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Distributions of partitions
Introduction

The Partition function p(n)

Definition
A partition of an integer n is any nonincreasing sequence

λ := {λ1, λ2, . . . , λt}

of positive integers which sum to n.

Notation
The partition function

p(n) := # partitions of n.

4 = 3 + 1 = 2 + 2 = 2 + 1 + 1 = 1 + 1 + 1 + 1 =⇒ p(4) = 5.
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Distributions of partitions
Introduction

Ramanujan’s Legacy

Theorem (Hardy and Ramanujan)

We have that
p(n) ∼ 1

4n
√

3
· eπ

√
2n
3 .

Theorem (Ramanujan)

For every n, we have that

p(5n+ 4) ≡ 0 (mod 5),

p(7n+ 5) ≡ 0 (mod 7),

p(11n+ 6) ≡ 0 (mod 11).

L. Rolen Distributions of partitions



Distributions of partitions
Introduction

Ramanujan’s Legacy

Theorem (Hardy and Ramanujan)

We have that
p(n) ∼ 1

4n
√

3
· eπ

√
2n
3 .

Theorem (Ramanujan)

For every n, we have that

p(5n+ 4) ≡ 0 (mod 5),

p(7n+ 5) ≡ 0 (mod 7),

p(11n+ 6) ≡ 0 (mod 11).

L. Rolen Distributions of partitions



Distributions of partitions
Introduction

Dyson’s Rank

Definition

The rank of a partition is its largest part minus its number of parts.

N(m,n) := #{partitions of n with rank m}.

Example

The ranks of the partitions of 4:

Partition Largest Part # Parts Rank
4 4 1 3 ≡ 3 (mod 5)

3 + 1 3 2 1 ≡ 1 (mod 5)
2 + 2 2 2 0 ≡ 0 (mod 5)

2 + 1 + 1 2 3 −1 ≡ 4 (mod 5)
1 + 1 + 1 + 1 1 4 −3 ≡ 2 (mod 5)
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Introduction

Dyson’s Conjecture

Conjecture (Dyson, 1944)

If 0 ≤ a < b, then let

N(a, b;n) := #{partitions of n with rank ≡ a mod b}.

For every n and every a, we have

N(a, 5; 5n+ 4) = p(5n+ 4)/5,

N(a, 7; 7n+ 5) = p(7n+ 5)/7.
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Introduction

Equidistribution of Ranks modulo t

Theorem (Atkin and Swinnerton-Dyer, 1954)

Dyson’s Conjecture is true.

Theorem (Bringmann (Duke Math. J, 2008))

Dyson’s Rank functions N(a, b;n) satisfy

lim
n→+∞

N(a, b;n)

p(n)
=

1

b
.

Question
For “large n”, how are the actual ranks distributed?
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Introduction

Distribution of actual ranks

Notation

The rank polynomial for size n partitions is

P (n;T ) :=
∑
λ`n

T rk(λ) =
∑
m

N(m,n)Tm.

Example

P (4;T ) = T−3 + T−1 + 1 + T + T 3,

P (5;T ) = T−4 + T−2 + T−1 + 1 + T + T 2 + T 4

P (6;T ) = T−5 + T−3 + T−2 + 2T−1 + 1 + 2T + T 2 + T 3 + T 5

...
...

...
...
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Distributions of partitions
Introduction

Limiting Distribution?

Fact

Work by Bringmann, Dousse, Mahlburg, Rhoades, Garvan, etc... give
a “modified” (symmetric) hyperbolic secant distribution.

P (4;T ) = T−3 + T−1 + 1 + T + T 3,

P (5;T ) = T−4 + T−2 + T−1 + 1 + T + T 2 + T 4

P (6;T ) = T−5 + T−3 + T−2 + 2T−1 + 1 + 2T + T 2 + T 3 + T 5

...
...

...
...

P (50;T ) =
1

T 49
+

1

T 47
+ · · ·+ 9462

T
+ 9502 + 9462T + · · ·+ T 47 + T 49.

L. Rolen Distributions of partitions



Distributions of partitions
Introduction

Limiting Distribution?

Fact

Work by Bringmann, Dousse, Mahlburg, Rhoades, Garvan, etc... give
a “modified” (symmetric) hyperbolic secant distribution.

P (4;T ) = T−3 + T−1 + 1 + T + T 3,

P (5;T ) = T−4 + T−2 + T−1 + 1 + T + T 2 + T 4

P (6;T ) = T−5 + T−3 + T−2 + 2T−1 + 1 + 2T + T 2 + T 3 + T 5

...
...

...
...

P (50;T ) =
1

T 49
+

1

T 47
+ · · ·+ 9462

T
+ 9502 + 9462T + · · ·+ T 47 + T 49.

L. Rolen Distributions of partitions



Distributions of partitions
Introduction

Limiting Distribution?

Fact

Work by Bringmann, Dousse, Mahlburg, Rhoades, Garvan, etc... give
a “modified” (symmetric) hyperbolic secant distribution.

P (4;T ) = T−3 + T−1 + 1 + T + T 3,

P (5;T ) = T−4 + T−2 + T−1 + 1 + T + T 2 + T 4

P (6;T ) = T−5 + T−3 + T−2 + 2T−1 + 1 + 2T + T 2 + T 3 + T 5

...
...

...
...

P (50;T ) =
1

T 49
+

1

T 47
+ · · ·+ 9462

T
+ 9502 + 9462T + · · ·+ T 47 + T 49.

L. Rolen Distributions of partitions



Distributions of partitions
Counting Parts in Partitions

Distribution of the Number of Parts

Notation

The “number of parts” polynomials P#(n;T ) are defined by

∞∑
n=0

P#(n;T )qn :=

∞∏
n=1

1

(1− Tqn)
.

Example

P#(4;T ) = T + 2T 2 + T 3 + T 4

P#(5;T ) = T + 2T 2 + 2T 3 + T 4 + T 5

P#(6;T ) = T + 3T 2 + 3T 3 + 2T 4 + T 5 + T 6

...
...

...

P#(15;T ) = T + 7T 2 + 19T 3 + 27T 4 + 30T 5 + · · ·+ 2T 13 + T 14 + T 15.
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Distributions of partitions
Counting Parts in Partitions

Natural Questions

Questions

(1) How many parts does a “typical” partition of n have?

(2) A limiting non-symmetric distribution for the # of parts?
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Distributions of partitions
Counting Parts in Partitions

Theorem of Erdös and Lehner

Notation
If k is a positive integer, then let

p≤k(n) := #{partitions of n with ≤ k parts}.

Theorem (Erdös and Lehner (1941))

If C := π
√

2/3 and kn := C−1√n log n+
√
nx, then as a

function in x we have

lim
n→+∞

p≤kn(n)

p(n)
= exp

(
− 2

C
· e−

1
2
Cx

)
.
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Distributions of partitions
Counting Parts in Partitions

Remarks
(1) Normal order for the number of parts is

√
n log n

C
=

√
3n log n√

2π
.

(2) The graph of the “Gumbel cumulative distribution function”

(3) For size n partitions, we use kn := C−1√n log n+
√
nx.
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Counting Parts in Partitions

Numerics

Notation

kn(x) := C−1√n log n+
√
nx

δkn(x) :=
#{partitions of n with ≤ kn(x) parts}

p(n)
.

Gumbel(x) := exp

(
− 2

C
· e−

1
2
Cx

)
.
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Distributions of partitions
Counting Parts in Partitions

Partitions of n = 750

x bk750(x)c δk750(x) Gumbel(x)

0.5 84 0.656 . . . 0.663 . . .

1.0 98 0.814 . . . 0.805 . . .

1.5 111 0.899 . . . 0.892 . . .

2.0 125 0.949 . . . 0.941 . . .

2.5 139 0.975 . . . 0.969 . . .

3.0 152 0.987 . . . 0.983 . . .
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Distributions of partitions
Application to Hilbert Schemes

Hilbert schemes on n points

Definition

The nth Hilbert scheme of a projective variety S is a
“smoothed” version of the nth symmetric product of S.

Example (Göttsche and Buryak, Feigin, & Nakajima)

Denote the Hilbert scheme of n points of C2 represented by

X [n] = {I ⊂ C[x, y] : ideals with dimC(C[x, y]/I) = n} .

It is a nonsingular, irreducible, quasiprojective dimension 2n variety.
The Poincaré polynomial (a.k.a. Betti number gen function) is

P
(
X [n];T

)
:=

2n−2∑
j=0

dim
(
Hj

(
X [n],Q

))
T j .
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Application to Hilbert Schemes

X [n] and partitions

Theorem (Hausel & Rodriguez-Villegas (2015))

The limiting Betti distribution is Gumbel for X [n].

Proof.

• We have a nice combinatorial description

X [n] = {I ⊂ C[x, y] : ideals with dimC(C[x, y]/I) = n} .

• Homology is labelled by the partitions of n giving

p(n) =

2n−2∑
j=0

dim
(
Hj

(
X [n],Q

))
.

• Apply the Erdös-Lehner Theorem.
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Application to Hilbert Schemes

Problem (Hausel & Rodriguez-Villegas)

Determine further limiting Betti distributions.

(e.g. n point Hilbert schemes cut out by a torus action).
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Distributions of partitions
Further Hilbert Schemes

n point Hilbert schemes cut out by tori

Definition

We have that

X [n] = (C2)[n] := {I ⊂ C[x, y] : ideals with dimC(C[x, y]/I) = n} .

The torus (C×)2-action on X [n] is a lift of

(t1, t2) · (x, y) := (t1x, t2y).

For relatively prime α, β ∈ N, we have the one-dimensional subtorus

Tα,β := {(tα, tβ) : t ∈ C×}.

This defines the quasihomogeneous Hilbert scheme

X
[n]
α,β := ((C2)[n])Tα,β .
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Further Hilbert Schemes

Poincaré polynomials and distributions

Definition

The Poincaré polynomial for X [n]
α,β := ((C2)[n])Tα,β is

P
(
X

[n]
α,β ;T

)
:=

2b n
α+β c∑
j=0

bj(α, β;n)T j =

2b n
α+β c∑
j=0

dim
(
Hj

(
X

[n]
α,β ,Q

))
T j .

Definition

The discrete measure dµ[n]
α,β for X [n]

α,β is

Φn(α, β;x) :=
1

p(n)
·
∫ x

−∞
dµ

[n]
α,β =

1

p(n)
·
∑
j≤x

bj(α, β;n).
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Main Theorem

Theorem (Griffin, Ono, R., Tsai (2021))

If α and β are relatively prime and δn(α, β) :=
√
6n·log(n)
π(α+β) ,

then

lim
n→+∞

Φn(α, β; 2
√
nx+ δn(α, β))

= exp

(
−

√
6

π(α+ β)
· exp

(
−π(α+ β)x√

6

))
.

Remarks

(1) Answers Hausel and Rodriguez-Villegas.
(2) Again the limiting Betti distribution is Gumbel.
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Where are the partitions?

Theorem (Buryak, Feigin, Nakajima (2015))

If α, β ∈ N are relatively prime, then

Gα,β(T ; q) :=

∞∑
n=0

P
(
X

[n]
α,β ;T

)
qn =

(qα+β ; qα+β)∞
(q; q)∞(T 2qα+β ; qα+β)∞.

Corollary

If dµ[n]
α,β is the discrete measure for X [n]

α,β, then

Φn(α, β;x) =
1

p(n)
·
∫ x

−∞
dµ

[n]
α,β =

p≤ x2 (α+ β;n)

p(n)
,

where

p≤k(A;n) := # {λ ` n with ≤ k parts that are multiples of A} .
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Generalization of Erdös and Lehner

Parts that are multiples of A

Question
How “many” multiples of A are parts in size n partitions?

Question (Precise Form)

If A ≥ 2, then let

p≤k(A;n) := #{λ ` n with ≤ k parts that are multiples of A}.

What is the cumulative distribution function for

p≤k(A;n)

p(n)
?
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Our partition result

Theorem (Griffin, Ono, R., Tsai (2021))

Suppose that A ≥ 2 is an integer. If C := π
√

2/3 and
kn = kn(x) := 1

AC

√
n log n+

√
nx,

then as a function in x

lim
n→+∞

p≤kn(A;n)

p(n)
= exp

(
− 2

AC
· e−

1
2
ACx

)
.

Remarks
(1) These are Gumbel distributions.
(2) The mean and variance of the limiting distribution are:

Mean :=
2

AC

(
log

(
2

AC

)
+ γEuler

)
,

Variance := 1/A2.
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Numerics when A = 2

Notation

kn(x) :=
1

2C

√
n log n+

√
nx

δkn(x) :=
#{λ ` n with ≤ kn(x) even parts}

p(n)
.

Gumbel(x) := exp

(
− 1

C
· e−Cx

)
.
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Distribution of even parts for n = 600

x bk600(x)c δk600(x) Gumbel(x)

−0.1 28 0.597 . . . 0.604 . . .
0.0 30 0.663 . . . 0.677 . . .
0.1 32 0.721 . . . 0.739 . . .
0.2 35 0.791 . . . 0.792 . . .
0.3 37 0.830 . . . 0.835 . . .
...

...
...

...
1.5 67 0.994 . . . 0.992 . . .
2.0 79 0.998 . . . 0.998 . . .
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Asymptotics for p≤k(A;n)

Theorem (Griffin, Ono, R., Tsai (2021))

If A ≥ 2, then as n→ +∞ we have

p≤k(A;n) ∼ 24
k
2
− 1

4n
k
2
− 3

4

√
2
(
1− 1

A

) k
2
− 1

4 k!Ak+ 1
2 (2π)k

e
2π

√
1
6(1− 1

A)n,

pk(A;n) ∼ 24
k
2
− 1

4 (n−Ak)
k
2
− 3

4

√
2
(
1− 1

A

) k
2
− 1

4 k!Ak+ 1
2 (2π)k

e
2π

√
1
6(1− 1

A)(n−Ak)
.

Proof.
• Need generating functions and that pk(A;n) = p≤k(A;n−Ak).

• Ingham’s Tauberian Theorem à la Bringmann et. al.
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Plane partitions

Definition
A plane partition of size n is an array of non-negative integers
π := (πi,j) for which |π| :=

∑
i,j πi,j = n, in which the rows and

columns are weakly decreasing.

The number of plane partitions
of size n is PL(n).
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Generating function

MacMahon:

f(x) =

∞∑
n=0

PL(n)xn :=

∞∏
n=1

1

(1− xn)n

= 1 + x+ 3x2 + 6x3 + 13x4 + 24x5 + 48x6 + . . . .

Appears in enumeration of small black holes in string
theory; f(x) is the gen. func. for # of BPS bound states
between a D6 brane and D0 branes on C3.

The generating function is not modular; however,

q
d

dq
log(f(q)) =

∑
m≥1

qm(1 + qm)

(1− qm)3
=
∑
m≥1

m2qm

1− qm

is a quantum modular “weight 3” Eisenstein series.
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Partition inequalities

Theorem (De Salvo-Pak, Nicolas)

The partition function is eventually log-concave:

p(n)2 ≥ p(n− 1)p(n+ 1), (n > 25).

Definition
A polynomial f(X) ∈ R[X] is hyperbolic if all roots are real.

Definition (Jensen)

For a : N 7→ R the Jensen polynomial of deg. d, shift n is

Jd,na (X) :=

d∑
j=0

(
d

j

)
a(n+ j) ·Xj .
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Chen’s Conjecture

Theorem (Chen, Jia, Wang (2017))

If n ≥ 94, then J3,n
p (X) is hyperbolic.

Conjecture (Chen)

There is an N(d) such that Jd,np (X) is hyperbolic when
n ≥ N(d).
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Previous work

Theorem (Griffin, Ono, R, Zagier (2019))

Chen’s Conjecture is true.

Theorem (Griffin, Ono, R, Zagier (2019))

A similar result is true where the coefficients of the Jensen
polynomials arise from the Riemann Ξ-function.
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Hermite Polynomials

Definition
The Hermite polynomials {Hd(X) : d ≥ 0} are the
orthogonal polynomials with respect to the measure
µ(X) := e−X

2 .

Example
The first few Hermite polynomials

H0(X) = 1,

H1(X) = 2X,

H2(X) = 4X2 − 2,

H3(X) = 8X3 − 12X,

H4(X) = 16X4 − 48X2 + 12.
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Definition
A real sequence a(n) has appropriate growth if

there is an
ε(n) : N→ R+ tending to 0, and smooth functions g1(w) and
g2(w) on an interval of the form (0, r), such that for every j

log

(
a(n+ j)

a(n)

)
= g1(ε(n))j + g2(ε(n))j2 + o(g2(ε(n))),

where g2(ε(n)) = O(ε(n)) is negative for large n.
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Normalized Jensen Polynomials

Notation
If a(n) has appropriate growth, then let

E(w) := eg1(w) and δ(w) := 2
√
−g2(w).

Then let
E := E(ε(n)) and δ := δ(ε(n)).

Definition
The normalized Jensen polynomials are defined by

Ĵd,na (X) :=
2d

δd · a(n)
· Jd,na

(
E−1 (δX − 1)

)
.
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General Theorem

Theorem (Griffin, Ono, R, Zagier)

Suppose that a(n) has appropriate growth.

For each degree d ≥ 1 we have

lim
n→+∞

Ĵd,na (X) = Hd(X).

In particular, for each d, all but (possibly) finitely many Jd,na (X)
are hyperbolic.
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Conjectures for plane partitions

Conjecture (Heim, Neuhauser, and Tröger)

The function PL(n) is log-concave for n ≥ 12. Moreover,
analogues of the Chen-Jie-Wang Conjecture on the higher degree
Turán inequalities hold.

Theorem (Ono, Pujahari, R. (2021))

The Heim-Neuhauser-Tröger Conjecture on the log-concavity of
PL(n) is true. Moreover, if d is a positive integer, then Jd,nPL (X)
is hyperbolic for all sufficiently large n.
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Work of Wright

A := ζ(3) ≈ 1.202056 . . . , c := ζ ′(−1) ≈ −0.16542 . . . .

Theorem (Wright (1931))

As n→∞, we have

PL(n) ∼ (225A7)
1
36 ec

√
12π · n

25
36

exp

(
3

√
27An2

4

)
.
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A few required definitions

We have the constants:

(1 + y)2s+2m+ 13
12

(3 + 2y)(m+ 1
2

)
=:

∞∑
n=0

cs,m(n)yn, bs,m := cs,m(2m).

We also set αs := 2Γ(2s+2)ζ(2s)ζ(2s+2)
s(2π)4s+2 ,

exp

(
−
∞∑
i=1

αiy
i

)
=:

∞∑
n=0

βsy
s.

It is convenient to set Nn := ( n
2A)

1
3 .
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Threshold functions

We need the thresholds:

nr := min

n ≥ 1 : 0.056 ·
r+1∑
s=1

(
s ·A

1
3

2
7
6n

1
3

)2s(
π2n

1
3

(2A)
1
3 s

+ 2

)
< 1

 ,

and

`r := min

{
n ≥ 1 : 2r+4π3αr+2N

−2r−4
n + 5e−4.7Nn <

1

2

}
.
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Functions on a certain compact curve

Wright performed a Circle Method analysis (+steepest
descent) to analyze

J(n) ≈ ec ·
r+1∑
s=0

βsPs

N
2s+ 13

12
n

,

where ξs(v) := (2πi)−1v2s+1/12 exp(AN2
n(2v + 1/v2) and

Ps ≈
∫
C
ξs(v)dv = e3AN2

n

∫
R
χs(t)e

−AN2
nt

2
dt,

C : (x2 + y2)2 = x, t2 = 3− 2v − v−2, χs(t) = v2s+ 37
12 ·t

2πi(1−v3)
.
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Error bound function

First let Cr := 2 max|z|=1(|e−
∑r+1
s=1 αsz

s |) and

Xr(n) := e
c+AN2

n2
r+49

24 CrN
−2r− 49

12
n .

We also let Yr(n) denote the absolute value of

e
c+AN2

n (2
r+5

π
3
αr+2N

−2r−4
n +10e

−4.7Nn )(2
r+49

24 CrN
−2r− 49

12
n +

r+1∑
s=0

2
s+ 1

24 βsN
−2s− 1

12
n ).

Set Dr := 1
(2r+4)!

·max{max{|χ(2r+4)
s (t)|}t∈R}

r+1
s=0 and

Zr(n) := e
c
(
Dr · Γ

(
r +

5

2

)
(AN

2
n)
− 5

2
−r
e
3AN2

n + 0.64 · 2r+1
e
2AN2

n

) r+1∑
s=0

βsN
−2s− 13

12
n .

Finally, we take

Ê
maj
r (n) :=

(Xr(n) + Yr(n))e2AN
2
n

Nnπ
+ |Zr(n)|.
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Effective version of Wright’s asymptotic

Theorem (Pujahari, Ono, R. (2021))

If r ∈ Z+, then for every integer n ≥ max(nr, `r, 87), we have

PL(n) =
ec+3AN2

n

2π

r+1∑
s=0

r+1∑
m=0

(−1)mβsbs,mΓ
(
m+ 1

2

)
Am+ 1

2N
2s+2m+ 25

12
n

+Emaj
r (n)+Emin(n),

where |Emaj
r (n)| ≤ Êmaj

r (n) and

|Emin(n)| ≤ exp

((
3A− 2

5

)
n2/(2A)

2
3

)
.
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Explicit versions for small values of r

The thresholds `r and nr are simple to compute.

For
instance, we have that `j = 1 for j ≤ 22 (resp. `j = 2 for
23 ≤ j ≤ 30), and n1 = 1, n2 = 2, . . . , n5 = 18.

The s = m = 0 term gives Wright’s asymptotic asymptotic

PL(n) ∼ (225A7)
1
36 ec

√
12π · n

25
36

exp

(
3

√
27An2

4

)
.

The constants Cr are very easy to calculate.
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Computing the Dr

The computation of the constants Dr is more involved.

To compute Dr, one recursively computes the derivatives
v(m)(t) = v(m) for m = 1, . . . , r + 3 by repeatedly
differentiating the equation t2 = 3− 2v − v−2.
To compute D2 requires the derivatives

v′ = tv3/(v3 − 1),

v′′ = v3(1 + 3t2v2 − 2v3 + v6)/(v3 − 1)3,

v(3) = 3tv5(3 + 5t2v2 − 6v3 + 4t2v5 + 3v6)/(1− v3)5,

...

v(8) = 315v9(35 + 1260t2v2 + . . .+ 480t2v29 + 20v30)/(1− v3)15.

→ χ
(6)
1 (t) =

iv
121
12
√

2v + 1

859963392π(v2 + v + 1)17
· · · (181387629768625 + . . . + 2444688400v

20
).
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The computation of the constants Dr is more involved.
To compute Dr, one recursively computes the derivatives
v(m)(t) = v(m) for m = 1, . . . , r + 3 by repeatedly
differentiating the equation t2 = 3− 2v − v−2.

To compute D2 requires the derivatives
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Distributions of partitions
Generalization of Erdös and Lehner

The case r = 1

For n ≥ 105, the r = 1 case implies

PL(n) = e
3·2−

2
3 A

1
3 n

2
3
n
− 25

36
( 2

25
36 ecA

7
36

√
12π

−
√

3 · 2
13
36 ec(3A + 1385)

25920
√
πA

5
36

n
− 2

3

−

√
3 · 2

1
36 ec

(
1377A2 − 370650A + 12525625

)
1567641600

√
πA

17
36

n
− 4

3 + E(n)
)
,

where |E(n)| ≤ 527n
− 5

3 .

n PL(n) E(n) 527n−
5
3

100 5.92 . . .× 1016 −1.18 . . .× 10−7 0.24 . . .
200 4.06 . . .× 1027 −3.00 . . .× 10−8 0.07 . . .
...

...
...

...
500 2.91 . . .× 1052 −4.87 . . .× 10−9 0.01 . . .
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The case of r = 2

f0,0(n) = 2
25
36 e

c
A

7
36 /
√

12π.

f1,0(n) + f0,1(n) = −
√

3 · 2
13
36 ec(3A + 1385)

25920
√
πA

5
36

· n−
2
3 .

f1,1(n) + f2,0(n) + f0,2(n) = −

√
3 · 2

1
36 ec

(
1377A2 − 370650A + 12525625

)
1567641600

√
πA

17
36

· n−
4
3 .

f3,0(n) + f0,3(n) + f2,1(n) + f1,2(n)

= −

√
3 · 2

25
36 ec

(
609309A3 − 90985275A2 + 4957761375A + 37576109375

)
40633270272000

√
πA

29
36

· n−2
.

P̂L2(n) := e
3AN2

nn
− 25

36 (f0,0(n) + f1,0(n) + f0,1(n) + f1,1(n) + f2,0(n) + f0,2(n)

+f3,0(n) + f0,3(n) + f2,1(n) + f1,2(n))

≈ec+3AN2
nn
− 25

36 (0.23− 0.056n
− 2

3 − 0.006n
− 4

3 − 0.001n
−2

).

n ≥ 87 =⇒ |PL(n)− P̂L2(n)| ≤ E2(n) := 227e
3AN2

nn
− 109

36 + e

(
3A− 2

5

)
N2
n .
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Numerics for r = 2

n P̂L2(n)− E2(n) PL(n) P̂L2(n) + E2(n)

100 5.932 . . .× 1015 5.920 . . .× 1016 1.124 . . .× 1017

200 3.706 . . .× 1027 4.066 . . .× 1027 4.426 . . .× 1027

...
...

...
...

500 2.913 . . .× 1052 2.915 . . .× 1052 2.917 . . .× 1052

1000 3.542 . . .× 1084 3.542 . . .× 1084 3.542 . . .× 1084

This is good enough to show that PL(n) is log-concave for
all n ≥ 8820.
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