Inequalities for the partition function and other combinatorial sequences

Inequalities for the partition function and other

combinatorial sequences

Larry Rolen (joint work with Koustav Banerjee and Kathrin
Bringmann)

Vanderbilt University

Alladi 70, March 2026



0
4]
o
c
o
3
o
Q
)

e
Qo
=
©
c

<)

other com

nd

Partitions

Inequalities for the partition function a



Inequalities for the partition function and other combinatorial sequences

Integer partitions

Definition
An integer partition of n is a sequence of positive integers
A1 > Ao > ... > A such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).
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Integer partitions

Definition

An integer partition of n is a sequence of positive integers
A1 > Mo > ... > A\, such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).

Example

The partitions of 4 are:

4, 3+1, 242,
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Integer partitions

Definition

An integer partition of n is a sequence of positive integers
A1 > Mo > ... > A\, such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).

Example

The partitions of 4 are:

4, 3+1, 2+2, 24+1+1,
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Integer partitions

Definition

An integer partition of n is a sequence of positive integers
A1 > Mo > ... > A\, such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).

Example

The partitions of 4 are:

4, 341, 2+2, 24141, 14+1+1+1.
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Integer partitions

Definition

An integer partition of n is a sequence of positive integers
A1 > Mo > ... > A\, such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).

Example

The partitions of 4 are:

4, 341, 2+2, 24141, 14+1+1+1.

Thus, p(4) = 5.
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Integer partitions

Definition

An integer partition of n is a sequence of positive integers
A1 > Mo > ... > A\, such that

)\1+...+)\k:n.

We denote the number of partitions of n by p(n).

Example

The partitions of 4 are:
4, 3+1, 2+2, 241+1, 1+14+1+1.

Thus, p(4) = 5. In particular, 5|p(4).
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Two partitions of 13, in both math and English, are:
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Amuse-bouche

Example

Two partitions of 13, in both math and English, are:

13 = Eleven Plus Two = Twelve Plus One.
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Partition properties

@ Partitions also have many beautiful properties.
@ They have analytic properties.
e The Hardy-Ramanujan asymptotic for p(n) is

N
~ ——€ 3.
p(n) 4n\/3

[Credit:Jon Perry (June 2011)]

2.0x10°
15x10°
1.0x10°

500000




Inequalities for the partition function and other combinatorial sequences

Even more precise

@ This can be extended to an exact formula of Rademacher:
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Even more precise

@ This can be extended to an exact formula of Rademacher:

() = o A(n) <m/2§:—1>‘

(24n—1)s 57 k2

@ Ak(n) are "wild” exponential sums, /3(-) is a Bessel function.
2

[Credit: Kowalski's Blog]

@ Later, we'll see explicit inequalities, like log-concavity:

p(n)? > p(n—1)p(n+1) (n > 25).
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Arithmetic properties

@ Partitions also satisfy beautiful congruences.

Theorem (Ramanujan’s Congruences 1919; Hardy—Ramanujan)

p(5n+4)=0 (mod 5), p(7Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).
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Arithmetic properties

@ Partitions also satisfy beautiful congruences.

Theorem (Ramanujan’s Congruences 1919; Hardy—Ramanujan)

p(5n+4)=0 (mod 5), p(7Tn+5)=0 (mod 7),
p(1ln+6) =0 (mod 11).

Theorem (Ahlgren—Boylan (2003))

5, 7, and 11 are the only primes with “nice” congruences like this.

4

@ Congruences exist for other primes, but they look like this:

p(107* - 31k + 30064597) =0 (mod 31) Ono, 2000.
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The partition function is eventually log-concave:
p(n)2 > p(n—1)p(n+1), (n> 26).
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Partition Inequalities

Theorem (Nicolas, DeSalvo—Pak)

The partition function is eventually log-concave:
p(n)* > p(n—1)p(n+1), (n>26).

Theorem (Bessenrodt—Ono)

Fora,b>2 a+ b > 8, we have p(a)p(b) > p(a+ b).

Theorem (Chen—Jia—Wang)
For n > 95, p(n) satisfies the higher Turdn inequality:

4 (p?(n) — p(n—1)p(n + 1)) (p*(n+1) — p(n)p(n + 2))

—(p(n)p(n+1) = p(n = 1)p(n +2))* > 0.
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Chen’s reformulation

Definition
The Jensen polynomial of degree d and shift n associated to

{a(n)}n>o is )
() =3 (j’) == e

Jj=0

o For example, J2"(x) = a(n) + 2a(n+ 1)x + a(n + 2) has
discriminant 4(a(n + 1)2 — a(n)a(n + 2)).

o Thus, J>"(x) has real roots iff a(n) is log-concave at n + 1.

@ The higher Turdn inequalities hold iff Jg’"(x) have real roots.

@ The Jensen—Pdlya program for the Riemann Hypothesis
begins with the fact that the RH is equivalent to

real-rootedness of all Jensen polynomials built out of Taylor
coefficients for the Riemann &-function.
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Fix d > 2. Then there exists a constant Ny for which Jg (x) has
real roots for all n > Ny.
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A general conjecture

Conjecture (Chen—Jia—Wang)

Fix d > 2. Then there exists a constant Ny for which Jg (x) has
real roots for all n > Ny.

Remark
Known bounds for Ny appear very far from the truth! J
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Zagier's numerical observations

@ For large n, fixed d, the d + 1 values
p(n),p(n+1),...p(n+ d) are asymptotically almost equal.

Thus, J3"(x) ~ p(n) . (‘j)xj = (14 x)9.

2]

© Thus all roots cluster near —1. This is bad!

@ ldea: Try splitting up the roots: do a linear change of variables
to send smallest/largest roots to +1 and make monic.

© These polynomials numerically stabilize! For example, the

“renormalized” version at d = 4, n = 1010 is
1.000...x%*+0.004...x3—1.101...x2—0.004...x+0.101....



Inequalities for the partition function and other combinatorial sequences

Zagier's numerical observations

2]
o
o

For large n, fixed d, the d + 1 values
p(n),p(n+1),...p(n+ d) are asymptotically almost equal.

Thus, J3"(x) ~ p(n) 3 (9) % = (1+ x)°.

Thus all roots cluster near —1. This is bad!
Idea: Try splitting up the roots: do a linear change of variables
to send smallest/largest roots to +1 and make monic.

These polynomials numerically stabilize! For example, the
“renormalized” version at d = 4, n = 1010 is
1.000...x%*+0.004...x3—1.101...x°—0.004 ...x+0.101....

Zagier noticed: These look like Hermite polynomials! Here, if
we let x — x/1/—1/2v/6 + 3/2, multiply by 3920/33, we get

16.000...x* +0.109...x3 —47.999...x2 —0.298...x +
11.999. .. ~ 16x* — 48x2 + 12 = Hy(x).
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Work with Griffin, Ono, and Zagier

Theorem (Griffin-Ono—R.-Zagier, 2019)

For “suitable” sequences a,, such as p(n) or the Taylor coefficients
of the Riemann &-function, there are suitable sequences o, Bn, Yn
such that for any fixed d > 2,

lim s - J&(nx + Br) — Ha(x),

n—o0

where Hy(x) is the d-th Hermite polynomial.
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Work with Griffin, Ono, and Zagier

Theorem (Griffin-Ono—R.-Zagier, 2019)

For “suitable” sequences a,, such as p(n) or the Taylor coefficients
of the Riemann &-function, there are suitable sequences o, Bn, Yn
such that for any fixed d > 2,

lim s - J&(nx + Br) — Ha(x),

n—o0

where Hy(x) is the d-th Hermite polynomial.

Corollary (Griffin—Ono—R.—Zagier, 2019)
The conjecture of Chen—Jia—Wang is true. J
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Starting point of new project

@ Many subsequent investigations looked at this
“Hermite—Jensen” phenomenon.

@ A common theme was: for many “nice” sequences, once
log-concavity eventually holds, so do all the higher degree d
Jensen real-rooted inequalities.

@ This led us to ask how much we could strengthen the result.

Question

Are there partial converses of the theorem of
Griffin—Ono—R.—Zagier one can establish?
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A general framework

We study general polynomial inequalities of sequences a(n).
As inputs, we take parameters T € N, My, py(m) € N and
se(k, m) € Z with ¢ € {1,2}.
@ Our general polynomial is then

PL(a)(n) i= Some s po(m) T4y a(n + se(k, m)).
e We aim to study positivity /asymptotics of differences:

My oy . P (@)(n) = PR (a)(n)
@) (n) = e

Setting u; := 1 and ut := 2 if T > 2, we also require

2

D=3 1 Yt (3 km>)t

(=1
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@ We have lim,_o 6(n) = 0 and §(n) > 0 for n>>1.
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Technical assumptions

For now, we'll make the following assumptions.
@ There are sequences A(n), d(n) such that

og (2559 ) = Ay = (@ 40 (1) (a5 0> ).

@ We have lim,_o 6(n) = 0 and §(n) > 0 for n>>1.
@ We have lim,_,o A(n) = 0.

Q@ Wehave D; =0for0 <t < N-—-1, Dy # 0 for some N € N.
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Theorem (Banerjee-Bringmann—R., 2026-+)

Under the assumptions above, set

—6%(n)  if T >2,

M“%:{Mm if T=1.
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Main result

Theorem (Banerjee-Bringmann—R., 2026-+)

Under the assumptions above, set

—6%(n)  if T >2,

M“%:{Mm if T=1.

Then we have

1M a)(n) ~ %MN(n) (as n — o0).
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(2,1) =2, and N =1 gives log-concavity.
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Basic Examples

Q Shifting n— n+1, taking T=2, My = M =1,
pl(l) = pz(l) = 1, 51(1, 1) == 51(2, 1) == 1, 52(1, 1) == 0,
(2,1) =2, and N =1 gives log-concavity.

@ Taking T =4, My =2, Ma =3, p1(1) =3, p1(2)
p2(1) = p2(2) =4, p2(3) =1, 51(1,1) = 51(2,1) =
s1(3,1) =s1(4,1) =1, 51(1,2) = -1, s1(2, 2) =0,
51(37 2) =1, S]_(4-7 2) =2, 52(1, 1) = 52(2, 1) = 52(3, 1) =0,
52(4, 1) =2, 52(1,2) = -1, 52(2,2) = 52(3,2) = 52(4, 2) =1,
9(1,3) = 5(2,3) = -1, 52(3,3) = (4,3) =2, and N =3
gives the higher Turan inequality
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Basic Examples

Q Shifting n— n+1, taking T=2, My = M =1,
pl(l) = pz(l) = 1, 51(1, 1) == 51(2, 1) == 1, 52(1, 1) == 0,
(2,1) =2, and N =1 gives log-concavity.

@ Taking T =4, My =2, My =3, p1(1) =3, p1(2) =6,
p2(1) = p2(2) =4, p2(3) =1, 51(1,1) = 51(2,1) =0,
s1(3,1) =s1(4,1) =1, 51(1,2) = -1, s1(2,2) =0,
51(37 2) =1, S]_(4-7 2) =2, 52(1, 1) = 52(2, 1) = 52(3, 1) =0,
52(4, 1) =2, 52(1,2) = -1, 52(2,2) = 52(3,2) = 52(4, 2) =1,
9(1,3) = 5(2,3) = -1, 52(3,3) = (4,3) =2, and N =3
gives the higher Turan inequality

© Moral: If you have a polynomial inequality you want to study,
“write me a little email” and | will compute the parameters of
our theorem that apply to your situation.



Inequalities for the partition function and other combinatorial sequences

Sample applications

Conjecture (Peng—Zhang—Zhong)

For large n, the k-regular overpartition function, with gen. function

Zpk 7= (—9) (4" ")

(@)oo (—a% 07y

is log-concave and satisfies the higher Turan inequality.
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Sample applications

Conjecture (Peng—Zhang—Zhong)

For large n, the k-regular overpartition function, with gen. function

Zpk 7= (—9) (4" ")

(@)oo (~a% 6)

is log-concave and satisfies the higher Turan inequality.

Conjecture (Dong-Ji-Jia)
For Andrews—Paule’s broken k-diamond partitions with gen.

function By(q) := ano bi(n)q" = @ (- (2kq+)1 @) ; the

polynomial Jgk’” has real roots for fixed k > 3, d > 2, and n > 1.
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Sample applications (2)

Conjecture (Liu—Zhang)

For n>> 1, the k-regular partition and overpartition functions (no
parts divisible by k) satisfy the Briggs inequality:

a’(n) (a%(n) — a(n — 1)a(n + 1)) >

a’(n—1) (a*(n+1) — a(n)a(n +2)) .
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Sample applications (2)

Conjecture (Liu—Zhang)

For n>> 1, the k-regular partition and overpartition functions (no
parts divisible by k) satisfy the Briggs inequality:

a’(n) (a%(n) — a(n — 1)a(n + 1)) >
a’(n—1) (32(n + 1) — a(n)a(n+2)).

Conjecture (Banerjee for p(n), Mukherjee for ppa(n))
Consider the iterated Laguerre operator

L,(a)(n) : QZ ol— )m+r( "Ya(n+ m)a(n -+ 2r — m). Then
L.(p)(n) ~ Qr—1)x" o 2ny/Fn

ST SE I . For 24-colored partitions, we have
Ly (p2s) (n) ~ (2 — 1)1127 27" S0y

T 327 ¢
noE
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Sample applications (3)

Conjecture (Banerjee)

Let £M(a)(n) := {alt(n)},>0 with
altl(0) := a%(0) and altl(n) := a%(n)—a(n+1)a(n—1), forn > 1.

Recursively define £l := L[] (ﬁ[r_ll(a)) (n).
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Sample applications (3)

Conjecture (Banerjee)
Let £M(a)(n) := {alt(n)},>0 with
altl(0) := a%(0) and altl(n) := a%(n)—a(n+1)a(n—1), forn > 1.

Recursively define £l := L[] (ﬁ[r_ll(a)) (n).

Then
ﬂ_zril e2rﬂ\/5
L0 (p)(n) ~ -5
25~2’*1+r—%32’—% AR =




Inequalities for the partition function and other combinatorial sequences

Sample applications (3)

Conjecture (Banerjee)

Let £M(a)(n) := {alt(n)},>0 with
altl(0) := 2%(0) and al!l(n) := a%(n)—a(n+1)a(n—1), forn > 1.
Recursively define LI := 01 (£Ir=11(2)) (n).

Then
2
n2 1 e V3"

[r] ~
‘C (p)(n) 25,2r—1+,_%32r_% n2r+3.2r—1_% :

Conjecture (Jia-Wang)

Consider the Toeplitz determinants
T[ar](n) = det(a(n — k + E)lgk’ggr).
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Sample applications (3)

Conjecture (Banerjee)

Let £M(a)(n) := {alt(n)},>0 with
altl(0) := 2%(0) and al!l(n) := a%(n)—a(n+1)a(n—1), forn > 1.
Recursively define LI := 01 (£Ir=11(2)) (n).

Then
2
n2 1 e V3"

[r] ~
‘C (p)(n) 25,2r—1+,_%32r_% n2r+3.2r—1_% :

Conjecture (Jia-Wang)
Consider the Toeplitz determinants
Tgr](n) = det(a(n — k + €)1<ke<r). Then Tg](n) >0 for n>1.




Inequalities for the partition function and other combinatorial sequences

Some theorems resulting from our framework

Theorem (Banerjee-Bringmann—R., 2026-+) J

The above conjectures are true.
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Thank you!!l



