not exist, then
R =1/limsup,,_,., /|cs| still does exist.

And here is a formula that is much simpler still:

Ratio test. If the number lim,, . |c,/c,11| exists,
then it is equal to 1/limsup,, .. {/|cs|, the radius
of convergence (and it may be easier to find).

On the other hand, if lim,, o |¢, /1| does not
exist, then R = 1/limsup,,_. {/|c,| still does exist.

o0 :L.TL

Here is an example using the ratio test. One of the examples I gave earlier was Z T2 In
n=0 n
1
that example, ¢, = T2 12 so we compute
n,,2 1 2 2 1 2 2

cn  3l(n41)2+2 3N {3(”71) tags] 3 E) g 3-1+0

—= —= = — -

Cn+41 3mn? 42 3np2 {1 2 ] 1 2 1+0
T 3"n? * 3nn?

so R = 3. Answering that problem with limsups would be difficult.

Usually the ratio test is easiest to use. And it’s certainly easiest to explain. Consequently most
textbooks don’t even mention the other formulas. But that has a drawback: When they encounter
a problem where the ratio test doesn’t work, some students think that the radius of convergence
“does not exist.” That’s wrong, and that’s why I talk about limsups.



Here is an example where the ratio test doesn’t work. I mentioned earlier that

I3 l‘5 ZL’7 x9 lel

t = T O
arctan x T 3+5 7—1—9 11-1—

Where is this equation valid? i.e., what is the radius of convergence of this series? In this example
we have these coefficients and ratios of coefficients:

n 0 1 2 3 4 5 6 78 9
& 01 0 -1/3 0 1/5 0 -1)T 0 1/9
G 01 0 -1/3 0 1/5 0 -1/T 0 1/9
oy 1 0 —-1/3 0 1/5 0 -1/ 0 1/9 0

In that last row, we're alternating between 0 and undefined (since any fraction with 0 in its bottom
is meaningless). If we omit all the undefined terms, what is left is all zeros, and the limit of 0 is 0,
which is the wrong answer for the radius of convergence. If we include the undefined terms, then
we don’t know how to take the limits at all. The ratio limit doesn’t exist, but that does not mean
the radius of convergence doesn’t exist.

Let’s try using the root test instead.

n 012 3 4 5 6 7 8 9

sl 010 1/3 0 1/5 0 1/7 0 1/9

eal 710 Y173 0 Y175 0 J1/7 0 Y1/9 -

where the question mark means “I don’t know”; the zeroth root of anything is not defined, but the
first term (or first finitely many terms) has no effect on the limit of a sequence. Now, look in your
calculus book, in the chapter on I’'Hospital’s Rule and indeterminate limits; you’ll find computations

1/n
like this: lim, . {/1/n = lim,_ (%) / = lim, o 2% = lim,_0e*™* = ¢” = 1. So that tells us

that the sequence

converges to 1. On the other hand, the sequence 0,0,0,... converges to 0. Alternating those
two sequences gives us the sequence {/|c,|. Therefore that sequence doesn’t converge, but it has
subsequences converging to 0 and 1 (and if you think about it a bit, you’ll see that no other limits

are possible). Of those, the higher number is 1. Therefore lim sup,,_, ., M =l,and R=1/1=1.
The radius of convergence is 1.

Actually, this problem could also be done using the ratio test, with less computation and more
understanding, if you have a good mind for abstract theory. But the following method is rather
specialized — it only works in a few problems. Substitute u = x2, and we can write arctanz =
x (1 -5+ “5—2 — “—73 + % — - ) Now, for the moment, forget about the factor of x in front. For

. . 2 3 4 . .
which values of u does the series 1 — & + = — %= + % — -+ - converge? This series has

n 0 1 2 3 4 5
o] 1 1/3 1/5 1/7 1/9 1/11
leo/Cusa| 3 5/3 7/5 9/7 11/9 13/11

u3

The numbers in that last row converge to 1. Therefore the series 1 — %5 + “5—2 — =+ % — .- - converges

whenever |u| < 1, and diverges whenever |u| > 1. Therefore the series for arctan converges whenever
|72| < 1 and diverges whenever |22| > 1. Therefore the series for arctan converges whenever |x| < 1

and diverges whenever |z| > 1. So its radius of convergence is 1.



