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Introduction

Modular forms play a role in so many important branches of not only number theory, but
also mathematics in general (e.g. (algebraic) geometry, topology, Lie theory, just to name a
few) and also mathematical physics, that they are an indispensable tool. More recently, the
theory of new modular objects, such as harmonic Maass forms, has begun to play a similar
role, and has a similarly long list of fields where they have found applications. In particular,
combinatorics and g¢-series have provided the subject with many key questions. In fact, a
lot of the best applications in the theory of harmonic Maass forms and motivating examples
which historically motivated important results in harmonic Maass forms have come from
its interactions with these other subjects, in particular combinatorics and physics. For
example, combinatorialists have a different set of tools and intuitions, and a knack for
discovering interesting new examples of modular-type objects. Thus, collaboration and
communication between the two areas is very fruitful in both directions. These notes aim
to provide a short introduction to the subject of modular forms and harmonic Maass forms
for anyone who wants to familiarize themselves with the basic concepts.

These notes can of course give but a glimpse of the theory, let alone applications, of
modular forms and harmonic Maass forms. Most of the subjects mentioned here are treated
only superficially, as doing them full justice would require too much space, and a great many
other topics cannot be mentioned at all. To lie a proper foundation, the authors have kept
the first part of these notes on classical modular forms relatively formal and rigorous,
providing some proof sketches of the most important facts or at least precise references
where a more detailed treatment can be found in existing textbooks on the subject. Some
sections in this part follow parts of existing textbooks rather closely, in which case this is
indicated at the beginning of the section. The second part on harmonic Maass forms is
then intentionally less formal, in order to provide a feeling for the new developments that
have come from this relatively recent concept (most of the results mentioned are less than
15 years old). The interested reader will find multiple references to original publications in
this part, most of which should be readable with the background provided in these notes
and perhaps some further study. In the references, a couple of texts (textbooks, surveys,
book chapters) are listed that are not necessarily explicitly cited in these notes, but which
the authors would particularly like to recommend for further reading. Such references are
marked with an asterisk next to the title.

We will begin with a brief overview of some basic facts and definitions of modular forms,
focusing on modular forms for the full modular group SLy(Z) at first and then on the more
general setting of modular forms for (congruence) subgroups, including some examples such
as Eisenstein series, the A-function, theta series and eta quotients. We will also briefly
discuss the theory Jacobi forms and even more briefly describe the theory of singular
moduli. The third section will cover some particular applications of the theory of modular
forms to partitions, namely a sketch of the proof of Rademacher’s series representation of
the partition numbers and finally a short outline on a general framework for congruences of



the partition function. Following this, we will outline some of the background and historical
motivation for the newer theory of harmonic Maass forms, with an eye towards applications
in related fields such as combinatorics. Of course, this general survey will not describe all
the details of these varied topics, and so the original texts and more extensive books should
be consulted by the interested reader. However, the intention of the authors is to provide
a practical and concise guide to these topics for students and experts in related fields to
spark interest and interdisciplinary collaboration.



1 Basics

1.1 The upper half-plane
Throughout, we denote by $ the complex upper half-plane,

H={r=u+iveC : Im(r)=v > 0}.

This is a model for the hyperbolic plane.

Its group of holomorphic isometries (with respect to the hyperbolic metric) or biholo-
morphic automorphisms is well-known to be isomorphic to PSLy(R) . It is however more
convenient for our purposes to work with SLo(R) instead of the projective group. This
group acts on $) via Mobius transformations,

_fa b ) T._CLT—f—b
T=\¢ a) v Cer+d

To see this, note for instance that

- <a7’+b) _ Im(r)

cr+d) et +d?’

hence the action is well-defined. That this actually is a group action whose core is generated
by (_01 _01) is an easy direct verification.

It is now a natural question to ask whether there exist holomorphic functions f: $ — C
which are invariant under the action of discrete subgroups of SLa(R), the most elementary
example of which is SLy(Z). Unfortunately, it turns out that the answer to this question
is mo, except for constant functions, but it is yes if we relax the invariance requirement
slightly.

Before discussing this point further, we shall require a description of a fundamental
domain of the action of SLy(Z). It can be seen in an abstract way that such a fundamental
domain containing inner points must exist through Baire’s category theorem, but it can
be verified in a much more elementary way. Specifically, an exact fundamental domain of
the action of SLg(Z), i.e. a connected domainﬂ F C $ such that for any 7 € $ there exists
a v € SLy(Z) such that v.7 € F and for any two distinct points 7 # 7/ € § there is no
v € SLy(Z) with v.7 = 7/, is given by

1 1
F = {7'653 — < Re(r) < §,|T’ > 1, and |7| > 1 for Re(7) <0},

whose picture is often given in many places. The picture in Figure [1] was generated using
SAGE version 8.1 [Sage]. An important fact on its own and also important in proving that

!Technically, the fundamental domain is not open, but its interior is a domain
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Figure 1: Standard fundamental domain of SLo(Z)

F is indeed a fundamental domain is the fact that SLa(Z) is generated by two elements,

- (r- 3 1 5- ¢ )

The matrices T and S are often referred to as translation and (modular) inversion respec-
tively, which is why in some places in the literature the letter J instead of S is used.

There are two special points in F, as will be important later, namely the points ¢ and
p= Lﬁ‘/g, which are the only points in F with a non-trivial stabilizer in SLy(Z): i is fixed
by S, which has order 4, and p is fixed by U =TS = (% _01), which has order 6. We call
such points elliptic fized points. Note that every other point in F is only fixed (trivially)
by (})1 _01). For proofs and more details on the facts mentioned here, we refer the reader
to |[CS| Chapter 4].

1.2 Basic definitions and first results on modular forms

Returning to the question whether there are functions (essentially) invariant under SLa(Z),
we define the notion of a modular form.

Definition 1.1. A function f: $ — C is called a modular form of weight k € Z for SLa(7Z)
if

(i) f is holomorphic on $,



(ii) f is invariant under the weight k Petersson slash operator, that is we have

() = Cer + ayt (50) = 4(r)
for ally = (2%) € SLao(Z) and 7 € 9,
(iii) f is holomorphic at oo, i.e. f(iv) is bounded as v — oco.
If we even have that f(iv) — 0 as v — oo, we call f a cusp form.

In the following remarks we record several elementary observations on modular forms.

Remark 1.2. Modular forms (resp. cusp forms) of weight k form a vector space over C
which we denote by My (resp. Sk). It follows directly from the definition that products of
modular forms are again modular forms and products of modular forms and cusp forms are
again cusp forms. That is, we have

My - My € Mgye and Sk - My C Sk

Remark 1.3. Since SLo(Z) is generated by the two matrices T and S which map T € $
to T+ 1 and —1/7 resp., a function f: $ — C satisfies the transformation law in (ii) of
Definition[1.1] if and only if we have

fr+1)=f(r) and f(=1/7)=7"f(r)

for all T € 9. In particular, the invariance f(T+1) = f(7) implies through a standard fact
of complex analysis that a modular form f € My has a Fourier expansion of the form

f(r) =2 ay(n)e™.

ne”L

The growth condition in (iii) of Deﬁnition yields that ocp(n) =0 forn <0 for f € M,
and and that we additionally have ay(0) = 0 if and only if f is a cusp form.

Remark 1.4. Since (_01 fl) € SLo(Z) we find for f € My that
F=flk () =D,
hence there are no non-zero modular forms of odd weight.
The following requires a little more work.

Lemma 1.5. There are no non-zero modular forms of negative weight.



Proof. Let k < 0 and f € Mj. It is not hard to see that the non-holomorphic function
f(7) == /2| f(7)] satisfies f(y.7) = f(7) for all v € SLy(Z). If k < 0, f is bounded as
v — 00 because f is, so in particular it is bounded for all 7 with Im(7) > ¢ > 0. Thus we
find for the Fourier coefficients of f that

1 1
\af(m)| _ e?wmv/ f(u + Z»U)e—27rimudu' < v—k/26277m1)/ f(u + ’L'U) < CU—k/2627rmv
0 0

for some constant C' which doesn’t depend on v. Since the left-hand side of this inequality
doesn’t depend on v, we can take the limit v — 0 which yields a¢(m) = 0 for all m, hence
f =0, so the claim follows. O

One is now inclined to ask whether there actually are any non-trivial examples of
modular forms at all. In fact one can construct very explicit and important examples,
which are motivated by the theory of elliptic functions, on which we cannot touch here.

Example 1.6. We define the Eisenstein series of weight k by

Ge(r)= > (mr+n)"

(m,n)€Z2\{0}

One can show that this series is absolutely and locally uniformly convergent on $ as soon
as k > 2 (see for instance [Kil, Lemma 2.7]). Assuming this from now on, we can verify
that these functions are indeed modular. Let ~ = (‘Cl g) € SLy(Z). Then we have

at +b ar +b -k
o ()= X (mia)
ct+d (mam 22\ {0} ct+d

=(ct+d)" D ((ma+ne)T+ (mb+nd)*.
(m,n)eZ2\{0}

Since clearly with (m,n) also (m,n)- (%Y%) = (ma+nc, mb+nd) runs through all of Z*\{0},

this yields, as claimed,
at + b . k
Gy <c7'+d) = (e + d)"Gg(7).

It remains to verify that Eisenstein series don’t always vanish identically (which by
Remark they do if k is odd). For this we can compute their Fourier expansion. Before
stating the result, let us recall the definition of the Riemann zeta function,

oo

((s) = Zn_s, Re(s) > 1

n=1



and of the Bernoulli numbers By,

o)
" t

Note that B, is always rational and non-zero if n is even.

Theorem 1.7. For even k > 4 we have that

Gu(r) = 2¢() + 2 27

)

where op(n) = Zd|n d* denotes the usual divisor power sum and we use the standard

abbreviation q := e2™7,

The normalized Fisenstein series are given by
1 2k
E = ——G =1—-— _ "
k(7) k(7) By ;Uk 1(n)q",

Proof. This is a direct consequence of the so-called Lipschitz summation formula

_27” - k—1 27rzmT
D (rm) =gy 2 m
neL m=1

which holds for 7 € $ and integers k > 2. For a full proof, we refer for example to [Kil,
Proposition 2.8]. O

Example 1.8. The first few normalized Fisenstein series are given explicitly by

Eu(r) = 1+240 Y o3(n)q",

n=1

Eg(1) =1-504) o5(n)q",

Eg(t) =1+480 Z o7(n)q",

n=1
Eio(r _1—264209 ,

65520
FE =14+ — n.
12(7) =1+ 5oL o11(n)q

n=1



We now want to turn a little more towards the structure of modular forms. For this,
we need the following very important theorem known as the valence formula for SLy(Z).
We mention that it can be thought of as an instance of the Riemann-Roch theorem, but
we won’t take this viewpoint here.

Theorem 1.9. Let f : § — C, f # 0, be a meromorphic function satisfying flgy = f
for some k € Z (note that in this setup, k might be negative) and suppose that f has a
Fourier expansion f(1) = >_0°, “ap(n)q™ for some ng € Z with ag(ng) # 0. Further define
ordeo(f) :=ng. Then we have that

k
orda(f) + 3 ordi(f) + 3 ordy() + Y0 ordulf) = 15
weF\{i,p}

Proof. One computes the integral

1 f'(7)
— dr
2mi Jo f(7)

where C'is the positively oriented boundary curve of a truncated version of the fundamental
domain F, but deformed to avoid the points ¢, p, and —p, as well as any zeros or poles of f
on the boundary of F. By the residue theorem, this integral essentially yields the left-hand
side of the valence formula, and evaluating the integral one finds the value k/12, letting
the deformations go to 0. For a detailed proof, see for instance [CS, Theorem 5.6.1]. O

It should be remarked that in fact only finitely many terms in the sum over points in the
fundamental domain can be non-zero due to the identity theorem (a non-zero meromorphic
modular form can only have finitely many zeros or poles in the fundamental domain).
Furthermore, the factors § and # in front of ord;(f) and ord,(f) reflect the fact that i and
p are elliptic fixed points whose stabilizers have orders 2 -2 and 2 - 3.

An easily computable but non-obvious corollary of the valence formula yields formula
for the dimension of the spaces Mj.

Theorem 1.10. We have

k/12 if k=2 d 12
|k/12] +1 ifk#2 (mod 12).
Proof. See for example [Kil, Theorem 3.5]. O

In particular, one finds that My = {0} and M} = CE} precisely for the values k =
4,6,8,10,14.

10



Remark 1.11. The finite-dimensionality of My, is the source of numerous sometimes sur-
prising identities. For instance it follows from Remark that Ez € Mg = CEg, so, since
E? and Eg have the same leading Fourier coefficient, we must have E3 = Eg. Comparing
the coefficients, one finds the so-called Hurwitz identity for divisor sums,

n—1
o7(n) = o3(n) + 120 Z os(ryo(n —r).

It is interesting to note that this identity can be formulated entirely in terms of elementary
number theory without appealing to modular forms or other advanced mathematics, though
real effort is needed to give a combinatorial proof. A proof using only (formal) power
series was found by Zagier and Skoruppa in 1978 (published in [KK, Bemerkung 1.4.2]). A
different elementary proof relying on a series of papers by Liouville is outlined in a math
stackexchange post by user Philimathmuse under the link belouﬂ but it doesn’t seem to
have appeared in print.

The following important result which also can be derived essentially from the valence
formula in Theorem is that it is possible to generate all modular forms very easily.

Theorem 1.12. The space
o0
M, = P M,
k=0

1s an infinite-dimensional C-algebra. More precisely, we have that
M, = C[Ey4, Eg)

is the free polynomial algebra generated by Ey and Eg (which are easily seen to be alge-
braically independent).

Proof. See for instance [Ste, Theorem 2.17]. O

Remark 1.13. In view of the results in Section [3 where modular forms for other groups
than SLa(Z) are considered it is important to point out that it is not always the case that
the algebra of modular forms is isomorphic to a free polynomial algebra. In fact this is
almost never true except for finitely many exceptions. It is always true however that the
algebra of modular forms is a finitely generated C-algebra, but there usually are non-trivial
relations among the generators.

We conclude this subsection by discussing one further example of modular forms, which
is the first non-trivial example of a cusp form.

“https://math.stackexchange.com/questions/663919

11
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Example 1.14. Consider the so-called A-function defined by

Ey(7)3 =
A(T) == a(r)” — ZT = q—24¢% +252¢% — 1472¢* +4830¢° + O(¢°) € S12

n=1

This is a cusp form of weight 12. The coefficients T(n) are referred to as the Ramanujan
T-function. We clearly have ords(A) = 1, so the valence formula applied to A yields

1 1
1+ 3 ord;(A) + 3 ord(A) + Z ordy,(A) = 1.
weF\{i,p}

Since A is holomorphic on $) by definition, we must have ord,(A) > 0 for all 7 € $), hence
it must be that A(1) # 0 for all T € . Through a standard fact in complex analysis, this
implies that A must admit an representation as an infinite product. Indeed, one can show
for example using the theory of elliptic functions or properties of the Dedekind eta function

(see Section that
o
—a]lla-a"

1.3 Operators

In the previous section, we saw various examples of modular forms. We can construct new
modular forms from these in a fairly general manner. First we extend the definition of
the slash operator to the larger group GLQL (Q) of 2 x 2-matrices with rational entries and
positive determinant by setting

ct+d

Then for f € My, the function f|xy for any v € GL] (Q) is again a modular form of weight
k, although usually not for the full modular group SLs(Z), but for the conjugated group
7~ 1SLy(Z)y < SLa(Q). Since one usually considers modular forms for subgroups of SLa(Z),
one can also view f|;7y as a modular form for the subgroup I' = (y~! SLa(Z)y) N SLa(Z),
which always has finite index in SLy(Z).

Some standard operators on modular forms can be expressed in terms of this generalized
slash operator.

Definition 1.15. For f € My and m,N,r € N and x a Dirichlet character mod N we
define the operators

V=20 (g D).

12



U= 12 1Zﬂ (6 )

N—
. Z —2mirj /N 1 j/N
f|SN)T = ]/ f|k? <0 1 >’

N

0

For all these operators it is usually very convenient to consider their action on the
Fourier expansion of a modular form.

Lemma 1.16. Let f € My, be a modular form with Fourier expansion f(1) = > ja¢(n)q".
Then we have in the notation of Definition|1.15

(fVin)(7) Zaf q"",

(flUnm) Zaf mn)q
(f1Sn,r)(r) = Z ay(n)g",
n=T(N)

(fex)(r Zaf

Proof. In all cases, this is a straightforward computation. Note that for all operators, we
are acting by upper triangular matrices. O

Some of the most important operators on modular forms are Hecke operators. In order
to define these, we consider the set

Moy = {M € 2**? : det M = m}
for m € N. The group SL2(Z) acts on M,, by left and right multiplication on M,,,
SLy(Z) - My = My = My - SLo(Z).

As one can show without too much difficulty, the set

SLQ(Z):M::{(S Z) e M,, : ad:m,d>0,b€{0,...,d—1}}

13



is a full set of representatives of SLa(Z) \ M,, (for a proof, see for instance [KK| Satz
IV.1.2]), which is easily seen to have cardinality

#(SLo(Z) : M) = o1(m),
so in particular, it is finite. With this we can define the following.
Definition 1.17. For m € N and f € M} we define the mth Hecke operator acting on f
by
AT = m* 2=t N flpM.
MeSLa(Z):M

Note that since the weight k is usually clear from context, we often write T}, instead
of T, ,Ef ). We now record the action of Hecke operators on Fourier expansions.

Lemma 1.18. Let f € M}, with Fourier expansion f(1) = > 7" ja¢(n)q" and let g = f|Tp,.
Then g has a Fourier expansion with coefficients

ag(n) = Z d*ag(mn/d*) mit n > {(1) ch Zf(o) f 0 .
dlged(m,n) £(0) =0.
Proof. With the specific choice of representatives SLy(Z) : M,,, we find that
() = 3 S aty ()
m(T) = g )

a,d>0 b=0
ad=m

From here, the result is a computation analogous to that in Lemma [1.16. For a detailed
proof, see for instance [Ser, Proposition VII.5.12]. O

From this we can deduce one of the most important properties of Hecke operators.
Theorem 1.19. For f € My, and m € N we have f|T,, € My. If f € S, then so is f|T),.

Proof. We first verify the transformation property. Since f|py = f for all v € SLy(Z), the
definition of T, is independent of the choice of representatives and since for M € M, we
also have M~y € M,,, we have that

ATaly= 3 (D= 3 fl(0ry)

MESLQ(Z):Mm MESLQ(Z)ZMW

= > kM= [Ty

Me(SLa(Z): M)y

since (SLa(Z) : M., )~ is simply another set of representatives of SLa(Z) \ M,,. The claim
on cusp forms follows immediately from Lemma [1.18| O

14



We record some important facts about the Hecke operators themselves in the following
theorem, whose proof we omit as it can be found in many standard sources.

Theorem 1.20. Let m,n € N be coprime, p a prime, r € N, and f € My. Then the
following are true.

(i) (fITo)|T = (f|Timn), so the Hecke operators are multiplicative in their indices and
i particular, they commute.

(it) (f|Tpr)|Tp = f|Tyrsr + pF= 1 f T
Proof. See for instance [Ste, Proposition 2.29]. O

Since the Hecke operators are endomorphisms of the vector space M} and they all
commute, it makes sense to ask for simultaneous eigenforms under all of them. These are
usually referred to as Hecke eigenforms and play a central role in the theory of modular
forms. Although we will not have space to go into much more detail on the theory of
eigenforms, we record the following key result.

Theorem 1.21. Let f € My, be not a constant with Fourier expansion f(1) =Y .7 af(n)g™.
Then the following are equivalent.

(i) f is a simultaneous eigenform for all T,,, m € N.
7 is a stmultaneous eigenform for all T,, where p is prime.
g Dy bisp

(111) ap(1l) # 0 and for any coprime m,n € N we have ay(m)ays(n) = ap(l)ay(mn), so
the Fourier coefficients of Hecke eigenforms are (essentially) multiplicative functions.

Proof. The equivalence of (i) and (ii) follows from Theorem [1.20l For the implication
(1) = (i), see for instance [Ser, Corollary VIL5.2], the implication (ii) = (i) follows
because up to a constant non-zero factor a¢(1), the eigenvalue of f under 7}, equals the
Fourier coefficient af(m) by Lemma [1.18. O

Remark 1.22. The multiplicativity of the Fourier coefficients of Hecke eigenform is an
extremely important property, for ezample when one talks about their L-functions (naively
speaking, one replaces q" in the Fourier expansion of a modular form by n=*° for some
s € C with Re(s) sufficiently large). The multiplicativity then translates to the fact that the
associated L-function of a Hecke eigenform has a so-called Euler product. A toy example
of this is the Riemann zeta function which for Re(s) > 1 can be written as

()=Sn"= J[ a-po"
n=1

p prime

15



L-functions of modular forms have played a central role in the past century of number
theory, for example in the proof of Fermat’s Last Theorem or the Birch and Swinnerton-
Dyer Conjecture. Moreover, Euler products are required to make connections to L-functions
arising from arithemetic-geometric sources such as the theory of elliptic curves as in the
Modularity Theorem, formerly known as the Taniyama-Shimura-Weil Conjecture. For a
thorough treatment of this, we refer to [DS].

We note one important corollary of Theorem [1.21, which had been conjectured by
Ramanujan after he had computed about 30 values of the Ramanujan 7-function (i.e.
Fourier coefficients of the cusp form A) and first proven by Mordell, some 15 years before
Hecke set up his general theory of operators.

Corollary 1.23. The Ramanujan T-function is multiplicative.

Proof. The space Sp2 is one dimensional, hence, since Hecke operators map cusp forms to
cusp forms, A must be a simultaneous Hecke eigenform, so by Theorem its Fourier
coefficients are multiplicative. O

2 More advanced theory

2.1 DMore general settings for modular forms

As we have already seen above, one can produce modular forms for subgroups of SLy(Z)
from those for the full modular group by slashing with matrices in GL3 (Q). We now give
a general definition of such forms.

Definition 2.1. Let I' < SLy(Z) be a finite-index subgroup of SLo(Z). Then a function
f:9 — C is called a modular form of weight k € Z for I if

(i) f is holomorphic on 9,
(ii) fliy = f for all y €T,

(iii) f is holomorphic at the cusps, which means that for all v € SLa(Z) we have (f|rv)(iv)
is bounded as v — oo.

If f satisfies instead of (iii) the stronger condition that (f|xy)(iv) — 0 as v — oo, we call

f a cusp form for I'. We denote the spaces of weight k modular forms resp. cusp forms by
Mk(l“) resp. Sk(l_‘)

Remark 2.2. It should be remarked that since T' has finite index in SLo(Z), one just needs
to check condition (iii) in Definition for a finite set of representatives of SLa(Z)/T.
Note however that this is not always trivial to do in practice. Also, one cannot see in
general if f is a cusp form just by looking at its Fourier expansion at oo.

16



Remark 2.3. FEven though we have first encountered modular forms for subgroups of
SLa(Z) as originating from modular forms for the full group SLe(Z), it is not generally
true that all such modular forms can be obtained in this way. Those that can’t be are
(essentially) what are referred to as newforms.

It often happens in applications that one wants to relax Definition [2.1] even further by
requiring instead of (i7) the weaker condition that

fliv=ef

for a certain type of function € : I' — C called a multiplier system. While we won’t define
this term in full generality, one should essentially think of a one-dimensional representation
of T which (for convenience) should satisfy that there is some N € N with (7)Y = 1 for
all v € I'. The corresponding spaces are denoted by M (', ¢) resp. Si(I',e). For a quick
overview on multiplier systems, the reader is referred to [Iwal, Sections 2.6 and 2.7]. A
more detailed account on multiplier systems can be found in [Ran, Chapter 3].

Remark 2.4. Note that if (_1 0 ) ¢ ', there might be modular forms of odd weight for
[ (but none for negative weight). If (*1 0 ) e T, then My(T',e) can only be non-trivial if

5((_01 91)) = (-1
One has the following important subgroups of SLa(Z). In what follows, let N € N be
a positive integer.

To(N) = {(“ 2) € SLy(Z) - (Z Z) = (; i) (mod N)},
nw={ (¢ 5)est@: (8 5)=(; 1) eamf,
T(N) = {(‘; 2) € SLy(Z) - (Z 2) = ((1) g) (mod N)}.

The group I'(N) is called the principal congruence subgroup of level N. We also give the
indices of these groups here (see for instance [CS| Section 6.2]).

[SLy(Z) : T =N]] ( )

o

pIN
SLa(2): T N2£[V (1-5)
[SLy(Z) : T N3£[v ( 12>

17



Note that most of the results for modular forms on the full modular group discussed in
Section [T have more or less direct analogues for modular forms for subgroups. For example,
a generalization of the valence formula in Theorem to arbitrary finite index subgroups
can be found in [CS| Theorem 5.6.11], a general dimension formula is given in [CS| Theorem
5.6.18] and Hecke operators can also be considered for (congruence) subgroups, see for
instance [CS, Chapter 10]. Some care must be taken though for Hecke operators of index
dividing the level.

Sometimes one also wants to consider modular forms of half-integral weight. Essen-
tially because the complex square-root function is inherently multi-valued, this cannot be
achieved by simply allowing half-integer powers in the automorphy factors. Instead one
is required to consider a different group under which these functions are invariant, the
metaplectic group. One can however circumvent this using the following definition which
goes back to Shimura [Shi].

Definition 2.5. A function f : $ — C is called a modular form of weight k € % + Z for
Lo(4N) if

(i) f is holomorphic on $,

(ii) we have

ct+d

= () () e v () < s

for all v € To(4N) and all T € §, where here (%) denotes the Jacobi symbol and
we choose the principal branch of the square-root, which is positive for positive real
arguments,

(iii) f is holomorphic at the cusps.

Note that by choosing an appropriate multiplier system it is possible to have different
kinds of half-integer weight modular forms, as we see for instance in the context of the
Dedekind eta function in Section 2.2.2]

Even though we have now relaxed the notion of modular form quite considerably, one
still can obtain the following result (see [Iwal, Equation (2.68)]).

Theorem 2.6. For any subgroup T' < SLy(Z) of finite index (indeed for any so-called
Fuchsian group of the first kind), multiplier system e and weight k € %Z, the space My(T,¢€)
s finite-dimensional, more precisely we have

dime My (T, e) < C(k + 1) (vol(T'\ §) + 1),

for some constant C > 0, where vol(I'\ $)) denotes the (hyperbolic) volume of a fundamental
domain of T'.
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One of the important appeals of the theory of modular forms is that it is a source
of sometimes surprising identities, which arise by comparing two modular forms. A first
example of this is the Hurwitz identity in Remark To do this in general, the following
result often referred to as the Sturm bound, although it is in the presented form essentially
already due to Hecke, is invaluable.

Theorem 2.7. Let f,g € M(T") for some I' < SLa(Z) of finite index with Fourier expan-

sions f(1) = Y o gar(n)g™ and g(1) = > 07 og(n). Then we have f() = g(1) for all
T € 5 if and only if

as(n) = ag(n) for alln < (U;J + 1) [SLy(Z) : T

Proof. See [Kil, Theorem 3.13]. O

Thus, comparing two modular forms boils down to checking finitely many of their
Fourier coefficients, even though in many applications, the indices of the groups involved
are so large that one has to do more or less clever tricks before it is feasible to actually do
this in practice. It should also be remarked that Sturm’s original paper [Stu] is actually
about congruences between modular forms.

2.2 Further examples

In this section, we will discuss some further examples of sources of modular forms.

2.2.1 Theta series

In this section let @ € ZZ™ be a positive definite integer matrix whose diagonal entries
are even (one should think of the term even quadratic form here). Then we define the theta

series of @ by
Oq(r) ==Y ¢" @2 = "ro(n)g",
lezm n=0

where we set

ro(n) == #{ € Z™ : (""Ql = 2n}.

These numbers rg(n) have played an important role in number theory for centuries, dating
back at least to Fermat, possibly even Diophantus, who asked (and partly answered) the
question which numbers can be represented for instance as the sum of 2 or 4 squares. In
those cases, Q would just be twice the 2 x 2 or 4 x 4 identity matrix, so they asked when
rq(n) # 0. It is even more interesting to ask for an (elementary) formula for rg(n). This
can often be provided through the theory of modular forms by means of the following
important theorem due to Schoeneberg [Sch.
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Theorem 2.8. The function Og is a modular form of weight m/2 for some I'g(N) and
some multiplier system which can be determined explicitly. In particular, if det Q = 1, we
have ©g € M,,5(SL2(Z)).

The basic idea of the proof is essentially to employ Poisson summation which in its
simplest form states that for a function f : R — R with sufficiently rapid decay at oo one

has
S fmy =Y flm),

ne’ meZ

where f denotes the Fourier transform of f. As it turns out, the Fourier transform of
exp(—0"Qlrv) is closely related to exp(—¢"Qfm/v), from where Schoeneberg’s theorem
can be inferred. See for instance [Zag4, Proposition 9] for an account of the proof where
@ has one variable. A full proof can be found in [KK| Abschnitt V.4.5].

Example 2.9. It can be deduced from Theorem [2.8 that if det Q = 1, then we must have
8 | m, so the lowest dimension where the second part of that theorem applies is m = 8.
Indeed, there is a matriz in Zif)g with even entries on the diagonal and determinant 1,

4 -2 0 0 O O 0 1
-2 2 -1 0 0 0 0 O
o -1 2 -1 0 0 0 O
Eg = o 0 -1 2 -1 0 0 O
o 0 o0 -1 2 -1 0 O
o 0 o 0 -1 2 -120
o 0o o 0 0o -1 2 0
1 0 0 o0 0 0 0 2

So by Schoeneberg’s theorem, we know that O, € My(SLa(Z)), which implies immediately,
because this space is one-dimensional, that O, = E4, so by comparing coefficients we find

rEg (n) = 24003(n)

for all n.

2.2.2 The Dedekind eta function

One extremely important modular form that can be used to build a surprisingly large
proportion of modular forms in general is the Dedekind eta function. It is defined by

n(r) =g/ [ —-a".
n=1
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Recall that we already saw that
o
=aJJa-a =y

So one may think of the eta function as the 24th root of A, which somewhat suggests that
it should be a modular form of weight 12/24 = 1/2 in some sense. Figuring this out in
detail however is not so easy. One has the obvious transformation behaviour

n(r +1) = ™/ 12(7)

under translation. It is a bit less obvious to see that

=1/m) = [Tt

where, as always we choose the principal branch of the square-root. So there is a reasonable
transformation behaviour under both generators of SLs(Z) which confirms that 7 is a
modular form of weight 1/2 with some multiplier system. It is however not at all easy to
figure out the general transformation behaviour of n under a general matrix (‘C’ g) € SLy(Z).
This was first done by Dedekind who proved the following result.

Theorem 2.10. For (%) € SLy(Z) with ¢ > 0 we have that

ar +b — oxo [ i a+d+s(_dc)_1 cT +d (7)
" et+d) P 12¢ ’ 4 i M7,

where for coprime integers h, k, k > 0, we denote by

the Dedekind sum.
Proof. See [Apol, Chapter 3] O

Even though this multiplier system seems rather complicated, it is relatively well-
controllable. For example we can use this (in principle) to show the following version
of Euler’s famous Pentagonal Number Theorem.

Corollary 2.11. We have

n(247) ZXlQ n)g" € S1/2(576, x12),
nEZ
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One important feature of the eta function is that it can be used to build new examples
of modular forms in a systematic manner.

Definition 2.12. For N € N and integers rq € Z, d | N, we call the expression

[[n(dr)

d|N
an eta quotient of level N.

By investigating the arithmetic properties of Dedekind sums, one can give explicit
criteria when an eta quotient of level N defines e.g. a modular form in Mg (To(N)). In
some cases, the algebra of modular forms for I'o(NN), M.(To(N)) = Prey Mr(To(N)), is
even generated by such eta quotients (see [RW]), which can be very useful for explicit
computations.

2.2.3 Poincaré series

An important general way to construct modular forms in My (T, ¢) in a very general setting
is through the method of Poincaré series, which we briefly want to mention in this section.
As we shall see, these have played a central role in the theory of harmonic Maass forms as
they can be used as convenient bases, and they are important in applications of the subject
to asymptotic analysis of many interesting arithmetic sequences. The idea of Poincaré
series is to average some function over the group I'. More precisely, let ¢ : $ — C be a
holomorphic function invariant under the group I'ss = Stabr(co). In the case of I' = I'g (V)
for instance, one has I'no = (£T), so that here, ¢ should be one-periodic. With this, we
formally define the series
P(r):= Y eM(ehn(m).

YET o \I'

It is easy to see that P is holomorphic on $) and transforms like a modular form in M (T, ¢),
provided that it converges absolutely and locally uniformly. If ¢ has moderate growth
approaching 0, this is the case as soon as the weight k is sufficiently large. For example,
choosing I' = T'g(NN), € = x a Dirichlet character modulo N, and ¢(7) = €2™"7 for a
positive integer m, the Poincaré series P above converges for £ > 2 and by varying m,
one obtains a basis for the full space Si(I'o(V), x) of cusp forms (see e.g. [Iwa, Corollary
3.5]). Of course, since there are infintely many such Poincaré series (one for each m),
there must be linear relations among them. However, a basis consisting of Poincaré series
is usually not very useful when investigating arithmetic properties of Fourier coefficients
since the Fourier coefficients of Poincaré series generically have (at least conjecturally)
transcendental Fourier coefficients.

In many cases, one can however give explicit formulas for these Fourier coefficients, often
in terms of infinite sums of so-called Kloosterman sums and Bessel functions, but we refrain
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from giving these expressions here. They can be found for example in [Iwal Section 3.2].
The interested reader should note that an early example of such an expansion, which we
now recognize as an example of the theory of Poincaré series, is the Rademacher expansion
of the partition function p(n), which build on the work of Hardy and Ramanujan using
the Circle Method. This idea goes back to Petersson [Pet], but has only received greater
interest during the past few years. For a more modern treatment of this idea, specifically
applied to the partition function, we refer the reader to [Pri].

2.3 Jacobi forms

Jacobi forms are in a sense an amalgam of elliptic functions (i.e. doubly-periodic functions)
and modular forms. They have deep connections to many important types of modular
forms. Even though there are examples dating back to Jacobi (hence the name), their
systematic study originated from certain Siegel modular forms, which are a certain kind of
multivariable modular forms. Their study and the perspective that follows in these notes
was originally laid out systematically by Eichler and Zagier [EZ].

Definition 2.13. A function ¢: C x $ — C is called a Jacobi form of weight k and index
m if
(i) ¢ is holomorphic on C x ),
(i) we have
Gz + AT+ p, 1) = e_2mm()‘27+2Az)¢(z, T)
forall\,p€Z, z€ C, 7 € $ (elliptic transformation law ),
(iii) we have

z ar +b k 2mim 2
_ — d ct+d
¢<cr+d’c¢+d> (o7 +d)e ?(z7)

for all (2Y) € SLy(Z), z € C, 7 € § (modular transformation law),
(iv) ¢ has a Fourier expansion

o(z7) = 3 eln,r)g"¢",

n,reZ

iz with ¢(n,r) = 0 whenever n < r2/4m.

where ( = e
The space of Jacobi forms of weight k and index m is denoted by Jy, .

The prototypical examples of Jacobi forms are the Jacobi theta functions

Ome(z,7) = Y 4™

TEZL
r=¢(2m)
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which are Jacobi forms of weight 1/2 and index m for some subgroup of SLa(Z).
Here, we introduce the three most direct ways in which a Jacobi form can capture
modular forms. The first such way is through evaluation at so-called torsion points.

Theorem 2.14. Let ¢ € Jj, , and o, 3 € Q. Then ezmm’\27¢(aT+5, T) s a modular form
of weight k for some explicitly known congruence subgroup depending on o, 3 and m.

Proof. See [EZ, Theorem 1.3]. O

In addition to its Fourier expansion, a Jacobi form has at least two other important
expansions. The first one is afforded by the following theorem.

Theorem 2.15. Let ¢ € Jp,, be a Jacobi form. Then we can write

¢(Z>7-) = Z hﬁ(T)em,Z(zaT)a

¢ (mod 2m)

which we call the theta expansion of ¢. The functions hy are then modular forms of weight
k —1/2 for some specific subgroup of SLa(Z).

Proof. See [EZ, Theorem 5.1]. O

Remark 2.16. If one considers the vector h(t) = (ho(7), ..., ham—1(7)), one finds that this
vector transforms indeed like a modular form of weight k — 1/2 for the full modular group

SLa(Z) for a certain representatiorﬂ called the Weil representation, meaning that there is
a map p : SLa(Z) — GLay,(C), such that

h (Ziif}) =p ((Z Z)) (CT;F >k_mﬁ(¢).

The third important expansion of a Jacobi form that yields modular forms is its Taylor
expansion in z = 0.

Theorem 2.17. Define the space of weak Jacobi forms :]kam by relaxing condition (iv) in
Definition|2.13 to c(n,r) = 0 whenever n < 0. Then the Taylor coefficients of ¢ € J p in
z =0 are essentially modular forms of even weight for SLo(Z). More precisely, there is an

explicit isomorphism

~ M & Miyo® ... 6 Myiom k even,
Jk,m —
My & Myy3D ... ® Migyom—3 K odd.

3In the case of half-integral weight, it is actually only a projective representation of SLg(Z), ie. a
representation for a certain covering group called the metaplectic group Mp,(Z).

24



For even weight, the isomorphism is given by

m

¢(z,7) = | D The(7), 00 (0, 7)), :

£(2m) V=0

where [o, 8], denotes the vth Rankin-Cohen bracket, a bilinear differential operator on
modular forms that acts essentially like a product [Cohl]. A similar formula holds also in
the case of odd weight.

Proof. See [EZ, Theorem 9.2]. O

2.4 Singular moduli

This sections follows closely the exposition on the subject in Section 6 of [Zag4].
The subject of singular moduli is one of the most important in the arithmetic theory
of modular forms. Let us motivate it by the following observation that

e™V163 = 262537412640768743.999999999999250072...

is surprisingly close to an integer. Here we would like to briefly outline an explanation for
this phenomenon.
For this we look at Klein’s modular invariant

_ BEu(r)?

i(7) NORE q '+ 744 + 196 884q + 21 493 760¢% + O(¢°).

This clearly transforms like a modular form of weight 0, so we have indeed

P2 =i,

cTt+d

but it has a pole at infinity and is therefore not a modular form in our sense, but rather a
modular function, i.e. a meromorphic function transforming like a modular form of weight
0. The function j is one of the earliest, and perhaps the most important, examples of a
modular function, as the following theorem illustrates.

Theorem 2.18. (i) Every modular function for SLy(Z) is a rational function in j.

(i) Every modular function for SLa(7Z) which is holomorphic in $ (but may have a pole
at 00) is a polynomial in j.

(iii) Every modular function for any finite index subgroup of SLo(Z) is an algebraic func-
tion n j.
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Proof. Claim () is proven for instance in [CS| Theorem 5.7.3] (i7) is then an easy conse-
quence of the valence formula. The proof of (iii) is more involved. O]

One can compute several special values of j, e.g.

L
i(p) =0, j(i)=1728, j(iv/2) = 8000, j( +2“ﬁ> — —3375,

2 2 ’

_ (1 + i\/15> 191025 + 85995v/5
j — p— ces

It is a rather striking phenomenon, when a transcendental function evaluated at algebraic
arguments again gives algebraic values. In this case, the reason lies in the following theorem.

Theorem 2.19. For every m € N there is a polynomial V., (X,Y) € Z[X,Y] of degree
o1(m) in both variables such that

U (j(M.7), (7)) =0
for all M € M., with M., as in Section[1.3.
Sketch of proof. Consider
[T X —i@rr) = v, (X,j(r).
MESLa(Z): M
Then this is well-defined because j(v.7) = j(7) for all v € SLy(Z) and we have
U (X,5(7.7)) = ¥ (X, j(7))

because M,,, - v = M,, (recall that we used a similar argument in the context of Hecke
operators). This means that the coefficient of X" in ¥,, (X, j(7)) is a modular function in
7 for SLy(Z) which has no poles in $) (because none of the j(M.7) do), so each coefficient
is a polynomial in j(7), which yields the definition of a polynomial ¥,,(X,Y) € C[X,Y].
For the sake of brevity, we omit the proof that ¥,,(X,Y) has indeed integral coefficients
and the same degree in both variables. O

This yields the following theorem.

Theorem 2.20. Let 3 € $ be a CM point, i.e. there are A, B,C € 7 such that A3> + B3+
C' = 0. Then the singular modulus j(3) is an algebraic integer.

Sketch of proof. The matrix M = (7BA ((;) satisfies M.3 = 3 as one immediately checks.
Since det M = AC, we have

Vac(j(M.3),7(3)) = Yac(j(3),5(3)) = 0.
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Remark 2.21. One should say about the above proof sketch that it is not necessarily clear
that U, (X, X) is not just the zero polynomial (in fact this can happen). But since one
can redefine V,,,(X,Y) by dividing out all factors (X —Y') without changing the important
properties in Theorem [2.19, this can be reconciled.

Remark 2.22. One can in fact show, e.g. by using (iii) of Theorem |2.18, that f(3) is
an algebraic number (not necessarily integral) for every modular function f for any finite
index subgroup of SLa(Z) with algebraic Fourier coefficients. This explains essetially the

remarkable identity
5 546 1445
6727r - 9 9

14—
e—47r
1+

1+ .
that Ramanujan recorded in his first letter to Hardy, because the left-hand side can be
identified as the value at 3 =i of a modular function for the group T'(5). This function is
closely related to the famous Rogers-Ramanujan identities.

The values j(3) for CM points 3 play an important role in class field theory, as we shall
explain now. Let Q(X,Y) = AX? + BXY + CY? =: [A,B,C] € Z[X,Y] be a binary
quadratic form of discriminant D = B? — 4AC < 0 and A > 0 and define 3¢ € $ by
Q(0g,1) = 0. Also define Qp = {[A, B,C] : B2—4AC = D} as the set of quadratic forms
of discriminant D.

Theorem 2.23. Let D < 0 be a fundamental discriminant, i.e. the discriminant of a
quadratic field, and set

Hpy(X)= [J] (X-iGe)

QESL2(Z)\Cp

The Hp(X) € Z[X] and deg Hp(X) = h(D), the class number of D. The splitting field
of Hp(X) is the so-called Hilbert class field of Q(v/D), i.e. a Galois extension of Q(+/D)
whose Galois group is isomorphic to the ideal class group of Q(v/D).

Proof. See [Coxl, §11]. O

3 Applications to partitions

In this section, we explore some applications of the theory of modular forms to partitions.
It is well-known that the generating function of the partition function

p(n) :=#{( A\, ) : M1 > > X >0, + ..+ N =n}
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has a very simple description as an infinite product,

=> pln)q IIl—q 12
n=0 n=1

n(r)

1/24

Hence, P(q) is essentially a weakly holomorphic modular form (in particular, it has poles
at cusps) of weight —1/2 with some multiplier system, namely the inverse of that of the
Dedekind eta function (cf. Theorem . We want to exploit this fact to say something
about the numbers p(n).

3.1 Asymptotics

This part of the exposition is essentially a short summary of Chapter 5 of [Apo]. The
procedure described here, pioneered by Hardy and Ramanujan and applicable to the study
of many important number-theoretic phenomena even beyond the realm of modular forms,
is called the Clirlce Method.

The basic idea is simple. By Cauchy’s Theorem, we have that

1 [ P(g)
271 c qn—i-l

p(n) =

where C' is a simple, closed contour inside the unit disk looping around ¢ = 0 exactly once.
From the product expansion we can see that P(q) has a singularity whenever ¢ approaches
a root of unity. The idea now is to choose a special contour C' and let it approach the unit
circle form inside in a certain way to be able to replace P(g) in Cauchy’s Theorem above
by a more elementary function plus some (small) error. For this we divide C' into parts
Ch, 1 for coprime h, k with k& < N for some previously chosen N € N, which are close to the
roots of unity e2™/* of order up to N,

1 #) «
i) = o [ 2 zz/hkqnﬂ S S [0

k=1h (k)* k=1h, (k) Cn.k

where here and from now on, >, (b)+ €ans a sum over all a=0,...,b — 1 coprime to b.
In order to do this, we require the following lemma which is a convenient reformulation
of Dedekind’s Theorem [2.10

Lemma 3.1. Let g = exp (27”h 2“) q = exp (ZH — 21) with Re(z) > 0, ged(h, k) = 1

and hH = —1 (mod k). Further define w(h, k) = emis(hk) and

N 1/ ( e Tz ) '
k() =2 exp (57~ 1o
Then we have

P(g) = wlh k) 52 P
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Next, following Rademacher, we choose a special path of integration. Suppose C is a
circular contour inside the unit disk (in the ¢-plane). Then this essentially corresponds to
a line-integral from ¢ to i+1 in the 7-plane. Now we replace this line integral by an integral
along the upper arcs of so-called Ford circles (see Figure 2] the picture was again generated
using SAGE version 8.1 [Sage]). Denote this so-called Rademacher path by P(N).

. T T T T T .
il i+1 -

Figure 2: Rademacher path P(3).

By making an appropriate change of variables we can write

1 [P
p(n) == : qn(fl) q

211

i+1 ) )
— / P(e27rz'r)€727rzn7—d7_
i

_ / P(€27ri‘r)e—27rin‘rd7_
P(N)
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k=1 1(h.k)

N z2(h.k) 2mih 2
_ 1. —2 _—2minh/k 2mnz/k? T Lmz
e [ (52 )

where zj(h, k) and z(h, k) are the images of points where the Ford circles in the path

P(N) touch under the change of variables 7 = % + IZ—'Z which occurred in the last step. The
contour of integration becomes the arc of a circle around 1/2 of radius 1/2 joining these
points. Using Lemma |3.1] one can then write

p(n) = ik Pw(h, k)e >R (1) (b, k) + Iy(h, k),
h,k

where nj for the double sum over h and k and we define
za(h,k) )
Li(h k) = / Wy (z)e2™*/F
Zl(h,k)

and

z2(h,k) .
I(h, k) = / Wi(2) [P (exp (27:}[ - 27r>> — 1] 2k g

1(h,k) <

One can show now that |Iy(h, k)| < Ck3/2N—3/2 for some constant C' > 0, whence

> ik Pw(h, k)e 2T E L (h, k)| < CNTV2,
h,k

Therefore we find that

p(n) = ik™2w(h, k)e > L (h k) + O(NTH?),
h,k

Now letting N — oo and evaluating the integral I(h, k) explicitly one arrives at the
following important theorem due to Rademacher [Rad].

Theorem 3.2. For n € N, we have the following formula for p(n),

1S a (simh (53 (n—3)
LS et
)= L D AR —

with | |
Ak(n) — Z 67rzs(h,k)727mnh/k:'
h (k)*
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Essentially by specializing to the term k£ = 1 in the above series for p(n), one recovers
an older result due to Hardy and Ramanujan.

Theorem 3.3. As n — oo, we have the asymptotic equality

1 my/2n/3
n)~-———e .
p(n) 3

Remark 3.4. Hardy and Ramanugjan in fact had a full asymptotic expansion for p(n), using
essentially the argument outlined here, but their expansion does not give a convergent series.
Some 20 years after their work was published, Rademacher realized that the proof by Hardy-
Ramanujan could be modified to yield the convergent series expression in Theorem[3.2.

It should also be pointed out that there are many much easier ways to obtain just the
main term of the asymptotic expansion given in Section|3.1, one very important one being
to use a so-called Tauberian theorem due to Ingham [Ing].

3.2 Congruences

This section is essentially a short summary of parts of Chapter 5 of [Ono2].
Many people know the famous Ramanujan congruences,

p(bn+4) =0 (mod 5),

p(Tn +5) =0 (mod 7),
p(1lln+6) =0 (mod 11).

Over the last 100 years, many proofs of these congruences, both using formal or g-series,

but also modular forms techniques (see for instance [Ber| for a rather elementary, but

modular forms related proof), have been published, also generalizations for congruences

modulo powers of 5, 7, and 11 have been found (some of which have been conjectured by

Ramanujan). For a statement of these and further references, see [Ono2, Theorem 5.7].
In this section, we want to construct further congruences of the form

p(An+ B)=0 (mod M).

In fact, for any M coprime to 6, there are infinitely many non-nested arithmetic sequences
An+ B, such that such a congruence holds. Here are some examples modulo larger primes,

p(17-41%n 4 1122838) =0 (mod 17),
p(19-101%n + 815655) =0 (mod 19),
p(23-5*N +3474) =0 (mod 23),
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In this last section, we would like to explain the outline the proof of the following theo-
rem due to Ahlgren and Ono [Ahl, [AO, [Onol] underlying these and in fact all (known)
congruences for p(n). For this we define for a prime ¢ > 5 the set

Sy = {ﬁ € {0,...0—1} : (5;56) S {o,sg}}
021

where 6, := 5~ and g4 := (_76).

Theorem 3.5. Let { > 5 prime, m € N, 8 € &y, then a positive proportion of primes
Q = —1 (mod 24¢) satisfy

n+1
P (%) =0 (mod ™)

foralln=1— 243 (mod 24¢) and ged(Q,n) = 1.
The proof of this result hinges on the following proposition.

Proposition 3.6. Given a prime £ > 5, m € N, B € &y, there exists \p,, € Z and
Fg’m’g € S,\l,m+1/2(ro(576€5)) N Z[[q]] such that

Fomp = Zp(fn + B) 281 (mod ™),
n=0
Sketch of proof. The function
n(n)"
E ="
ZJ(T) n(ﬁtT)
is a modular form of weight (¢ — 1)/2 for the group I'o(¢") with multiplier system x,; =

¢
<W , which follows from Dedekind’s Theorem [2.10{ It is almost a cusp form

in the sense that it vanishes at all cusps except oo, i.e. (Eg|y)(iv) — 0 for all v €
SLa(Z) \ To(£!) and we have Ef; ' =1 (mod ¢™) for all m € N.
Next we define

T ¢ s
fo(T) = 777%7; =Y ag(n)q",

n=0
which defines a modular form in M,_y)/2(T'o(€), (7)). We can also write this as

fe(r) = p(m)g™ o T](1—¢"™)"
n=0 n=1
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We require the following twisted version of f,

fg(r) = io: (1 — &y (%)) ag(n)q",

which through standard theory of modular operators as outlined in Section defines a
modular form in M,_1y/2(To(¢*), (7)). Since f; vanishes at the cusp oo and the function
Ey;; defined above vanishes at all other cusps, the function

Fom(7) == ELY () fo(7)

is in fact a cusp form on I'g(¢3) with multiplier system xg, () of weight k = m/(¢" —1)/2+
(¢ —1)/2, provided that m/ is sufficiently large. We also have

o = fo (mod ™)

since Epy =1 (mod ¢™) and orde(frm/) > d¢ + 1 because ordeo(f7) > ¢ and by construc-
tion, the leading term in fy(7) disappears in Fy(7). Thus the function

_ ff,m’ (7—)
n(er)*

vanishes at infinity and hence is a cusp form if m’ is sufficiently large. Now we observe
that

Fy (1) -

Fz,m/ (1) = Z p(n — 5g)q”_62/24 42 Z p(n — (54)q"—£2/24 (mod ™).
n=0 (¢) (%):782

Again through application of standard operators, we find that Fy,,(247) € Sp/(T'o(576¢%))
for m’ sufficiently large for suitable k’. The result now follows by applying an appropriate
sieve operator. ]

To complete the proof of Theorem we need the following general lemma on Hecke
operators for half-integer weight modular forms. For prime index p coprime to 4N, one can
define the Hecke operator T)2 acting on Sy11/2(I'0(4V)) in terms of the operators defined

in Section [1.3| by
—1)* B . _
fITe := flU, + <(>) e <) + PV
p p
Lemma 3.7. Let N € N, A € N and let f € S);1/2(0(4N)) with integer Fourier co-
efficients. Then for any M € N, a positive proportion of primes p = —1 (mod 4MN)
satisfies

fIT,» =0 (mod0) (mod M).
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If we now apply the above lemma to the cusp form Fy,, g from Proposition we find
that for a positive proportion of primes @ = —1 (mod 24¢) satisfies

Ff,m,ﬁ’TQQ =0 (mod zm)
But

Frms(r) =Y armpn)®= Y p((n+1)/24)¢" (mod ™).
=0 n=245—1 (240)

By looking at the @Qnth coefficient of F'|T2, one finds that

3
0= arma@n) =p (L5 mod ),

which is the claim from Theorem 3.5
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4 History and motivation of Harmonic Maass Forms

Having discussed a few of the basic facets and examples of the theory of modular forms, we
now switch gears to talk about their generalization to the space of harmonic Maass forms.
There are numerous beautiful examples of combinatorial generating functions which are
both ¢-hypergeometric series and modular forms. As a fundamental example, consider the
partition function p(n). As we have seen above, the generating function P(q) := >, p(n)q"
is essentially a modular form of weight —1/2, and this can be used to prove congruences
and even exact formulas for the numbers p(n). We saw this by using the classical product
formula for P. There is another formula for P, which arises from a counting of partitions
while keeping track of sizes of Durfee squares in the Ferrers diagrams. Namely,

= (@
where (a;q)n, = (a)n := H;L;(]l(l —ag’). This form is beautiful and convenient, but hard to
deduce modularity from. Being able to do so would be incredibly useful, and is a problem
frequently encountered in this area, either explicitly or implicitly. This was summarized
neatly in the following problem, popularized by Andrews [And3].

Problem (Andrews). How can one prove the modularity properties of P(q) directly from
the q-hypergeometric expression above, i.e., without first proving a Y =[] identity?

This problem is hard (in particular, unsolved). However, while modularity is difficult
to pin down exactly on the level of ¢g-hypergeometric series, modular forms do leave some
fingerprints behind. This can be seen via the following elementary lemma, which follows
directly from the transformations in the definition of a modular form. This version of
the lemma and its proof can be found in Vlasenko and Zwegers’ work [VZ] on Nahm’s
conjecture.

Lemma 4.1. Suppose f € My(T") where I' C SLy(Z) is a subgroup of finite index. Then
there are constants a,b such that as € 0,

/e f (ZE> ~be * 4 o(eN)
27

for all N > 0. That is, there is only one term in the asymptotic expansion to all orders.

The point is that we are letting the modular variable 7 tend to 0 from above along
the imaginary axis, or letting ¢ tend to 1 radially from within the unit disk, and this can
be related to the behavior at ico by modularity. But this is easy to determine using the
Fourier expansion.

However, among ¢-hypergeometric series, this type of asymptotic expansion is very rare.
Almost all g-hypergeometric series have complicated expansions, usually of an infinite form,
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which are very far from this elementary asymptotic behavior. In fact, in his original letter
where Ramanujan describes his mock theta functions, he begins by giving a “generic”
example with an infinite type expansion which doesn’t look related to modular forms.

Example 4.2. A famous conjecture of Nahm claims that certain q-hypergeometric series
are modular if and only if certain elements of the so-called Bloch group (an object from
K -theory) are torsion. The first case of this conjecture claims to predict exactly those
A, B,C € Q for which

2
g5 TBn+C

FyBc(q) = S —
n>0 (@)n

is modular. Zagier solved this [Zag3] by proving that Fa p.c is modular for exactly 7
(explicitly given) triples (A, B,C) € Q3. For example, these examples include the famous
Rogers-Ramanujan function:

2

qar 1
2 (@n (66°)s0(q%¢%)

n

where the right-hand “product-side” can be directly shown to be modular. Zagier’s proof
works essentially by combining the type of reasoning encoded in the elementary lemma above
with a brilliant method for computing the asymptotic expansions near ¢ = 1 of each of the
functions Fs g c, he reduced the candidates for modularity to finitely many cases. In each
of these cases, modularity is established by applying a > = [] identity, such as that for the
Rogers-Ramanugjan function above.

5 A surprising discovery

Ramanujan was of course well aware of examples such as the Rogers-Ramanujan identities.
Every example of such an identity, and correspondingly of a ¢-hypergeometric modular
form, is highly interesting. As mentioned above, he computed (at least one) examples of
g-hypergeometric asymptotic expansions near roots of unity like ¢ = 1. Shortly before
his untimely death, while isolated in India, he wrote a brief letter to Hardy describing a
startling set of functions he discovered which he knew are not quite modular (in his lan-
guage, are not “theta functions,” or quotients, products, and linear combinations thereof),
but which are so uncannily close that something must be very special about them. For
instance, one of his functions was the series

which looks similar to the expression for P above, but with a minus sign inserted. In
particular, it doesn’t have an asymptotic expansion as in Lemma (which can be modified
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to approach other roots of unity, or, in 7, for 7 approaching rational numbers vertically
from above), but it doesn’t have the kind of infinite, wild expansion which is typical for
non-modular series. In particular, Ramanujan considered the (up to a rational power of q)
weight 1/2 weakly holomorphic modular form

b(g) = (6670 D_(—1)"" .

nez

Ramanujan then described a shocking numerical near cancellation between these two func-
tions near ¢ = —1, where they both explode. For example, we can compute with the help
of a modern computer that f(—0.998) ~ —6 - 10°°. However,

£(—0.998) + b(—0.998) ~ 3.992 ~ 4.

(We briefly note that the number 4 on the right hand side of this formlua also has an
important meaning, which we will discuss shortly.)

This near miss example is what Ramanujan called a mock theta function, as it is “imi-
tating” or pretending to be the “theta function” b(q) near ¢ = —1, and also has predictable
behavior near other roots of unity. Ramanujan’s letter goes on to give a definition of mock
theta functions as he conceived of them, where he attempts to analytically describe the
strangeness of what he observed, and to give a number of further examples he claims satisfy
similar properties. His examples gave tantalizing hints of a new structure of modular-type
objects, and this feeling served as a final challenge of Ramanujan which fascinated number
theorists for decades to come.

6 A framework for Ramanujan’s mock theta functions

In the decades following Ramanujan’s letter to Hardy, Andrews, Berndt, Hickerson, Wat-
son, and a number of others undertook important work expanding Ramanujan’s examples
and shedding light on their transformation properties, combinatorial implications, and g¢-
series representations. These provided clues of a broader theory, including expressions for
mock theta functions which would later be recognized by Zwegers as part of what we will
refer to below as “Zwegers’ three-fold path.” A full framework for the class of functions
Ramanujan was studying finally emerged about 80 years after his original letter, in the
early 2000’s in Zwegers’ thesis [Zwe]. This can be explained using the theory of harmonic
Maass forms, which was independently developed in a seminal paper of Bruinier and Funke
[BE]. Their definition of a harmonic Maass form, can be roughly summarized as follows.
A key point is that harmonic Maass forms are no longer required to be holomorphic, but
rather to satisfy a second order differential equation instead (and, being in the kernel of a
“Laplacian,” they are termed “harmonic”).

“Definition”. A harmonic Maass form (HMF) is a function which satisfies the following.
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1. It transforms like a modular form.

2. It is in the kernel of

Ay = =& i,

where L
0

= ik —.

Sk = 20" 5

3. It grows like at most as quickly as a weakly holomorphic modular form at the cusps
(i.e., it has a principal part, and once this is subtracted, it decays rapidly).

The space of HMFs of weight k is denoted by Hjy (with the subgroup of SLa(Z) often
suppressed here for simplicity).

Note that classical modular forms satisfy the conditions of the definition of a HMF, as
the operator & kills holomorphic functions by definition, and so Ay does too. The operator
&, plays a central role in the theory of harmonic Maass forms. It shuttles between “dual
weights” k and 2 — k, which in many ways reflect dual worlds of existence. In particular,
& applied to a HMF of weight k yields a modular object of weight 2 — k. Since Ag splits
as a composition of two &, operators (up to a sign, which is there for historic reasons), the
image under &, must be in the kernel of £&;_j. But this precisely means that the image is a
holomorphic function, and so one must obtain a holomorphic modular form. By considering
the growth condition at cusps, it turns out that one always obtains a cusp form. Thus,
one obtains a map

§k: Hy — So_p.

Bruinier and Funke gave a general proof that this map is surjective (one can think of this as
a sort of “Serre duality”), and, following Zagier [Zag5], we commonly refer to the image of a
HMF under it as the shadow of the HMF. Moreover, just as holomorphicity and translation
invariance imply the existence of Fourier expansions of modular forms, harmonicity and
translation invariance prove that HMFs have a Fourier expansion which splits into two
pieces (since its a second order differential equation):

feH, = f=f"+f"

Here, f* is called the holomorphic part and f~ is called the non-holomorphic part. Fit-
tingly, fT is holomorphic, and f~ is not (assuming its non-zero, i.e., that we don’t have
a classical modular form). In particular, f* is an ordinary g-series, whose coefficients of-
ten encode some important object in whatever application we may be studying, and the
coefficients of f~, while decorated by certain non-holomorphic functions, are the same
numbers which occur in the Fourier expansion of the shadow. Thus, the non-holomorphic
part “comes from” classical modular forms and understanding it is equivalent to knowing
about the shadow of f.
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Definition 6.1. A mock modular form is the holomoprhic part of a harmonic Maass form.
A mock theta function is a mock modular form whose shadow is a unary theta series.

Around the same time as Bruinier and Funke developed this theory, Zwegers proved
that these same properties can be applied to modifications of Ramanujan’s mock theta
functions, and so, in this language, he proved the following in his famous Ph.D. thesis
[Zwe].

Theorem 6.2 (Zwegers). Ramanugjan’s mock theta functions are mock theta functions
according to the definition above (up to multiplying by a rational power of ¢ and a rescaling
of q by a rational power).

Thus, Zwegers proved that Ramanujan’s functions are missing an extra piece, which,
when added, “corrects” their modularity transformations. Moreover, this piece is “simpler”
than the original mock theta function, as it contains the same information as a unary theta
function, and so this completion is particularly useful for understanding the original mock
theta function. This realization led to an explosion of applications across mathematics
and physics, including to representation theory, combinatorics, black holes, and arithmetic
geometry.

7 The three-fold path of Zwegers

Zwegers gave three related ways to realize Ramanujan’s mock theta functions as examples
of broad classes of functions. Firstly, he studied properties of Appell-Lerch series, which

have a shape such as
q@™

nze:Zl—aq”7

where the sum over Z can be replaced with other lattices, and Q(n) can be a quadratic
form, for instance. If one expands the denominator as a geometric series in a certain range,
one can find expressions for indefinite theta functions. As an example of the shape of
such an indefinite theta function, we have the following identity of Andrews [Andl] for
Ramanujan’s fifth order mock theta function fy(q):

folq) = m Z _ Z (_1)jqn(5n+1)/2—j2'

n4j>0  ntj<0
n—j>0 n—j<0

This is called an indefinite theta function as the quadratic form in the exponents of ¢ is
indefinite (has both positive and negative eigenvalues). As mentioned above, this means
that a sum over all choices of (n,j) would diverge, which is why we must do something
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more complicated such as summing only in a certain range. (More detailed notes on the
theory of indefinite theta functions along with exercises can be found in |[Rol])

Finally, Zwegers showed mock modularity properties of coefficients of meromorphic
Jacobi forms. Important work of Dabholkar, Murthy, and Zagier [DMZ] follows up on
this, and the reader (including readers with interest in g-series) are strongly encouraged to
read their work as well. It should also be pointed out that coefficients of Jacobi forms, for
example of infinite products in two variables, have often been important in combinatorics,
for example, in using the constant term method. For instance, in his important memoir
on generalized Frobenius partitions [And2], Andrews proves formulas which can be used to
connect combinatorial generating functions to both coefficients of Jacobi forms and mock
modular forms, as they fit into the examples along the lines of what is briefly discussed
here.

8 A few important applications

Here, we will survey just a few of the many topics where mock modular forms play a role.

8.1 Combinatorics

As a starting point, let us consider the Ramanujan congruences modulo 5 and 7 for p(n):
p(bn+4) =0 (mod 5), p(Tn+5)=0 (mod 7).

Dyson conjectured [D], and Atkin and Swinnerton-Dyer proved [ASD], that these congru-
ences are combinatorially explained by the rank statistic of a partition 7, r(7), which is the
largest part minus the number of parts. If we form the generating function of partitions
refined to keep track of ranks:

R(Cq) =) > q"¢m,

n 7 is a partition of n

where ¢ := €*™* and z € C, then we observe that R(1;q) = P(q) is modular, and
R(—1;9) = f(q) is mock modular. Bringmann and Ono proved in [BriO] that these two
observations are instances of the following fact.

Theorem 8.1 (Bringmann-Ono). For any root of unity ¢, R((; q) is a mock modular form
(up to minor considerations such as multiplying by a rational power of q).

This theorem immediately implies many congruences, and also allows one to study
asymptotics of ranks very efficiently. We will see how these two properties, congruences
and asymptotics, can be studied for mock modular forms in generality below.
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8.2 Arithmetic Geometry

As an example of the applications to geometry, we consider the picture for elliptic curves.
Suppose that E is an elliptic curve over Q. Then by the Modularity Theorem, there is a
weight 2 newform associated to the curve, which we will denote by fr. We denote by Ag
the lattice such that E =¢ C/Ag. We will sketch an idea due to Guerzhoy [Guell, |Gue2],
which allows us to give a “canonical” lifting under the (co-to-1) map &y: Hy — Sa (recall
that Bruinier and Funke proved that this is surjective). The crucial point of this particular
lift is that it is compatible with “arithmetic,” such as p-adic properties. Other methods
for lifting, such as following Bruinier and Funke’s proof or using the method of Poincaré
series sketched below, either aren’t as explicit (the following method relies only on classical
modular forms theory and classical elliptic functions and is direct), or destroy arithmetic
(see Section this method is better-suited to existence proofs and asymptotic analysis).

Consider the Weierstrass p-function for the lattice Ag, an elliptic function, i.e. p(z +
w) = p(z) for all z € C\ Ag and w € Ag. The negative of its antiderivative is the
Weierstrass zeta function:

o(Ap;2) = —Z'(Ag; 2).

Now Z is not elliptic, but only nearly so. Returning to the modular form fgp =: anl anq"
again, we consider the formal antiderivative (known as the Eichler integral)

a
& = Lgm
£(2) d"
n>1
so that p
— (€g) = fE.
qdq( E) = fE

Now this function is nearly modular of weight 0, but not quite. This is because slashing
in weight 0 and 2 (and only in this case!) commutes with differentiation, in the sense that
for any function g on the upper half-plane and any v € SLy(Z),

D (glo) = (Dg)l2y

where D := qd%. Thus, for any v in the group I' under which fg transforms, the function
Erlo(1 — ) has derivative equal to zero, and so is a constant. Thus, we obtain a map

v:.I'—=C

by setting W(v) to be the constant obtained by evaluating Eg|o(1 — «) at any point in H.
By classical theory of Eichler and Shimura, the image of W is exactly the lattice Ag. To
phrase this another way, the “errors to modularity” of £g all live in this lattice. Thus, if
we consider the function Z(Ag;Eg), it would actually be modular of weight 0 if Z were
elliptic, as errors to modularity would be swallowed up by lattice invariance. However, since
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Z is not quite an elliptic function, but it can be corrected with a minor non-holomorphic
correction term. Working this out, one finds that Z(Ag;Eg) is really a mock modular
form. Moreover, the non-holomorphic part is especially simple, so computing the shadow
of the mock modular form is essentially trivial, and easily returns the original cusp form
fE. Thus, we have answered our question of how to find explicit lifts under &. In a paper
by Alfes, Griffin, Ono, and the second author [AGOR], the implications for elliptic curves
are explored. By applying work of Bruinier and Ono [BruQ], as well as Waldspurger [Wal]
and Kohnen-Zagier [KZ], it turns out that we can directly construct a single HMF whose
holomorphic part encodes the vanishing of L-derivatives of quadratic twists of E, and
whose non-holomorphic part has coefficients encoding the vanishing of the central L-values
of the twists. By the Birch and Swinnerton-Dyer conjecture, these coefficients should thus
determine the rank of the quadratic twists of F up to rank 2, that is, they “know” whether
the rank is 0, 1, or greater than 1.

More generally, these types of lifting problems are central in many questions on har-
monic Maass forms, and as we now know, in classical modular forms. Returning to g-series,
recall that Lehmer’s conjecture states that all coefficients 7(n) of the Ramanujan Delta
function A(7) are non-zero. Again by Bruinier-Funke, we can show that “nice” lifts of A
to weight 2 — 12 = —10 exist. It turns out that Lehmer’s conjecture is equivalent to the co-
efficients of the corresponding mock modular form being transcendental (see [BOR]). Thus,
an explicit understanding of the lifting problem in a similar manner which is compatible
with arithmetic for higher weights would be highly interesting.

9 Quantum Modular forms

Following Zagier (see |[Zag6] for his introduction of the term along with a number of mo-
tivating examples), a quantum modular form of weight k, roughly speaking, is a function
f: QUoo — C such that the “errors to modularity” f|x(1 —~) are “nice functions” for all
v in some subgroup of SLg(Z) (as this sounds similar to the previous section, it is worth
pointing out that Eichler integrals can be used to define quantum modular forms). What
nice means depends on the context, and the point is that this definition includes many
different examples with a different flavor which Zagier surveyed in his original paper on
the subject and which have been developed since. A typical behavior might be a function
which is defined on Q, with no way or no obvious way to extend it to R, but whose cocycles
become not only defined on R but also become continuous, differentiable, smooth, analytic,
etc.

As one example, recall that above we saw that Ramanujan’s mock theta function f(q)
is almost cancelled out by the (essentially) modular form b(q) near ¢ = —1:

f(q) +b(q) ~ 4.

Ramanujan conjectured this value 4 in his letter, as well as similar almost cancelling values
of f(q) = b(q) at other roots of unity. It turns out that these constants which Ramanujan
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studied encode a hidden structure, namely, a quantum modular form. This is a good
example of the fact that going back to the original sources in a subject and really reading
them closely can be very useful in any field. The hidden structure behind Ramanujan’s
calculations is revealed in the following elegant result of Folsom, Ono, and Rhoades [FOR1,
FOR2.

Theorem 9.1 (Folsom-Ono-Rhoades). For every even order 2k root of unity ¢, we have
the following radial limit formula:

lim (f(g) = (~1)"b(g)) = =43 (1 + Q21+ )2+ (14 ¢,

q—¢

Note the right hand side is actually a finite sum for any root of unity . As an exercise,
consider what happens for odd order roots of unity. What is the meaning of the right hand
side? We already know that f(q) is a specialization of the rank generating function R. It
turns out that there is an elegant radial limit theorem for any other specialization of R,
which are mock modular as discussed above. To explain this, we need the crank generating
function C((; q), which is defined in the same way as R but with “rank” replaced by “crank,”
another partition statistic which simultaneously explains Ramanujan’s congruences modulo
5, 7, and 11. This was conjectured by Dyson and found and proven to work by Andrews
and Garvan [AG], following up on work of Garvan |Gar] on a crank for vector partitions.
The generating function enjoys the infinite product formula:

(@)oo
(€@)oo(C1)00

This is essentially the inverse of the Jacobi theta function times n?, and so it is a mero-
morphic Jacobi form of weight 1/2. Thus, its specializations, including b(gq), are all weakly
holomorphic modular forms of weight 1/2. Furthermore, if we consider a generating func-
tion U(C;q) which encodes strongly unimodal sequences by size and a statistic on them
which is also called rank, then it turns out that

U q) =Y (—CDn(=¢ T )n - g"

n

Folsom, Ono, and Rhoades [FORI] [FOR2| then proved the following general limiting for-
mula, which pleasingly connects three types of combinatorial generating functions in one
and generalizes the above formula for f(q) and b(q).

Theorem 9.2 (Folsom-Ono-Rhoades). Under certain conditions on the roots of unity ¢, (',
and for certain elementary factors x, we have that

lim (R(C; q) — #C(C: q)) = U(=C; ).

q—¢
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This can be proved using asymptotic calculations, which require significant work. The
reader is also referred to later, simpler proofs for such formulas by Zudilin [Zud], and later
by Folsom, Ono, and Rhoades [FOR2|, and the authors of this survey highly recommend
these works especially for a combinatorial audience. Since specializations of R are mock,
and specializations of C are modular, it is natural to ask what kind of function i/ is. We
noted above that it becomes a finite sum for roots of unity (, so it is well defined as a
function on z € Q. As an example, U(—1;q) = >, (¢)2¢""™, Bryson, Pitman, Ono, and
Rhoades proved [BPOR] that this function is actually (at roots of unity)

U-lq) = F(g),

where F(q) is Kontsevich’s function

This function is known to be a quantum modular form, as Zagier proved [Zag2] by estab-
lishing his “strange identity”

F(q **ZWXU C] = .

n>1

Quotation marks are used here as the left hand side now really only makes sense at roots
of unity, while the partial theta function (it is summed over only half of a lattice) is only
defined for |g| < 1. Note that this expansion is very closely related to the theta function
representation for n(7) in Corollary The world where F(q) lives, the Habiro ring
which is known to encode invariants in knot theory, can be thought of as a set of “analytic
functions at the roots of unity.” In particular, we can consider the expansion of this
function around roots of unity, such as the following one around g = 1:

Z(l_% n— anq

n

It is an instructive exercise to prove that the coefficients on the right hand side converge,
as well as that similar expansions make sense at other roots of unity. These coefficients &,
are important numbers in knot theory. They were used by Zagier in the study of Vassiliev
invariants. Just as modular and mock modular (as we will see) forms are very useful in
studying asymptotics, Zagier used quantum modularity (in current language) to study the
growth properties of these numbers. It also turns out that the same numbers count a
number of interesting things in combinatorics, and these were further studied by Andrews
and Sellers [AS]. They observed and proved that they satisfy infinitely many Ramanujan-
type congruences. Further work by Guerzhoy, Kent, and the second author explained
[GKR] this from a general quantum modular perspective and for general types of partial
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theta functions. Thus, in contrast to Ramanujan’s statement that “false” (essentially the
same theory as partial) theta functions “do not enter mathematics as beautifully” as his
mock theta functions, they do enter into mathematics, in fact Ramanujan’s mathematics,
quite beautifully. Though, to be fair, it is difficult for most things to match the beauty of
the mock theta functions.

10 General philosophy of applications to combinatorics

We conclude with a general discussion of how the theory of harmonic Maass forms gives
powerful tools for studying two types of properties of sequences of numbers when you are
lucky enough to have mock modular forms lurking: congruences and asymptotics.

10.1 Congruences

We have seen that modular forms are a powerful tool for proving congruences of arithmetic
sequences. Here, we briefly sketch an approach for obtaining congruences for mock modular
forms. The key idea is to reduce to the classical modular case. For instance, if the shadow
is a linear combination of unary theta functions (for example, for a mock theta function;
this property is also almost required for most combinatorial sequences as mock modular
forms don’t usually have integral Fourier coefficients otherwise). Then we are lucky, and
we can twist away the shadow. Now we may apply the sieving operators from the classical
theory of modular forms, which simply restrict the Fourier coefficients of a modular form
by throwing away all that don’t lie in a fixed arithmetic progression, and which preserve
modularity. The proof of this fact only uses the transformation properties, i.e., it is a
statement on the level of slash operators. Thus, sieving the coefficients of a HMF also
yields a new HMF. But if the shadow is supported on finitely many square classes, then we
can choose a progression where the coefficients of the shadow vanish. This then reduces us
to the world of classical modular forms, and we can generically check in many cases that this
procedure doesn’t also annihilate the holomorphic part. By combining with the classical
theory of modular form congruences, we thus obtain many congruences for coefficients of
the mock modular form we may want to study. For instance, this already tells us, by
well-known work of Treneer [Tre|, that mock theta functions satisfy infinitely many linear
congruences.

10.2 Asymptotics

We have seen that modularity can be used to prove asymptotics, and indeed exact formulas,
for the partition function p(n) by means of a Tauberian Theorem (for the asymptotic) or
the Circle Method (for more precision, depending on which variant of the Circle Method is
used). Rademacher’s formula turns out to be a hint of a more general structure of modular
forms. We want a procedure to take any modular form (or mock modular form; as we shall
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see, answering the first question naturally leads us to the second) and give a procedure for
computing the asymptotics of the coefficients of the modular form quickly. In the case of
the partition function, we saw that the Circle Method consists of a careful study of the
generating function near its singularities, and so its principal parts at (all equivalent in this
case) the cusps dictate the asymptotic growth properties. The theory of harmonic Maass
forms gives a way to diagonalize spaces based on principal parts. As is well-known, for
general congruence subgroups, weakly holomorphic modular forms with arbitrary principal
parts don’t exist. However, harmonic Maass forms are allowed to have arbitrary principal
part. Considering just the cusp oo for simplicity, for any £ < 0, any m > 1, and any
congruence subgroup I', we have a Maass-Poincaré series Fy, ,,r € Hy(I') such that

Fimr =q ™+ 0(1)

at oo, and Fj,,, 1 is bounded at all inequivalent cusps. This series is a lift of the classical
Poincaré cusp forms under &, and it is defined by a similar procedure as we saw for the
Eisenstein series and other Poincaré series before; namely, by averaging a certain function
hit with slash operators to force modularity while retaining good convergence and growth
properties. Since there are no (non-constant) holomorphic modular forms of weight k& < 0,
this means that we can take the appropriate linear combination of these Poincaré series
which matches the principal part of any weakly holomorphic, and more generally any mock
modular form in these weights, and the difference is simply a constant. The advantage here
is that the series Fj, ,, r have completely explicit formulas for their Fourier coefficients, in
terms of Kloosterman sums and Bessel functions, just as Rademacher found for p(n). Thus,
we can quickly determine an exact formula for the coefficients of any of these forms with
a routine, finite check. We conclude by briefly considering other weights. For weights
between 0 and 2, convergence of the Poincaré series is an issue. However, general work of
Goldfeld and Sarnak [GS] can be used to analytically continue the Poincaré series in weights
1/2 and 3/2 (which, as described above, are often the ones of combinatorial interest), and
the same formulas for Fourier expansions still hold. In these weights, as well as for methods
of Poincaré series which could be applied in weights larger that 3/2 (note that there are
no cusp forms of non-positive weight, so modifications have to be made for large weights),
note that due to the existence of holomorphic modular forms, the method of matching
principal parts won’t yield exact formulas. However, the obstruction to obtaining exact
formulas will then only have polynomial growth, and if you started with a function with a
pole at some cusp, so that there will be rapid growth of the Fourier coefficients, the method
of Poincaré series still yields a strong estimate, and, in particular, an asymptotic.
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