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Chapter 1

Preliminaries

1.1 Sets

We assume that the reader is familiar with the basic language and concepts of
set theory. We use the notation N,Z,Q,R,C to denote respectively the non-
negative integers (including zero), the integers, the rational numbers, the real
numbers, and the complex numbers. If A is a collection of sets then we denote
their union by UscuA = {a | a € A for some A € A}, and their intersection
by NacaA = {a | a € Aforall A € A}. If the family of sets is indexed
A = {A;}icr then we also denote the union and intersection respectively by
UierA; and N;erA;. The difference of two sets A and Bis A\B={a|a €
A and a ¢ B}, and their symmetric difference is AAB = (A\ B)U (B \ A).
If A is a subset of a set X, and we write A¢ for the complement of A in X,
ie, A= X\ A

The power set of a set X is denoted by 2% and is the collection of all
subsets of X, i.e., 2¥ = {4 | A C X}. The Cartesian product X x Y of two
sets X and Y consists of all ordered pairs (z,y) such that x € X and y € Y.
A function (or mapping) f: X — Y from X to Y is a a subset of X x Y
which has the property that for each x € X there exists a unique y € Y such
that the pair (z,y) is contained in this subset. In this case we write y = f(x)
(or sometimes y = f,) for each z € X. If A C X and B C Y, then the image
of A is denoted by f(A) = {f(a) | @ € A}, and the inverse image of B is
denoted by f!(B)={z € X | f(zx) e B}. If f: X > Y andg:Y — Z,
the composition of f and g is denoted by g o f, and is defined by the formula
(9o f)(x) =g(f(x))

A function f is injective (or 1-1) if f(x) = f(y) only when z = y, and f
is surjective (or onto) if f(X) =Y. f is bijective if it is both injective and
surjective, and in this case f has a unique inverse map f~!:Y — X such
that f~'o f and fo f~! are the identity maps on X and Y respectively.

A sequence in a set X is a function from N to X. If f : N - X is a
sequence and g : N — N is such that g(n) < g(m) whenever n < m, then we
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6 CHAPTER 1. PRELIMINARIES

say that f o g is a subsequence of f. Through abuse of notation, we will often
identify a sequence with its range, for instance, we may say “let {a,}neny C X
be a sequence”.

If Ais a family of sets, their Cartesian product [],. 4 A consists of all
functions f : A — Ugzea A such that f(A) € A for each A € A. Similar to unions
and intersections, if A4 is an indexed family A = {A4;};c; then the Cartesian
product is written [[,.; A;. If X = [],.; As, and @ € I, then the coordinate
map m; : X — A; is given by m;(x) = x;, and we call x; the ith coordinate of .
If each A; is a fixed set A, then we denote micrA; by AL If I = {1,2,...,n},
then we denote A by A™ and identify this with the set of ordered n-tuples of
elements of A.

1.1.1 Countability

If X and Y are sets we write |X| < |Y] (resp. |X| = |Y]) if there exists
an injective (resp. bijective) map f : X — Y. We also write |X| < [Y] if
|X| < |Y], and there is no bijection from X to Y.

Theorem 1.1.1 (The Cantor-Schréder-Bernstein Theorem). If | X| < |Y| and
V| < |X| then |X| = |Y].

Proof. Suppose f : X — Y, and g : Y — X are both injective. Set B =
Unen(fog)* (Y \ f(X)), and set A = X \ g(B). Then we have g(B) = X \ 4,
and

FA) = FXON(Feg)(B) =Y\ (Y \ (X)) U(feg)(B) =Y \B.

. _ _ flz) ifzeA,
Hence if we define § : X — Y by 0(z) = { @) ifzey\A=g(B),

then 6 gives a bijection.

A set X is countable if | X| < |N|. We say that X is uncountable if it is
not countable.

Proposition 1.1.2. 1. If X and Y are countable, then so is X X Y.

2. If I is countable and X; is countable for each i € I then U;c;X; is also
countable.

Proof. We let p: N — N be the map which takes n, to the nth prime number.
Suppose f : X — N, and g : Y — N are injective, and consider h : X XY — N by
B,y) = p(f(2))0). T p(f(@1))90) = hler,g1) = h(zs,y) = p(f(w2))9@)
then by uniqueness or prime factorization we have p(f(z1)) = p(f(z2)) and
g(y1) = g(y2). As p, f, and g are injective we then have 21 = x5 and y; = yo.
Thus, A is injective.

Similarly, if I is countable, and X; is countable for each ¢ € I, then consider
f I — N injective, and for each ¢ € I consider f; : X; — N injective. We
define g : U;er X; — N, by setting g(z) = p(f(i))fi®) where f(i) is the smallest
number so that z € X;. Then similar to above it is easy to check that g is
injective and hence U;c7 X; is countable. |
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Corollary 1.1.3. Z and Q are countable.

Proof. We have Z = N U {0} U —N showing that Z is countable. Also, writing
any rational number in reduced fraction form a/b with @ € Z and b € N\ {0},
defines an injective function f(a/b) = (a,b) € Z x N. Since Z x N is countable,
so is Q. [ |

Proposition 1.1.4 (Cantor’s diagonalization method). Let X be a set, then
1 X| < [2%].

Proof. The injective map f : X — 2% given by f(x) = {x} shows that we have
|X| < |2%]. Now, suppose we have an injective function g : X — 2%. We let
A={z e X |z ¢&g(x)}. Then,ifxz € X and = € g(z) we have x € A and hence
g(x) # A. Similarly, if x € X and = ¢ g(z) then z € A and hence g(x) # A.
We therefore have produced a set which is not in the range of g showing that ¢

is not surjective. As g was arbitrary we then have | X| # [2X]. [ |
Proposition 1.1.5. |R| = [2V], and hence R is uncountable.
Proof. Note that we have [2| = |2%|. Writing each real number in its binary

expansion (If there is ambiguity we choose the representation which ends in
zeros) gives an injective map from R to 2%. On the other hand, each sequence
in 2 we may view as a decimal expansion, and this gives an injective map from
2N into R. ]

1.1.2 Transfinite induction

A relation on X is a subset R C X x X. We write xRy to mean (x,y) € R. A
relation R is an equivalence relation if the following properties hold:

e Rz for each x € X.

o If xRy then yRx.

e If xRy and yRz then zRz.

A relation < is a partial ordering if the following properties hold:
e z <z for each z € X.

o Ifx <yandy < z then z < 2.

o Ifx <y and y <z then x =y.

We write © 2 y if # < y and ¢ # y. An order isomorphism between two
partially ordered sets is a bijection which preserves the partial orderes. A partial
ordering < is linear (or total) if for each 2,y € X we have either x < y or
Yy <x.

If X is partially ordered by <, a maximal element of X is an element
x € X such that if x < y then we have x = y. If E C X, then an upper
bounded for E is an element € X such that y < x for each y € E. We may



8 CHAPTER 1. PRELIMINARIES

similarly define minimal elements and lower bounds. A linear ordering is said
to be well ordered if every nonempty subset of X has a minimal element. For
example, N is well ordered by its usual ordering. If (X, <) is a well ordered set
and z € X we define the initial segment of x tobe I, = {y € X | y < z}. The
elements of I, are called predecessors of x. Note that either I, U{z} = X, or
else I, U {z} = I, where y is the minimal element in X \ (I, U {z}).

Proposition 1.1.6 (The principle of transfinite induction). Let X be a well
ordered set. If A C X is such that x € A whenever I,, C A, then A = X.

Proof. By contraposition, if A # X we let x € X \ A be the minimal element.
Then we have x € A, and I, C A from the definition of x. |

Lemma 1.1.7. Let X be a well ordered set and A C X, then Ugcal, is either
an initial segment or A = X.

Proof. If A€ is nonepmty then let x be the minimal element in A°. It’s then
easy to see that A = I. |

Proposition 1.1.8 (The principle of transfinite recursion). Let X be a well
ordered set, Y a set, and let F = UycxY ' denote the space of all functions
from initial segments of X to Y. If G : F — Y, then there exists a unique
function g : X =Y so that g(x) = G(g)1,) for each x € X.

Proof. We let £ denote the family of functions f : I — Y such that I = X
or is an initial segment in X, and f satisfies the formula f(z) = G(f|,) for
all z € I. If f/ : I’ — Y is another such function in F and I C I’, then set
A={zel| f'(z)=f(x)}. Haxeland I, C A then we have

f'(@) =G(f1,) = G(fir,) = f(2),

hence z € A. It then follows by transfinite induction that A = I and hence
f/[ = f

| We may then consider J the union of all I such that there is f: I — Y with
f € &. By Lemma 1.1.7 either J = X, or J is an initial segment. We define a
function g : J — Y by letting g(z) = f(x), where f: I - Y isin £ and z € I.
By our remarks above it follows easily that ¢ is well defined and ¢g € £.

If J # X then J = I, for some x € X. We could then extend the function
gtog:JU{xz} =Y such that §; = g and g(z) = G(g). We would then have
g € & which would contradict the maximality of g. Thus, we conclude that
J =X and g: X — Y is our desired function. Uniqueness follows easily from
the remarks above. |

Intuitively, the previous result states that if we have an initial value (G(0)),
and a procedure for choosing a new value based on the ones previously chosen
(this is the function G). Then we can defines resursively a unique function on
all of X.
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Lemma 1.1.9. Let (X, <) and (Y, <) be well ordered sets, and suppose f : X —
Y is an order isomorphism, then f(I;) = If(,) for each x € X. Conversely, if
[ X =Y is such that f(I.) = Iy for each x € X, then f(X) is either Y or
an nitial segment in Y, and f is an order isomorphism onto its image.

Proof. Suppose first that f : X — Y is an order isomorphism. If z € X and
a <z, then f(a) < f(z) and hence f(I,) C If(,). Considering the inverse of f
gives the reverse inclusion I,y = f(f " (If(x))) C f(Ila).

Now suppose f : X — Y such that f(I;) = Iy for each x € X. Then if
y € f(X) we have I, C f(X) and hence f(X) is either Y, or an inital segment in
Y. If 21 < w3 then we have f(zx1) € f([z,) = If(a,) and so f(x1) < f(z2), and
this also shows that f is injective. If f(x1) < f(22) then f(22) & I,y = f(Lz,)
hence x1 < xo. Thus, f is an order isomorphism onto its image. |

Proposition 1.1.10. Suppose (X, <) is a well ordered set and I C X is either
an nitial segment, or is equal to X. If f : X — I is an order isomorphism,
then I = X and f is the identity map.

Proof. Let A = {x € X | f(z) = «}. If x € X is such that I, C A, then
Lemma 1.1.9 shows that I, = f(I,) = If(), hence 2 = f(x) showing that
x € A. The result then follows by transfininte induction. |

Theorem 1.1.11. If X andY are well ordered, then exactly one of the following
holds:

1. X is order isomorphic to Y;

2. X 1is order isomorphic to an initial segment in Y ;

3. Y 14s order isomorphic to an initial segment in X.
Moreover, in each of the cases the order isomorphism is unique.

Proof. We may assume Y is non-empty. Suppose that Y is not order isomorphic
to an initial segment in X. If x € X and g : I, — Y with g(I,)) # Y then let G(g)
denote the smalles element in Y\ G(g), otherwise let G(g) be the initial element
in Y. By the principal of transfinite recursion there is a function f: X — Y so
that g(z) = G(gy,) for each = € X.

We set A = {zx € X | g(lz) = Iy} If [, C A then from Lemma 1.1.9
we have that g(I,) is either Y, or an inital segment in Y, and we have that g
defines an order isomorphism from I, onto g(I,). As Y is not order isomorphic
to an initial segment in X it follows that g(I,) is an initial segment in Y,
say g(I,) = I,. Then from the definition of G we have g(a) = y and hence
9(1a) = I4), showing that a € A. By the principle of transfinite induction
we then have A = X and from Lemma 1.1.9 it follows that X is either order
isomorphic to Y or to an initial segment in Y.

Thus, one of the three cases above must hold, and Proposition 1.1.10 shows
that no more than one can hold, and that the order isomorphism is unique. W
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1.1.3 The axiom of choice

Consider the following four principles:

AC (The Axiom of Choice): If {A;};cs is a nonempty collection of nonempty
sets then HiE ; Ai is nonempty.

WO (The Well Ordering Principle) Every set X can be well ordered.

ZL (Zorn’s Lemma) If X is a nonempty partially ordered set and every linearly
ordered subset of X has an upper bound, then X has a maximal element.

HM (The Hausdorff Maximal Principle) Every partially ordered set has a max-
imal linearly ordered subset.

These principles are logically equivalent, and after this section we will use
them in these notes without explicit reference. In this section we show that we
have the implications AC = WO = ZL = HM. The reverse implications
are easier and we leave them as exercises.

Proposition 1.1.12. The axiom of choice implies the well ordering principle.

Proof. Let X be a nonempty set. By the axiom of choice there exists f €
[y eox\x (X \Y). That is, f: 2%\ X — X is a function such that f(Y) ¢ Y
for each Y C X.

We define an f-string to be a well ordered set (A, <) such that A C X
and a = f(I,) for all a € A. We let F denote the set of f-strings. If (A, <)
and (B,<’) are f-strings, and h : A — B is an order isomorphism, then let
E={aec A|h(a) =a}. If z € Aissuch that I, C E, then by Lemma 1.1.9 we
have

z=f(I) = f(MI) = f(Inw)) = h(z).

It then follows from transfinite induction that B = A, and h is the identity map.

It then follows from Theorem 1.1.11 that given any two distinct f-strings
we must have that one is the initial segment of the other, so that F is linearly
ordered by inclusion. We let A denote the union over all sets in F and we let
< denote the induced relation on A. Since F is linearly ordered by inclusion it
follows easily that each (A, <) is well ordered and and each initial segment of
A is an f-string. From this it then follows that (A, <) itself is an f-string, and
is then the unique maximal f-string.

If A # X then we could create the larger f-string (AU{f(A4)}, <’) where <’
agrees with < when restricted to A, and a <’ f(A) for all a € A. This would
then contradict the maximality of (A, <) and so we conclude that A = X, and
hence X is well ordered by <. |

Proposition 1.1.13. The well ordering principle implies Zorn’s lemma.
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Proof. Let (X, <) be a nonempty partially ordered set such that every linearly
ordered subset has an upper bound. We let C denote the set of all linearly
ordered subsets of X. By the well ordering principle there exist well orders <;
and <5 on X and 2% respectively. To simplify notation we set Y = 2X.

We define f : C — X as follows: If C' € C and C does not contain a maximal
element in X, then we let f(C) be the <;-least element which is not in C, but
is a <-upper bound for C, otherwise if C' contains a maximal element zy € X
then we set f(C) = xo.

We now recursively define a function g : ¥ — X such that g(y) < g(2)
whenever y <, z. Indeed, suppose y € Y and that g has been defined on I,
then g(I,) is a well ordered (and hence linearly ordered) subset of X and we
may set g(y) = f(g(1y)).

By Cantor’s diagonalization argument g cannot be injective. Thus, there
exists some y € Y such that g(y) = g(z) for some z € I,,. It then follows that
flg(Iy)) = g(y) € g(I,). By construction of f we must have that f(g(I,)) is a
maximal element. ]

Proposition 1.1.14. Zorn’s lemma implies the Hausdorff maximal principle.

Proof. Let X be a nonempty partially ordered set and let C denote the space of
all linearly ordered subsets. Then C is ordered by inclusion. If Cy C C is a subset
which is linearly ordered by inclusion then we may consider C' = Ug,ec,Co-
Then C' C X is also linearly ordered and is an upper bound for Cy with resped
to the inclusion order. We may then apply Zorn’s Lemma to C to produce a
maximal linearly ordered subset. |

1.1.4 Ordinals and Cardinals

Proposition 1.1.15. Suppose X # 0, then | X| < |Y| if and only if there exists
a surjection from'Y to X.

Proof. Suppose that f: X — Y is injective, and take x € X. We may then de-
fYz) ifxreF(X)
x otherwise.
Conversely, if g : Y — X is surjective, then for each z € X we may choose

f(x) €Y so that g(f(2)) = . If f(z) = f(y) then z = g(f(2)) = 9(f(y)) =y
Thus, f: X — Y is injective. |

fine a surjective function g : Y — X, by letting g(y) = {

Proposition 1.1.16. For any sets X, Y, either | X| < |Y|, or [Y| < |X].

Proof. If we well order X and Y, then this follows immediately from Theo-
rem 1.1.11. |

We would like to define an ordinal as an order isomorphic equivalence class
of well ordered sets, the previous proposition would then show that we have a
linear ordering on the collection of ordinals. We should be somewhat careful here
though as there is no reason that the collection of all well ordered sets should
be a set itself, and we have only discussed equivalence relations and orderings
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on sets. One option to make this precise is to work outside of the universe of
sets, that is, we can call the collection of all well ordered sets a “class”, and then
we can introduce equivalence relations and well orderings for classes. Another
option to make this notion precise is the following definition proposed by von
Neumann:

A set « is an ordinal if every element of « is also a proper subset of a, and
if a is well ordered with respect to set inclusion.

The first few ordinals are then 0 = 0, 1 = {0}, 2 ={0,1}, 3 ={0,1,2}. The
first infinite ordinal is w = {0,1,2,3,4,...}. For each ordinal a we may consider
the set aU{a}, which is again an ordinal, this is the successor ordinal which we
denote by a + 1. Any ordinal which is not a successor ordinal is called a limit
ordinal. If two ordinals are order isomorphic, then it follows easily by induction
that they must be the same. More generally, if o and 8 are ordinals, then by
Theorem 1.1.11 either o and (8 are order isomorphic, in which case a = 3, or
else one (say «) is isomorphic to (and hence equal to) an initial segment of the
other, in which case we have o C (3.

The following proposition shows that von Neumann’s definition captures all
order isomorphism classes.

Proposition 1.1.17. Let X be a well ordered set, then there exists a unique
ordinal o such that X and « are order isomorphic.

Proof. We let A denote the subset of X consisting of all points x such that
there exists an ordinal oy, and an order isomorphism f, : I, — «,. Note that
if z,y € A with z < y, then we obtain an order isomorphism from «a, to an
initial segment in «,, hence we have o, C a,. We then have oy = Uz<ya;, and
f Y|, — Jz-

If I, C A, and z is not a successor, then we set & = Uger, ;. Note that o is
again an ordinal. We define the function f : I. — « by setting f(z) = f,(z) for
some z < y < z. (note that such a y exists since z is not a successor). Then f is
well defined and implements an order isomorphism between I, and «, showing
that z € A.

Similarly, if I, C A, and z is a successor to y € A, then we consider the
ordinal o = oy U {a }, and we define the function f : I, — a by f(z) = f,(z)
for x <y, and f(y) = . We then again see that z € A.

By transfinite induction we then have A = X, and the result then follows
easily. [ |

Just as there is a first infinite ordinal, there is also a first uncountable ordinal:

Proposition 1.1.18. There is a unique uncountable ordinal wy such that I, is
countable for each r € wy.

Proof. We let w; be the set of all countable ordinals . Then w; is ordered
by inclusion. If @ € wy then « is a countable ordinal and hence so are all the
ordinals contained in «, thus a C wy. We therefore have that w; is an ordinal,
and I, is countable for each x € w;. Note that w; cannot be countable since

w1 € wi-
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If Q' were another such ordinal, then we could not have €’ C w; since w;
is not countable. We similarly could not have w; C €. Hence we must have
w1 = Q. |

If we fix a set X, then by the well ordering principle there exists a well
ordering on X and hence a bijection between X and some ordinal «. The
cardinality of X is the smallest ordinal such that there exists such a bijection.
We denote the cardinality of X by | X|, and note that this is consistent with our
notation above.

1.1.5 Exercises

Exercise 1.1.19. If X is countably infinite then there is a bijection from X
onto N.

Exercise 1.1.20. We have [RY| = |R|.

Exercise 1.1.21. Let 2<V denote the set of finite sequences in {0, 1}, then 2<N
is countable.

Exercise 1.1.22. Let X be a countably infinite set. There exists an uncount-
able family F C 2% so that for any distinct pair A, B € F we have that AN B
is finite. (Hint: It may help to consider the case X = 2<N))

A complex number « is algebraic if it is the solution of a polynomial having
rational coeflicients.

Exercise 1.1.23. The set of algebraic numbers is countable.

Exercise 1.1.24. The Hausdorff maximal principle implies Zorn’s lemma.
Exercise 1.1.25. Zorn’s lemma implies the well ordering principle.
Exercise 1.1.26. The well ordering principle implies the axiom of choice.

Let X be a set, and < be a linear ordering on X. We say that the linear
order is dense if for all z < y there exists z € X such that z < z < y.

Exercise 1.1.27 (Cantor’s back-and-forth method). Let (X, <) and (Y, <) be
countable dense linear orderings which do not have upper or lower bounds.
Enumerate X = {x1,29,...}, and Y = {y1,42,...}.

1. There exist increasing sequences of finite sets A, C X, B, C Y, and
order preserving bijections f, : A, — B, such that x,, € A,, y, € By,
and fn+1\An = f,, for all n > 1.

2. There exists an order preserving bijection f: X — Y.
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A (undirected) graph consists of a pair (V, E') where V is a set (the vertex
set) and F C VxV (the edge set) such that (v,w) € F if and only if (w,v) € E.
A subgraph is a graph (Vy, Eg) with Vo C V, and Ey C E.

If (V,E) is a graph, two vertices v,w € V are adjacent if (v,w) € E. We
let N(v) denote the set of vertices which are adjacent to v. A graph (V, E) is
locally finite if |[N(v)| < oo for each v € V. A finite simple path is an
injective function p : {1,2,...,n} — V, such that (p(k),p(k + 1)) € E for all
1 < k < n; we say that n is the length of the path. A ray is an injective
function p : N — V such that (p(k),p(k+ 1)) € E for all 1 < k. A graph is
connected if for any distinct vertices v, w € V, there exists a finite simple path
p:{1,2,...,n} = V such that p(1) = v and p(n) = w.

Exercise 1.1.28 (Kénig’s lemma). If a locally finite connected graph (V, E)
has infinitely many vertices, then (V, E) admits a ray.

1.2 Metric spaces

Let X be a set. A semimetric on X is a function d : X x X — [0,00) such
that for all z,y, z € X the following properties hold:

1. d(z,y) = d(y, ).
2. d(,2) < d(z,y) + d(y, ).

If, in addition, we have that = y if and only if d(z,y) = 0, then d is a metric.

A metric space is a pair (X,d) consisting of a set X and a metric d on X.

When d is understood we will sometimes refer to the metric space X.
Examples of metric spaces include:

1. Euclidean space R"™ with metric d(z,y) = ||z — y]|.

0 ifxz=uy;

2. If X is any set and for all z,y € X we have d(z,y) = { 1 ifzy

then (X, d) is a metric space.
3. If (X,d) is a metric space and A C X, then (A,d|4x ) is a metric space.

4. If (X1,d;) and (Xa,ds) are metric spaces, then X7 x X5 is a metric space
with metric d((z1,2), (Y2, y2)) = max(dy(z1, y1), d2(z2,y2)).

5. If (X,d) is a metric space and f : [0,00) — [0,00) is a strictly increasing
function satisfying f(0) = 0, and f(s +t) < f(s) + f(¢t) for all s,t € R
(e.g., f(t) =, or f(t) = H% ), then (X, f o d) is again a metric space.

If (X, d) is a metric space, z € X and r > 0, then the ball of radius r about
xis B(r,z) = {y € X | d(z,y) < r}; we call any such set B(r,z) an r-ball. A
set A C X is open if for each = € A there exists > 0 such that B(r,x) C A.
A set A C X is closed if A€ is open. Both () and X are open. If a set is both
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closed and open then we say it is clopen. Note that the collection of open sets
is closed under finite intersections and arbitrary unions. Taking complements
shows that the collection of closed sets is closed under finite unions and arbitrary
intersections. If £ C X then the closure E of E is the intersection of all closed
sets which contian E. We say the E is dense if £ = X.

If (X1,dy) and (X3, ds) are metric spaces, and f : X; — X, then f is

1. isometric if da(f(z), f(y)) = d1(z,y), for all z,y € X7;

2. Lipschitz continuous if there exists K > 0 (a Lipschitz constant),
such that for all z,y € X7 we have da(f (), f(y)) < Kdy(z,y);

3. contractive if f is Lipschitz continuous with Lipschitz constant 1;

4. uniformly continuous if for all ¢ > 0, there exists § > 0 so that
f(B(d,x)) C B(e, f(x)) for all z € Xjy;

5. continuous at =z € X if for each ¢ > 0, there exists 6 > 0 so that

f(B(6,x)) C B(e, f(x)).
6. continuous if f is continuous at each point x € X;.
7. a homeomorphism if f is bijective and both f and f~! are continuous.

If X is a metric space, a sequence {Z, }neny C X has a limit point x € X if
for all € > 0, there exists N € N so that x,, € B(e,z) for n > N. We say that
{xy}n converges to x and write lim,,_, o, x,, = x if this is the case. {x,}nen is
convergent if it converges to some point x € X.

Proposition 1.2.1. If (X;,d1) and (X2,d2) are metric spaces, the following
are equivalent:

1. f: X1 — X5 is continuous;

2. for any convergent sequence {x,}nen we have that {f(zn)}nen is also
convergent and lim, o f(x,) = flim, o0 Tp);

3. f71(O) is open for each open set O C X,.

Proof. First, suppose f : X; — X5 is continuous, and {z,},cn IS a sequence
such that = lim,_,~ x,. Fix € > 0. Since f is continuous there exists § > 0
so that f(B(d,z)) C B(e, f(x)). Since x = lim,,_, o, T, there exists N € N so
that x,, € B(d,z) for all n > N. Hence, f(z,) € f(B(d,z)) C Ble, f(x)) for all
n > N. Since € > 0 was arbitrary we have f(x) = lim, o0 f(z4).

Next, suppose that O C X5 is open, but f~!(O) is not open. Then there
exists * € f71(O) such that for all n € N we have B(1/n,z) ¢ f~*(O). For
each n € N choose x,, € B(1/n,z). Since O is open there exists € > 0 so that
B(e, f(z)) € O. We then have © = lim,, o0 Z, and f(x,) € O D B(e, f(x)) for
all n € N, hence {f(zn)}nen does not converge to f(z).
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Finally, suppose that f~1(0O) is open whenever O C X, is open. Fix z € X
and € > 0. Then B(e, f(z)) is open and hence so is f~(B(e, f(z))). There-
fore, there exists § > 0 so that B(d,z) C f~1(B(e, f(x))). Hence, we have
f(B(d,x)) C B(e, f(x)) showing that f is continuous. [ |

A sequence of functions f, : X — Y is said to converge pointwise to a
function f : X — Y, if f(x) = lim,— o fn(z) for each x € X. The sequence
{fn}nen converges uniformly to f if lim, o sup,cx |f(z) — fu(z)| = 0.

Proposition 1.2.2. Suppose f, : X — Y are continuous, and {fn}nen con-
verges to f : X — 'Y uniformly, then f is continuous.

Proof. Fix € > 0, and « € X. Since f, — f uniformly, there exists n € N so
that sup,cy [f(y) — fu(y)| < /3. Since f, is continuous there exists an open
set O containing z so that for y € O we have |f,(y) — fu(z)| < /3. For y € O
we then have

1) = F@] < 1f@) = fa@] + 1 fuly) = ful@)] + [ fulz) = fl2)] <e.
Thus, f is continuous. |

A sequence {z,}nen is Cauchy if for all € > 0, there exists N € N so that
d(xp,xm) < € for all n,m > N. A metric space is complete if every Cauchy
sequence is convergent.

Proposition 1.2.3. R™ with its Fuclidean metric is complete.

Proof. A sequence in R™ is Cauchy if and only if its coordinates are Cauchy, and,
similarly, a sequence converges if and only if its coordinates converge. Thus, the
general result follows from R. Suppose {z,}nen C R is Cauchy. Then there
exists N € N so that |xx — 2,,| < 1 for all m > N. Hence {x,, }nen is bounded.
We let 2 = limsup,,_,,, Tn.

Fix € > 0, then there exists N € N so that |z, — 2| < &/2 for all n,m > N.
Also, there exists n > N so that | — x,,| < /2. Then for all m > N we have
|z — 2| < |x — x| + |20 — Tn| < €. Tt then follows that = lim, oo z,. W

Proposition 1.2.4. A closed subset of a complete metric space is complete,
and a complete subspace of an arbitrary metric space is closed.

Proof. Suppose (X, d) is complete and F' C X is closed. Let {z,}nen C F be
Cauchy. Then it is also Cauchy in X and by completeness there exists z € X
so that @, — x. If ¢ > 0 then there exists N € N so that z, € B(e, z) for all
n > N. In particular we have B(e,z) N F' # () and hence x ¢ F© as this is open
and € > 0 was arbitrary.

Conversely, Suppose F' C X is a subspace which is not closed. Then F* is
not open and hence there exists € F, so that B(1/n,2)NF # () for alln € N.
Take =, € B(1/n,z) N F for each n € N. Then z = lim, o =, and hence
{Zn}nen is Cauchy. However, x € F and hence {x,, }nen does not converge to a
point in F. Thus, F' is not complete. |
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If (X, d) is a metric space, then we let Cauchy(X') denote the set of all Cauchy
sequences in X. On Cauchy (X )? we define the function d by d({Zy, }nen, {¥n fnen) =
limy, 00 d(@n, yn). We leave it as an exercise to verify that this limit actually
exists. Using the properties of the metric d it is then easy to see that we
have d(s,t) = d(t,s) and d(s,r) < d(s,t) + d(t,r), for all Cauchy sequences
s,t,r. We define an equivalence relation on Cauchy(X) by s ~ ¢ if and only if
(s,t) = 0. It’s easy to see that this is indeed an equivalence relation, and that
(s,t) only depends on the equivalence classes that s and ¢ lie in. Thus, setting
X = Cauchy(X)/ ~, we may view d as a function on X x X where it then gives
a metric. We also have a natural isometric embedding 7 : X — X which takes
a point € X to the constant sequence w(z) = {z}nen. We call the metric
space (X,d) the completion of (X,d), and we usually view X as a subspace
by identifying X with 7(X).

d
d

Proposition 1.2.5. (X,d) is complete, and X is a dense subspace.

Proof. We first show that w(X) is a dense subspace. Suppose that {x, }nen i8
Cauchy and ¢ > 0 is given. Then there exists N € N so that |z, — x,,| < € for
all n,m > N. In particular, we have that |xy — z,,| < € for all m > N. Hence,
we have d(7(zn), {Tn}nen) < &.

Next we show that (X, d) is complete. Note that if {s, }nen, {tn}neny C X
such that 0 = limy, 00 d(8n,tn), then {s,}nen is Cauchy (resp. convergent) if
and only if {¢,,}nen is Cauchy (resp. convergent). Thus, it is enough to con-
sider Cauchy sequences which are valued in the dense subspace 7(X). Suppose
therefore that {m(zy)}nen is Cauchy, with x, € X. If we set s = {@, }nen
then it follows easily that we have 0 = lim, ., d(s,7(x,)). Hence (X,d) is
complete. [ |

If E C X, then E is bounded if there exists K > 0, such that d(z,y) < K,
for all x,y € E. If {V;};cs is a family of subsets of X such that E C U;c/ Vi,
then {V;}icr is a cover of E. E is totally bounded if for any € > 0, there is
a finite collection of e-balls which cover E. Note that totally bounded sets are
also bounded.

Lemma 1.2.6. A metric space (X,d) is totally bounded if and only if every
sequence has a Cauchy subsequence.

Proof. Suppose (X, d) is totally bounded and {x,, } nen is a sequence. Fix e > 0.
We will inductively define a decreasing sequence of infinite subsets A; C N,
such that d(z,,z,,) < 2/j for all n,m € A;, and j > 2. We first set A; = N.
Suppose now that A;_; has been chosen for j > 2. Since E is totally bounded,
there exist a finite collection of 1/j-balls Oy, ..., Oy which cover E. Since A;_;
is infinite for some O; we must have that A; = {k € A;_1 | 21 € O;} is infinite.

We new choose a subsequence by taking n; € A; so that n; is strictly
increasing. If ¢ > 0, and j € N so that 2/j < € then we have d(xy,,%n,) <
2/j < e for all k,l > j. Therefore we have that the subsequence {xy,};jen is
Cauchy.



18 CHAPTER 1. PRELIMINARIES

Conversely, if E is not totally bounded then there exists g > 0 so that
there is no cover of E by finitely many eg-balls. We may therefore inductively
construct a sequence x,, € E so that d(z,,z,,) > eo for all n,m € N. We then
have that no subsequence of {x,, }nen is Cauchy. [ ]

Lemma 1.2.7. Let (X,d) be a totally bounded metric space, then every open
cover has a countable subcover.

Proof. Suppose that {V;};er is an open cover. For eachn € Ntake {z7,... 2} } C
X, so that Ufng(l/n,xj) = X. We then let O, ,, be the collection of all
open balls B(1/m,x;) which are contained in some V;, for i € I. We set
0= Un,mGNOn,m~

If x € E then we have x € V; for some ¢ € I. We then have B(1/n,z) C 'V,
for some n € N. For some 1 < j < kg, we then have x € B(1/2n,z3") C V.
Thus, we see that O covers X and is countable. Moreover, each set in O is
contained in V; for some i € I, thus a countable subcollection of {V;};c; must
cover X. ]

Theorem 1.2.8. If E C X, the following are equivalent:
1. E is complete and totally bounded.

2. (The Bolzano-Weierstrass Property) Every sequence in E has a subse-
quence which converges to a point in E.

3. (The Heine-Borel Property) If {V;}icr is a cover of E by open sets, then
there exists a finite set F' C I such that {V;}icr is also a cover of E.

Proof. (1 = 2) Suppose that F C X is complete and totally bounded. Let
{z, }nen C E be asequence. By Lemma 1.2.6 there exists a Cauchy subsequence
{Zn, } jen, and since E is complete we must have that this subsequence converges.
Therefore E satisfies the Bolzano-Weierstrass property.

(2 = 1) If FE is not totally bounded then Lemma 1.2.6 shows that X
has a sequence which has no Cauchy (and hence no convergent) subsequence.
Similarly, if E is not complete then there exists a Cauchy sequence {zp}nen
which does not converge, and it then follows easily that no subsequence can
converge either. We have therefore shown the equivalence between the Bolzano-
Weierstrass property and being complete and totally bounded.

(3 = 1) If E is not totally bounded then there exists g > 0 so that there
is no cover of E by finitely many eo-balls. However, all gg-balls cover F and
hence E does not have the Heine-Borel Property. Also, if F is not complete,
then we may consider the completion E and take a point 2 € E\ E. Then
consider O,, = {y € E | d(y,z) > 1/n}. We then have that {O, },en is an
increasing sequence of open sets, such that U,enO,, = E. However, O,, # F for
any n € N since E is dense in E. Hence, we again have shown that E does not
have the Heine-Borel property.

(1 = 3) Suppose that F is totally bounded and {V;};c; is an open
cover which does not have a finite subcover. By Lemma 1.2.7 we may pass
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to a countable cover so that we may assume {V;};cr is countable and then
sequence this as {V,, }nen. We inductively define a sequence {z,, }nen by taking
n & U_;Vy. Note that by construction, each open set V,, can contain at most
finitely many elements in the sequence {x,}nen. By Lemma 1.2.6 there exists
a Cauchy subsequence {z,, }jen. If this subsequence converged to some point
x € F, then & would be contained in some open set V,, and it would follow that
infinitely many x,,,’s would belong to V;, contradicting our remark above. Thus,
we must have that {z,, };en is a Cauchy sequence which does not converge and
hence X is not complete. |

Any set F which satisfies the conditions of the previous theorem is called a
compact set. Note that homeomorphisms preserve open sets and hence from
the Heine-Borel Property we see that homeomorphisms preserve compact sets.
This is not the case however for complete sets.

Proposition 1.2.9. Let (X,d) and (Y, p) be metric spaces with X compact.
Suppose that f : X — Y is continuous. Then f(X) is compact and f is uni-
formly continuous.

Proof. If {O;};¢r is an open cover of f(X), then since f is continuous we have
that {f~1(0;)}ier is an open cover of X. By the Heine-Borel property there
exists a finite subcover f~1(0y),..., f~1(O0,). We then have that Oq,...,0,
covers f(X) and so by the Heine-Borel property we have that f(X) is compact.

To see that f is uniformly continuous we fix ¢ > 0. Since f is continuous,
for each © € X there exists §, > 0 so that f(B(d,,z)) C B(e/2, f(z)). Then
{B(0:/2,2)}rex covers X and by the Heine-Borel property there is a finite
subcover B(0z,/2,x1),...,B(0s, /2, 2n).

Set § = minj<;<n{dz,/2}. Then if 1 <i < n and = € B(d,,/2,x;) we have
B(d,z) C B(04,,x;) and hence

f(B(6,2)) C f(B(a,,2:)) C B(e/2, f(wi))-

Therefore, f(B(d,z)) C Ble, f(x)). Since B(dy,/2,21),- .., B(0z,/2,xs) covers
X it follows that f is uniformly continuous. |

1.2.1 Exercises

Exercise 1.2.10. Suppose that X is a set and d : X x X — [0,00) is a
semimetric on X. We define a relation ~ on X by z ~ y if d(z,y) = 0. Then
~ is an equivalence relation on X and we have a well defined metric on X/ ~

given by d([z], [y]) = d(=, ).

Exercise 1.2.11. There are two homeomorphic metric spaces (X1,d;) and
(Xa,ds) such that (X1,d;) is complete, while (X3, ds) is not.

A metric space (X, d) is separable if it contains a countable dense set.

Exercise 1.2.12. A compact metric space is separable.
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We let £2°(N) denote the set of uniformly bounded sequences from N to C.
We consider this as a complete metric space whose metric is given by d(f,g) =

1 = gllo = suppen |£(12) = g(n)]-

Exercise 1.2.13 (Kuratowski). Every bounded seprable metric space is iso-
metric to a subspace of £*°(N).

1.3 Normed spaces

We assume the reader is familiar with the basic properties of vector spaces. Let
K =R, or K= C, and suppose that V is a K-vector space. A seminorm on V'
isamap V 3 v ||v| € [0,00) which satisfies

Lo flv+wl < vl + wl;
2. ||kv|| = |k||Jv]], for k € K, and v,w € V.

If, in addition, we have that ||v|| = 0 if and only if v = 0, then we say that || - ||
is a norm. Associated with a (pre)norm is a (pre)metric d which is given by
d(v,w) = ||v + w|l. A normed space is a pair (V,|| - ||) where V is a vector
space and || - || is a norm on V. If the associated metric is complete then the
normed space is a Banach space. Examples of Banach spaces include:

1. 0% =K", with norm [[(av,..., o)1 = > pey okl

2. More generally, if 1 < p < oo, &£ = K", with norm |[(a1,..., )|, =
(i o).

3. £5° = K", with norm ||(a1, ..., an)|leo = max{|ag| | 1 < k < n}.

It (V| - llv), and (W, || - |lw), are normed spaces, and T : V — W is a
linear operator, then we say that T is bounded if there exists K > 0 so that
|ITv||lw < K||v||v forall v € V. We let B(V,W) (or B(V) if V = W) denote the
set of bounded linear operators. Then B(V, W) is a K-vector space, where the
vector space structure is taken pointwise, i.e., (T'+ S)(v) = T'(v) + S(v), and
(KT)(v) = k(T(v)), for ke K,ve V,and T,S € B(V,W). If T € B(V,W) then
the operator norm of T'is given by ||T'|5v,w) = subyev,o|j, <1 [|T[[v. The
space B(V, W), together with its operator norm, is a normed space.

1.3.1 Algebras

We again let K = R, or K = C. A K-algebra is a K-vector space A, together
with a binary operation A x A 3 (a,b) — ab € A (called multiplication, or
composition), such that

1. (ab)c = a(bc);
2. a(ab) = (aa)b = a(ab);
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3. a(b+c¢) = (ab) + (ac);
4. (a+b)c = (ac) + (be), for a € K, a,b,c € A.
Examples of algebras include:

1. The vector space of n x n matrices M, (K), together with matrix multi-
plication.

2. The space of K-polynomials with its usual vector space structure and

multiplication.

3. £2° where multiplication is taken coordinate-wise (a1, ..., ap)(B1,. .., Bn) =
(alﬂl, ceey Oén/Bn)

A normed algebra is an algebra A, which also has a norm || - || which

satisfies ||ab]| < ||a||||b]], for a,b € A. A Banach algebra is a normed algebra
where the norm is complete.

The space £5°(K) is a normed algebra. Also, if V and W are normed spaces
then B(V, W), with its operator norm, is a normed algebra.

If (X,d) is a metric space, we let Cp(X) denote the space of all complex-
valued continuous functions which are uniformly bounded (If X is compact
then the boundedness is automatic and we use the notation C(X) instead). For
f € Cp(X), the uniform norm of f is given by || f|lcc = sup,cx |f(2)].

Proposition 1.3.1. Let (X,d) be a metric space, then Cy(X), endowed with
the uniform norm, is a Banach algebra.

Proof. First, note that Cp,(X) is clearly an algebra, and ||-||« is clearly a norm on
Cp(X). It f,g € Cop(X), then || fglloc = sup,ex [f(2)g()] < sup, yex [f(2)g(y)| =
I £ lloollglloo sO that Cp(X) is a normed algebra.

Suppose {fn}nen C Cp(X) is Cauchy. Therefore, for each z € X the se-
quence {fn(z)}nen is Cauchy and hence converges to some f(z) € C. We then
have that 0 = limy, o || frn, — flleo, and f € Cp(X) by Proposition 1.2.2. There-
fore C(X) is complete and hence is a Banach algebra. ]

0 ifx=y;
1 if x#y,
every function is continuous and hence Cy(X) is the space of all uniformly
bounded functions.

Note that if X is a set and d is the metric d(z,y) = then

1.3.2 Exercises

In the following we consider vector spaces over a field K, where K = R, or
K=C.

Recall that if V' is a vector space and Vy C V' is a subspace, then the quotient
space V/V; is defined to be the set of cosets {v + Vp | v € V}. This is naturally
a vector space whose vector space operations satisfy a(vi + Vp) + (v2 + Vo) =
(avy +v9) + Vp, for all vy,vy € V, and scalar a.
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Exercise 1.3.2. Suppose that V is a K-vector space and || - ||o is a seminorm
on V. Set Vo = {v eV ||v|o =0}. Then V} is a linear subspace and we have
a well defined norm on V/Vj given by ||v + Vol = ||v]lo, for each v € V.

Exercise 1.3.3. Let (V, ||-|lv) and (W, ||-||w) be normed spaces, and T : V. — W
a linear operator. Then T is bounded if and only if T is continuous.

Exercise 1.3.4. Let (V.| - ||v) and (W,|| - |lw) be normed spaces, then the
operator norm on B(V, W) is indeed a norm, and that with this norm B(V) is a
normed algebra. Moreover, B(V, W) is a Banach space if W is a Banach space.

Exercise 1.3.5. Let V be a finite dimensional K-vector space, and suppose
Il - l1, and || - ||]2 are norms on V. Then the identity map from (V,| - |l1) to
(VI - ll2) is @ homeomorphism.

Exercise 1.3.6. Let V be a finite dimensional normed space. Then the closed
unit ball B(1,0) is compact, and V is a Banach space.

Exercise 1.3.7 (Riesz’ lemma). Let (V,]| - ||) be a normed space, W C V a
proper closed subspace, and fix 0 < o < 1. Then there exits ¢ W with ||z|| = 1
so that infycw || —y|| > . (Hint: Start with 2o € W, set d = inf,ecw [|zo —yl|,
take 1 € W so that ||zg — x1]| > d — ¢ for some suitably chosen € > 0, and
show that z = ||z — 21|~ (z0 — 1) works.)

Exercise 1.3.8. Let V be a normed space such that the closed unit ball B(1,0)
is compact. Then V is finite dimensional.

If (V,]|-]]) is a normed space, a series » ., @, is said to converge if the

partial sums Zi:l z,, converge as k tends to infinite. A series Y.~ z, is said
to converge absolutely if Y7 [z, || < oc.

Exercise 1.3.9. Let (V.| - ||) be a normed space over K. Then V is a Banach
space if and only if every absolutely convergent series converges.

Exercise 1.3.10. Let (V.|| - ||) be a normed space over K. Then the metric
space completion V of of V has a vector space structure which extends the vector
space structure of V. Thus, every normed space is a dense linear subspace of a
Banach space.



Chapter 2

Measure and integration

Suppose we wanted to assign the notion of size (or measure) to a collection M
of certain subsets of a R™. That is, for a subset £ € M we want to assign a
number 0 < p(F) < oo which tells us in some sense how large E is. Then we
might want the following properties to hold:

(a) M =2R".

(b) p is countably additive: If {£;}52, is a sequence of disjoint sets in M,
then (U3, Ey) = >272, u(E)).

(¢) If E can be transformed to F' using translations, rotations, and reflections,
then u(E) = u(F).

(d) p assigns a finite, nonzero value to the unit cube.

Unfortunately, these conditions are mutually inconsistent. This was first
noticed by Vitali in 1905. Suppose we had such a function p : 28 — [0, 00].
Consider the equivalence relation on [0,1) which is given by s ~t if t — s € Q.
Take E C [0,1) so that E contains exactly one element from each equivalence
class. For each t € Q consider the set £y = E 4+t mod 1, i.e.,

E,=(E+t)N[t1)U(E+t—1)N][0,1)).

Then {E}}+cq is a countable family of pairwise disjoint sets which cover [0,1).
Note that for each t € Q we have

p(E) = p((E+1) N[t 1)) +p((E+1t—1)N[0,1))
= uw(EN[0,1=1)+pu(EN[1=1,1)) = u(E).

Hence M([O’ 1)) = M(UtEQEt) = Zte@ p(Er) = Ete(@ n(E), so that M([O’ 1)) €
{0,00}. A contradiction then follows easily.

We must therefore compromise of some of the conditions above. Conditions
(c) and (d) seem essential to having a good notion of size, thus we look to weaken
conditions (a) or (b). One thing we might try is to weaken countable additivity
to finite additivity:

23
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(b?) If {E;}¥_, is a finite sequence of disjoint sets in M, then u(US2, E;) =
k
Zj:l 1(Ej).

The question of whether there exists a function pu satisfying (a), (b'), (¢), and (d)
is quite interesting, and we’ll come back to this later. (It turns out that such a
1 exists when n < 2, and does not exist otherwise!)

Another possibility is to not try to measure every subset of R™, but rather
only a certain nice class M which excludes Vitali’s set above. We would want
M to contains all intervals, and to be closed under taking countable unions and
complements. In this case, one can indeed obtain such a u, as was first shown
by Lebesgue in 1901 (his dissertation!). Before we present Lebesgue’s proof we
first take a detour to the abstract setting.

2.1 Measurable sets and functions

Let X be a nonempty set. An algebra of subsets of X is a nonempty collection
A of subsets of X which is closed under finite unions and complements. A
o-algebra is a nonempty collection £ of subsets of X which is closed under
countable unions and complements. Observe that o-algebras are also closed
under countable intersection. Also, observe that we have (), X € &.

Note that the intersection of any family of o-algebras is again a o-algebra.
It follows that if A is any collection of subsets of X, then there is a unique
smallest o-algebra M(A) which contains A. M(A) is the o-algebra generated
by A. If X is a metric space, then the Borel o-algebra is the o-algebra B(X)
generated by the open subsets of X.

A measurable space is a pair, consisting of a set X, together with a o-
algebra of subsets of X. Let (X, M) and (Y,N) be two measurable spaces.
A function f : X — Y is measurable if f~'(E) € M for all E € N. We
denote by M(X;Y) the set of all measurable functions from X to Y (with the
underlying o-algebras implicit). We denote by M(X) = M(X;C) where C is
endowed with the Borel o-algebra. Thus, f € M(X) if and only if f~*(E) € M
for any Borel set £ C C.

Lemma 2.1.1. Suppose (X, M), (Y,N), and (Z,P) are measurable spaces and
f: X =Y, 9:Y — Z are measurable, then go f : X — Z is measurable.

Proof. If E € P then (go f)~Y(E) = f~(¢~(F)) and the result is immediate.
|

Proposition 2.1.2. Suppose N is generated as a o-algebra by E C N. A
function f : X —Y is measurable if and only if f~1(E) € M for all E € £.

Proof. Welet A={E CY | f~'(E) € M}. Then £ C A and hence it is enough
to show that A is a o-algebra. Note that ) € A. If E € A, then f~}(E¢) =
f~YE)¢ and hence E¢ € A. Also, if {E,}nen C A, then f~1(UpenEn) =
Unenf Y(E,) and hence U,enFE, € A. Therefore, A is a o-algebra. [ ]
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Corollary 2.1.3. Suppose X and Y are metric spaces and f : X — Y is
continuous, then [ is measurable with respect to the Borel o-algebras.

Proof. Since a function is continuous if and only if the inverse images of open
sets are open, and since the Borel g-algebra is generated by open sets this follows
from the previous proposition. |

Proposition 2.1.4. Let (X,d) be a separable metric space, then B(X) is gen-
erated by the open balls B(r,x), for x € X and r > 0.

Proof. Let O C X be open and let {z,,},en C O be a countable dense subset.
For each n € N we let 7, denote the supremum over all > 0 so that B(r,z,,) C
O. Then B(ry,x,) C O, and by density it follows that U,enB (7, 2,) = O.
Thus, any open set is contained in the o-algebra generated by open balls
and hence this is also true for any Borel set. |

Corollary 2.1.5. Suppose f : X — R. Then the following conditions are
equivalent:

1. fe M(X;R).
2. f71(0) € M for any open set O C R.
3. f~Y((a,b)) € M for any a,b € R.
4. f71((—o0,b)) € M for any b € R.
Proposition 2.1.6. Let (X, M) be a measurable space.
1. If f e M(X), and ¢ : C — C is continuous, then ¢ o f € M(X).
2. If f,g € M(X), anda € C, then o f, f+g, fg,|f|,Re (f),Im (f) € M(X).
3. If f,g € M(X;R) then max{f, g}, min{f, g} € M(X;R).

Proof. The first assertation follows from Lemma 2.1.1 and Corollary 2.1.3. It
then follows that if f is measurable then so is af, |f|, Re (f), and Im (f), since
multiplication by «, absolute value, and taking real and imaginary parts are
continuous functions.

More generally, consder C? with the metric d((a, b), (z,y)) = max{|a—z/|, |b—
y|}. Then we have B(r, (a,b)) = B(r,a) x B(r,b), and if f,g € M(X) then the
function given by (f, g)(z) = (f(x), g(z)) satisfies

(f,9)"1(B(r,(a,0))) = f~H(B(r,a)) N g~ (B(r,b))

and hence is measurable. Then if ¢ : C> — C is continuous we must have that
¢ o (f,g) is again measurable.

Since addition and multiplication are continuous on C, and since maximum
and minimum are continuous on R, it then follows that if f,g € M(X) then
f+g, fg € M(X),and if f,g € M(X;R) then max{f, g}, min{f, g} € M(X;R).

|



26 CHAPTER 2. MEASURE AND INTEGRATION

Proposition 2.1.7. Suppose {fnlneny € M(X), and f : X — C so that
fn(z) = f(x), for each x € X. Then f € M(X).

Proof. Since a function f is measurable if and only if its real and imaginary
parts are measurable we may assume that f,, € M(X;R) for each n € N.

If r € R, then f(¢) < r if and only if there exists k, N € N so that f,(¢) <
r — 1/k for all n > N. Hence,

f7H((=00,7)) = Ugen Unen Nusn fr, M (=00, 7 — 1/k)),

and thus f~1((—o0,7)) is measurable. It then follows that f is measurable from
Corollary 2.1.5. [ ]

If E € M, then the characteristic (or indicator) function on F is the
1 ifzxekF,
0 ifzgkFE.
istic functions are measurable. A simple function is a finite complex linear
combination of characteristic functions. Simple functions are also measurable by
Proposition 2.1.6, and from the previous proposition we have that any pointwise
limit of simple functions is then measurable.

function 1g : X — C given by 1g(x) = { Clearly, character-

Proposition 2.1.8. If f € M(X), then f is a pointwise limit of simple func-
tions. If [ is bounded then f is a uniform limit of simple functions.

Proof. By considering the real and imaginary parts it is enough to consider
the case f € M(X;R). For N € N, and —N? < k < N? we let Eny =

f1 ([%, %)), and set

k
In= Z N]‘EN,k'
—N2<E<N?

Then if f(x) € [-N, N) we have |f(x) — fy(x)] < 1/N, and the result follows.
|

2.1.1 Exercises

Exercise 2.1.9. Suppose we have an algebra C C 2% with the proeprty that if
E, €Cand E,, C E, 41, for n > 1, then U2 E,, € C. Then C is a o-algebra.

n=1

Exercise 2.1.10. Suppose M C 2% is an algebra, such that if {E£,}5°; C M
are pairwise disjoint then US2 ; E,, € M. Then M is a o-algebra.

Exercise 2.1.11. Suppose (X, M) is a measurable space and f,g € M(X;R).
The sets

{reX|f(z)<g(x)} and {zecX|[f(z)=g(z)}

are measurable.
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Exercise 2.1.12. Suppose (X, M) is a measurable space and { f,, }nen € M(X;R).
Set

C={z e X |{fu(x)}nen converges}.

Then C is measurable.

Exercise 2.1.13. Suppose (X, M, 1) is a measure space, (Y, ') is a measurable
space and 0 : X — Y is measurable. For each set E C Y we set 0, u(E) =
w(0~1(E)). Then 0,4 is a measure on (Y, N) called the push forward measure
of ;1 with respect to 6.

Exercise 2.1.14. The set Borel o-algebra B C 2® has cardinality |R|. Hint:
To show |B| < |R| let By denote the set of open intervals, and inductively
define for each ordinal o < w; the set By11 to consist of all sets of the form
(U2 ) U (U2, FY), where Ej, f; € B,, and for each limit ordinal o < wy set
B = Ug<aBg. Then show that |B,| < |R| for each a < wy and B = U<y, Ba-

2.2 Measures

If (X, M) is a measurable space, then a measure on (X, M) is a set function
o M — [0, 00] that satisfies

1. p(0) =o0.

2. p is countably additive: if {E,,}52, is a sequence of disjoint sets in M,
then ((URZ En) = 3207 p(En).

A measure space is a triple (X, M, u) where (X, M) is a measurable space
and p is a measure on (X, M).
Here are some basic properties of measures:

Proposition 2.2.1. Let (X, M, u) be a measure space.
1. (Monotonicity) If E,F € M and E C F, then pu(E) < p(F).
2. (Subadditivity) If {E,}22, C M, then p(USZ Ey,) < >0 w(Ey).
3. (Continuity from below) If {E,}>2, C M and E1 C Ey C --- then
4. (Continuity from above) If {E,}52, C M and By D Ey D ---, with
w(Eq) < oo, then u(NS2 1 Ey) = limy, o0 p(Er).

Proof. If E,F € M with E C F, then we have u(F) = u(E)+ u(F\E) > pu(E)
showing monotonicity.

If {E,}$2, € M, then setting F,, = E, \ (Ug<nEr) we have F,, C E,,
{F,}22; C M are pairwise disjoint, and U3 ; F,, = U2, E,,. From monotonic-
ity we then obtain subadditivity:

o0

M(U?:IETL) = M(U;.Lole’rJ = Z :U’(Fn) < Z M(En)

n=1 =



28 CHAPTER 2. MEASURE AND INTEGRATION

If {E,}°, ¢ M and E; C E; C ---, then setting F} = Ey, and F,, =
E,\ E,_1 for n > 1 we have that {F,}52, are pairwise disjoint and hence

WU B) = (U F) = 3 p(F)
n=1

N
— o N o
= gl 2 ) = Jim (U Fa) = i (B

If{E,}>2, Cc M and E; D FE3 D ---, then taking F,, = F; \ F,, we have
Fy, C F5 C ---. By continuity from below we have p(US2 1 Fy,) = limy, 00 u(Fy).
Since ((F1) = (En) + (F) = (U3 F) + (052, Ey), and since pu(By) < oc
we have

Uz Bn) = p(Er) — p(Uply Fn) = lim p(En) — p(Fp) = lim pu(Ey).

n—oo

A measure p is finite if pu(X) < co. p or (X, M,u) is o-finite, if X =
U2, E,, where E, € M with p(E,) < co. p or (X, M,pu) is semifinite if
for all E € M with p(E) > 0 there exists A € M with A C E such that
0 < u(A) < oo.

Note that if (X, M, p1) is o-finite then it must also be semifinite. Indeed, if
X = U E, with E,, € M, p(E,) < oo, and if E € M with u(E) > 0, then
wENE,) < u(E,) < oo, for all n and we have 0 < u(E N E,,) for at least one
nsince 0 < p(E) <300 wW(ENE,).

A measure p or measure space (X, M, ) has the essential suprema prop-
erty if for any £ C M there exists E € M such that u(A\ E) =0forall A € &,
and if Ey € M is any other measurable set which satisfies (A \ Ep) = 0 for all
A € £ then we also have u(E\ Eg) = 0. A measure p or measure space (X, M, )
is localizable if it is semifinite and has the essential suprema property.

Here are some examples of measure spaces:

1. If X is a set and M = 2%, then the counting measure on X is given
by w(E) = |E| if E is finite, and p(F) = oo if F is infinite. It’s not hard
to check that this space is always localizable and it is o-finite if and only
if X is countable.

2. If X is a nonempty set and M = 2%, then the Dirac measure (or point
mass) at xg € X is given by u(E) =1ifxg € E, and u(E) =0if 29 € E.

3. If (X, M,pu) is a measure space and E € M then we may consider a
new measure pg on (X, M) given by pug(F) = pu(F N E). This is the
restriction measure on F.

4. Suppose X is a set and M consists of all sets £ C X such that either
E or E° is countable. Then counting measure restricted to M gives a
measure. This measure is always semifinite and satisfies the essential
suprema property if and only if X is countable.
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5. Suppose (X, M) is a measurable space and ' C M is a non-empty collec-
tion of subsets such that A is closed under countable union and whenever

we have £ € N and F € M with F C E then F € N'. We define the
0 ifEeN,

oo if EZN,
a measure on M. This will be semifinite if and only if N' = M.

measure u> on M by setting u>(E) = Then p gives

Given a measure space (X, M, ), we say a set E C X is o-finite if F =
U2, E,, where E,, € M with p(E,) < co. We say that E is a null set if
w(E) = 0. We say that F is conull if E€ is null. A property is said to hold
almost everywhere (or p-almost everywhere) if it holds on a conull set.
The collection of null sets is non-empty, and closed under countable unions
and taking measurable subsets, therefore given any measure space (X, M, )
we may consider the corresponding measure p> as described above. Then p>
will satisfy the essential suprema property if and only if u does.

In practice most interesting measure spaces one encounters are localizable.
In part because these are the spaces in which a nice integration theory can be
developed. The latter two examples above show that there do exist more general
measure spaces, however we shall view these spaces as pathalogical.

Lemma 2.2.2. Suppose (X, M, ) is a measure space and {F,}>2, C M is a
countable partition of X so that ug, has the essential suprema property for each
n > 1, then u has the essential suprema property.

Proof. Suppose & C M, and for each n take E,, € M so that u(F,N(A\FE,)) =0
for all A € €, and if Ey € M is such that pu(F, N (A\ Ep)) =0 for all A € €
then we have u(F, N (E, \ Ey)) = 0.

Set E=U (B, NF,). If A€ & then we have

A\E:i (F, N (A\ E)) i (F, N (A\ E,)) = 0.

Also, if Fy € M such that u(A\ Eg) =0 for all A € £ then we have

8

Mg

p(E\ Eo) =Y u(Fnn(E\ E)) =Y u(Fnn (B, \ Eo)) = 0.

n=1

Proposition 2.2.3. Suppose (X, M, 1) is a o-finite measure space, then (X, M, 1)
is localizable.

Proof. We already noted above that p is semifinite, thus we only need to show
that it satisfies the essential suprema property. By the previous lemma it is
enough to consider the case when p is finite. Suppose £ C M, and let

tT={FEeM|uA\E)=0forall Acé&}.
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Note that X € £ and €1 is closed under countable intersection. Let a =
inf{u(E) | E € £T}, then there exists a sequence {Ej}2; C &' so that
w(Ex) — a. We set E =N Ey, so that E € 1 and p(E) < infj_o p(Ey) =
a < p(E).

If Eg € €T, then EgNE € £ and hence oo > u(Ey N E) > a = u(E). We
then have 0 = u(E) — u(Eo N E) > u(E \ Ep). |

Proposition 2.2.4. If (X, M,u) is a semifinite measure space, then for all
E € M we have

w(E) =sup{u(A) | AC E,A e M, and p(A) < oo}.

Proof. If u(E) < oo then this is obvious, therefore we may assume that u(E) =
o0o. We let a = sup{u(A) | AC E,;A € M, and pu(A4) < oo}, and take A, C
E, A, € M such that pu(A,) — a. We set B, = UF_ A, and B = U | A,,.
Then p(By) — u(B), and By, C E, hence a > p(By) > p(Ar) — a, so that
u(B) = a. If we had a < oo then u(E \ B) = co and so by semifiniteness there
exists Ag € M, Ay C E\ B so that 0 < p1(Ap) < co. We then have 4,UA4y C E
and p(A, U Ag) = u(Ay,) + u(Ap), therefore

a = p(An UAg) = pu(An) + n(Ao) — a+ p(Ao) > a,
which cannot happen. Thus, we must have a = co = u(E). |

Proposition 2.2.5. Suppose (X, M, u) has the essential suprema property, and
F C M(X,[0,00]). Then there exists h € M(X,[0,00]) so that

p({z € X [ h(z) < f(z)}) =0

for each f € F, and if h € M(X,[0,00]) is any other function with this property
then we have R

u({ € X | h(z) < hx)}) = 0.
Proof. For each k > 0, n > 1 consider the collection &, = {f~1([k/n, ] | f €
F}, and let Ej, be such that u(A\ Ex,) = 0 for all A € &, and if Ey is
another measurable set with this property then we have u(E \ Ey) = 0. It then
follows that ((Ek . \ Ex ') = 0 whenever k/n > k'/n’.

Let h(z) = supy>g,>11k/n | © € Eg ,}. Then for each f € F we have

p({z € X | h(z) < f(2)}) = m(Urzom>1{z € X [ h(z) < k/n < f(z)}) = 0.

Moreover, if h is another measurable function with this property and if for each
k> 0,n >1weset B, = h™1([k/n,]), then we have u(f~1(k/n,o0]) \
E, ) =0 for every f € F and hence pu(Ej n \ Ek,n) = 0. It then follows that

u({z € X | h(z) < h(z)}) = 0.
]

We call a function h in the previous proposition an essential supremum
of F.
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2.2.1 Outer measures

An outer measure is a set function p* : 2% — [0, oc] that satisfies
1. p*(0) =0.
2. (Monotonicity) pu*(A) < p*(B) if A C B.
3. (Subadditivity) p* (UpenAn) < > or w*(Ay).

Proposition 2.2.6. Suppose S C 2% and po : S — [0,00] is such that ) € S,
and po(0) = 0. For E C X define

p*(A) = inf {Z to(Ep) | En €8 and A C u;o_lEn} .
n=1

Then p* is an outer measure.

Proof. Since ) covers itself we clearly have p*(()) = 0.

If AC B C X, then as any cover of B also covers A it follows that the set
for which we are taking the infimum for B is contained in the corresponding set
for A. Therefore u*(A) < p*(B).

Fix e > 0. If {4, }nen C 2%, then for each n € N there exists {E}'}jen C S
so that >,y po(ET) < p*(An) +€27". We then have UpenAn C Up jenE},

and so
w(Unendn) < D po(Ef) <e+ D pt(An).
n,jEN neN

As £ > 0 was arbitrary it then follows that
1 (Unendn) < ZN*(ATL)-
neN
|

The outer measure p* in the previous proposition is called the outer mea-
sure associated to py.
If p* is an outer measure on X, then a set A C X is p*-measurable if

p(S) =p (SNA)+ u* (SN A for all S C X.

Theorem 2.2.7 (Carathéodory). Suppose u* is an outer measure on X, then
the collection M of all p*-measurable sets is a o-algebra, and the restriction of
w* to M is a measure.

Proof. Since p*(0) = 0 we have p*(S) = p*(0) + p*(S) for each S C X, hence
() € M. Also, note that M is clearly closed under taking complements.
If A, B € M, then for each S C X we have

pr(S) = p(SNA)+ p* (SN A
=p*(SNANB)+u (SNANB) +u*(SNA°NB) + (SN A°N B
> (SN (AUB)) + 1 (SN (AUB)) > p*(S).
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We therefore have that AU B € M and if A and B are disjoint then taking
S = AU B we have

1(AUB) = p* (AU B) N A) + 1" (AU B) N A°) = i (A) + p* (B).

It then follows easily that M is closed under unions of finite families, and hence
M is an algebra. To show that M is a o-algebra it is then enough to show that
M is closed under taking countable unions of pairwise disjoint families.

If {A,} ey € M is a sequence of pairwise disjoint sets, then set B, =
Up_, A, and B = U2, Ay. Since A, € M, if § C X, and n > 1 we have

p (SNB,)=p"(SNB,NA,) +p*(SNB,NAY)
=u (SNA,) +u (SN B,_1).

By induction it then follows easily that

n

p(SNBy) =Y p (SN Ay).

k=1

Hence,
w(S)=p (SNB,) +u(SNB;)

> (SN Ay) + (SN B).
Taking n — oo then gives

pH(S) = pt (SN A) + pt (SN BY)
k=1
> u* (SN B) + u* (SN B°) > u*(9). (2.1)

Thus, B € M, showing that M is a og-algebra. Taking S = B in (2.1) shows
(oo}
pr(B) = u*(Ap)-
k=1

Hence p* defines a measure on M. |

2.2.2 Carathéodory’s extension theorem
If A C 2% is an algebra, a function pug : A — [0, 0] is a premeasure if

2. Whenever {E,, }nen C A are disjoint such that U2, E,, € A, then we have
po(Upty Ey) = Zfﬁ:l to(En).
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Theorem 2.2.8 (Carathéodory’s extension theorem). Suppose A C 2% is an
algebra, g : A — [0, 00] is a premeasure, and p* is the associated outer measure,
then every set E € A is p*-measurable and we have p*(E) = uo(E).

Moreover, if M denotes the o-algebra generated by A, and if u* defines a
semifinite measure on M, then p* is the unique measure on M which extends

Ho-

Proof. If E, A,, € A, for n > 1 with E C US2 A, then setting B, = EN (A, \
(UpZ1 Ax)) we have that B,, C A, and {B,,}2, is a family of pairwise disjoint
sets in A such that E = US>, B,,. We therefore have po(E) = Y2 | puo(By) <
oo to(Ay). Thus, it follows that pug(E) < p*(E) < po(E). Hence, p* is an
extension of py.

IfAe A S C X, and e > 0, then we may take {4,}52,; C A so that
S C U A, and Y07 po(An) < p*(S) +e. Since py is finitely additive on A
it then follows that

w(S)+e= ) (no(AnNA)+ po(An N A°))

(SNA)+p*(SNA*) > p*(9).

v

As this was for € > 0 arbitrary we then have that A is p*-measurable.

Suppose now that M is the o-algebra generated by A, and let v be another
measure on (X, M) so that v(A) = puo(A) for all A € A. Then for E € M, if
E Ccux A, with A,, € A we have

V(E) <> v(An) = po(An),

and it follows that v(E) < u*(F).

If we have E € M such that p*(E) < oo, and if ¢ > 0, then there exist
{A4,}52, C Asothat p*(E)+¢e > p* (U2, A4,), and hence setting A = U2, A,
we have p*(A\ E) < . Therefore,

p(E) < p'(A) = v(A) =v(E) +v(A\ E)
<v(E)+ p*(A\E) <v(E)+e.
Since € > 0 was arbitrary we then have p*(F) < v(FE) whenever p*(E) < oo.
If p* gives a semifinite measure on M then by Proposition 2.2.4 it follows that

for all E € M we have

v(E) >sup{r(4A) | AC E,Ae M, and v(4) < oo}
> sup{*(4) | A C B, A€ M, and 5*(A) < o0} = u* (E),

and hence in this case we have v(E) = p*(F) for all E € M. [ |
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2.2.3 Exercises

A measure space (X, M, i) is complete if every subset of a null set is measur-
able (and hence also null).

Exercise 2.2.9. Suppose (X, M, p) is a measure space and let N' = {E €
M | u(E)} be the space of null sets. Welet M ={EUF |E € Mand F C
N for some N € N'}. Then M is a o-algebra and there is a unique extension 7
of ;1 to a complete measure on M.

The measure space (X, M, i) from the previous theorem is called the com-
pletion of (X, M, u).

Exercise 2.2.10. If p* is an outer measure on X, M is the collection of all
p*-measurable sets, and p is the restriction of p* to M, then (X, M,p) is a
complete measure space.

Let (X, M, ) be a measure space. A function f € M(X) is essentially
bounded if there exists M € [0,00) such that p({z € X | |f(z)] > M}) = 0.
We let £°(X, 1) denote the space of all (complex valued) essentially bounded
functions, and for f € L(X, u) we set

1f]l = inf{M € [0,00) | p({z € X [ [f(2)| > M}) = 0}.
For clarity, we sometimes may write || f|/oo instead of || f]|.

Exercise 2.2.11. £>*(X,u) is an algebra and || - ||« gives a seminorm on
L2(X, ).

We let L>°(X, i) be the normed algebra obtained from £ (X, p) by iden-
tifying two functions f and g when ||f — g/l = 0, i.e., when f = g almost
everywhere.

Exercise 2.2.12. If {f,}nen C L£°(X, u) is Cauchy with respect to || - ||co,
then there exists f € £°°(X, p) such that ||f — fu|lco = 0, hence L= (X, u) is a
Banach algebra.

Exercise 2.2.13. Let (X, M, i) be a finite measure space and for E, F € M
set p(E, F) = u(EAF). Then p gives a semimetric on M.

Exercise 2.2.14. Let (X, M, pu) be a finite measure space and p defined as
above. Then p is a complete semimetric. Hint: If {F,},en is Cauchy, by
passing to a subsequence we may suppose p(E,AE,,) < max{2™",27™}, and
in this case setting F), = Ug>n Ek, we have that {F}, }.,,en is again Cauchy, and
w(FnAE,) < 277 for m > n.

2.3 Borel measures on R

By a Borel measure on a metric space, we mean a measure on the Borel
o-algebra.
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Lemma 2.3.1. Let F: R — R be increasing and right continuous. Let T be
the collection of intervals of the form (a,b], for —oo < a < b < oo, or of the
form (a,00) for —oco < a < oo, and set po((a,b]) = F(b) — F(a) if b < 00, and
1o((a,00)) = F(o0) — F(a), where F(+o00) = limy_y4, F(t). We let A denote
the algebra consisting of finite unions of intervals in Z. Then ug extends to a
premeasure on A.

Proof. Note that if (a,b] = Uy_, (ak, bx], then after rearranging we may assume
that a = a1 < by =as <by =--- <bp_1 = ap < by = b, and we have that

po((a,b]) = F(b) — F(a) = > F(by) — Flax) =Y _ po((ax, bx]).
k=1 k=1

We similarly have that if I1,..., I, € Z are disjoint and U}_, I = (a,c0), then
po((a,00)) = >-7_; po(Ix). From this it then follows easily that we obtain a well
defined finitely additive set function po : A — [0, 00] by setting po(Up_,Ix) =
> p—y to(Ix) for pairwise disjoint sets I1,...,I, € T.

We will now show that 4 is a premeasure on A. Suppose that {I;}52, is
a pairwise disjoint sequence of intervals in A, such that Us2,1; =1 €Z. Then
we have

po(I) = po(Uf—113) + po(I \ Uj_1 1) > po( }:uo

Taking a limit as n — oo we see that po(I) > > 07 po(Z;).

For the reverse inequality we first assume that I = (a,b], where a and b
are finite. Fix ¢ > 0. As F' is right continuous there exists § > 0 so that
F(a +6) — F(a) < e. Similarly, if I; = (a;,b;] then there exist 6; > 0 so
that F(b; + ;) — F(b;) < £279. Since the open intervals (aj,b; + &;) cover
the compact set [a + d,b] there exists n € N and j1, ..., j,, so that [a + 6,b] C
Ul (aj,,bj, + 0j,). We may further assume that no subcollection also covers
[a + §,b] and by reordering and reindexing ji,...,J, as 1,...,n we may then
assume that

am<at+od<a<b+h<az<---<ap<bp_1+0,_1<b<b,+0,.
We then have
po(I) < F(b) — F(a+9d)+¢
< F(by +6n) — Fay) +¢

F(bn + 6n) — F(an +Z (aj41) — F(a;)) +e

F(by + 6,) — F(ay) +Z (b +6;) — F(a;)) + ¢
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As € > 0 was arbitrary it then follows that po(I) < Zjoil po(Z;).

For the case of a general interval I € 7, we can easily check that have po(I) =
limg—s — 00, b—s00 fo(IN[a, b)) and Z;’il po(Z;) =lima — —o00,b — oo Z;i1 po(Z;N
[a,b)). Using the case —0o < a < b < oo above and taking limits then shows
that po(I) = 3272, po(Iy)-

If we now consider general sets E, E; € A, such that {E£;}32, is pairwise
disjoint and £/ = U2, E;, then writing each set as a finite union of disjoint inter-
vals, and using finite additivity of s it then follows that po(E) = 372, po(Ej).
Hence, pg is a premeasure on A. |

Theorem 2.3.2. Let F : R — R be increasing and right continuous. Then
there is a unique Borel measure pp on R such that up((a,b)) = F(b) — F(a) for
all a,b € R.

Conversely, if i is a Borel measure on R which is finite on all bounded Borel
sets and we define

p((0,2]) it 2 >0,
F(z) = 0 ifx=0,
—u((—z,0]) if 2 <0,

then F is increasing, right continuous, and pu = pup.

Proof. We let A denote the algebra in Lemma 2.3.1, and note that the o-
algebra generated by A is the Borel g-algebra. By Lemma 2.3.1 there exists
a premeasure po on A so that po((a,b]) = F(b) — F(a) for a,b € R. By
Carathéodory’s extension theorem there then exists a Borel measure 1y on R
such that pr((a,b]) = F(b) — F(a). Moreover, since pp is o-finite it then also
follows from Carathéodory’s extension theorem that pp is the unique Borel
measure with this property.

If 1 is a Borel measure on R which is finite on all bounded Borel sets and
if we define F' as above, then it follows from monotonicity that F' is increasing
and from continuity from above/below that F is right continuous. Moreover,
we see easily that for a,b € R we have u((a,b]) = F(b) — F(a). By uniqueness
of the measure pp it then follows that u = pp. ]

Given F : R — R increasing and right continuous, the completion of the
corresponding measure up is called the Lebesgue-Stieltjes measure associ-
ated to F', and F is called a distribution function associated to pup. It’s easy
to check that two distribution functions associated to the same measure must
differ by a constant.

2.3.1 Lebesgue measure on R

The Lebesgue-Stieltjes measure corresponding to the function F(z) = z is called
Lebesgue measure on R and usually denoted by A\. A set £ C R is Lebesgue
measurable if it is A*-measurable where \* is the outer measure corresopnding
to A\. Note that by Exercise 2.2.10 if £ C R satisfies A*(E) = 0, then F is
Lebesgue measurable.
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Theorem 2.3.3. If E C R is Borel, then so is E + s and rE for all s, € R.
Moreover, we have \(E + s) = ME) and A\(rE) = |r|A\(E).

Proof. Since addition and multiplication are continuous it follows from Corol-
lary 2.1.3 that £ 4 s and rE are Borel. By uniqueness of the Lebesgue-Stieltjes
measure to show that A\(E + s) = A(F) and A(rE) = |r|A(E), it suffices to show
these equalities when FE is a half open interval, in which case this is obvious. W

Note that every point x € R has Lebesgue measure zero. It follows that
every countable set has Lebesgue measure zero. There are also uncountable
sets with Lebesgue measure zero. The Cantor set C is the set of all z € [0, 1]
that have a base-3 expansion z = >~ | a,3~" with a,, # 1 for all n (note that
such an expansion, if it exists, must be unique). We may may obtain C' by
starting with the unit interval [0, 1] and removing the open middle third (3, 2),
then removing the open middle thirds (%, %) and (g, g) of the two remaining
interval, etc.

Proposition 2.3.4. The Cantor set C' is compact, contains no non-trivial open
interval, and has no isolated points. Moreover, C has cardinality |R| and satis-

fies A(C) = 0.

Proof. C is obtained by removing open intervals, thus C' is a decreasing union
of closed subsets of [0, 1], and so C' itself is a closed subset of [0, 1] which must
then be compact. If z =Y  a,3™™ € C with a, € {0,2} for all n, then for
each n € N consider x,, € C which has the same expansion as x except for the
nth coefficient, which is either 0 if a,, = 2, or 2 if a,, = 0. Then {z,}neny C C
is an infinite sequence such that x,, — . Hence, C has no isolated points.

By considering the lengths of the intervals removed from C we have

e 277,71
AC)=1-)" =0.
n=1

3n

Ifx =3 a,3" € C with a, # 1 for all n, then set f(z) =3 b,27"
where b, = a,/2. Then the series describing f(z) is a base-2 expansion and
every number in [0,1] can be expressed in this way, thus f : C — [0,1] is a

surjection which shows that |C| = |R|. |

Corollary 2.3.5. Let £L C 2R denote the o-algebra of Lebesque measurable
subsets, then |L| = |2%|. Hence, B(R) C L C 2&.

Proof. We clearly have |£| < [28|, and if C is the Cantor set then A\(C) = 0,
hence any subset of C' is Lebesgue measurable and so we have |28| = |2¢| < |£|.

By Exercise 2.1.14 we have |B(R)| = |R|, hence B(R) C £. Also, Vitali’s set
E constucted at the beginning of the chapter cannot be Lebesgue measurable
hence £ C 2%. |

Note that the function f : C' — [0,1] in the proof of Proposition 2.3.4 is
monotone increasing. Moreover, if x,y € C, with < y, then f(z) = f(y)
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only if x and y are the endpoints of one of the intervals removed from [0, 1]. In
this case we have f(x) = f(y) = m2™" where m,n are integers. Thus we may
extend f on the interval (x,y) by letting it be constant m2~". In this way we
extend f to a monotone increasing function f : [0,1] — [0,1]. The function f is
called the Cantor function.

Theorem 2.3.6. Let f : [0,1] — [0,1] be the Cantor function. Then the fol-
lowing hold:

1. f is continuous.
2. The derivative of [ exists, and equals zero, almost everywhere.

3. There exists a Lebesgue measurable set E C [0,1] such that f(E) is not
Lebesgue measurable.

Proof. Note that f is surjective and hence cannot have any jump discontinuities.
Since f is monotone increasing it must then be continuous.

f is constant on each middle third, and hence the derivative of f exists and
equals zero, on each middle third, and as we say above, the union of these open
intervals is conull.

If we consider Vitali’s example of a non-measurable set £ C [0,1], then
setting Ep = f~1(E) N C we have that Ey is contained in a measure zero set
and hence must be measurable. Since f(C) = [0,1] we have f(Fy) = E. ]

2.3.2 Regularity of Borel measures

Theorem 2.3.7. Suppose 1 is a finite Borel measure on a metric space (X,d).
Then u is regular: For E C X Borel we have

w(E) =inf{u(G) | E C G and G is open}
=sup{u(F) | F C E and F is closed}.

Proof. We let 3 denote the family of Borel sets £ which satisfy the conclusion
of the theorem. If F C X is closed then G,, = {z € X | d(z,FE) < 1/n} is
open for each n € N and we have N9 ;G,, = E. By continuity from above of
measures we have that u(E) = lim,, o pt(Gr). Hence it follows that £ € ¥. It
is also clear that ¥ is closed under taking complements.

If {E,}5, C ¥ and ¢ > 0, then there exist F,,G,, C X with F), closed and
G, open such that F,, C E,, C G, and u(G, \ F),) < 27", If we set G = U2,
and F = U2 F, then we have F C U2 | E, C G, and G\ F C U2, (G, \ F,)
hence u(G\ F) < > ° , u(G,, \ F,,) < e. By continuity from above we have
limy, o0 (G \ (UR_1F))) = (G \ F) < e. Hence, for n large enough we have
w(G\ (Up_,Fy)) < e. Since G is open and U}_,F, C F C E is closed it then
follows that Up2 | ), € 3. Thus, X is a o-algebra which contains the closed sets
and hence must contain all Borel sets. ]

A set E C X is a Gg-set if it a countable intersection of open sets. A set
E C X is an F,-set if it is a countable union of closed sets.
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Corollary 2.3.8. Suppose p is a o-finite Borel measure on a metric space
(X,d). Then for every Borel set E C X there exists an Fy-set F', and o Gs-set
G such that F C E C G and u(G\ F) = 0.

Proof. This follows easily from Theorem 2.3.7 when p is finite. If p is o-finite
we may write X as a disjoint union X = U}_,E, where F, C X is Borel
and p(E,) < oo. Suppose E C X is Borel and ¢ > 0. For each n > 1
consider the Borel measure p,, on X given by pu,(A) = u(ANE,), then p, is a
finite measure and so there exist F,-sets F,} C EN E,, F? C E°N E, so that
W((E N E)\ FL) = u(B° N E,) \ F2) = 0.

If we set F1 = U | F! ¢ E and F? = U | F? C E°, then we have u(E\
F1) = u(E°\ F?) = 0. Then G = (F?)¢ is G5 and satisfies E C G, and
W(G\ B) = p(B°\ F?) = 0. Hence, u(G\ F*) = p(G \ E) + p(E\ F*) = 0. W

Corollary 2.3.9. Suppose pp is a Lebesque-Stieltjes measure on R, and E C R
is a Borel set such that up(E) < co. Then for every € > 0, there exists G C R
such that G is a finite union of intervals and up(EAG) < e.

Proof. Suppose E C R is Borel and € > 0. Take ¢t > 0 so that u(E \ (—t,t)) <
/3. By the previous Corollary there exists a sequence of open set Gy, such that
w(EAN | G,,) = 0. Thus, setting G/, = G,,N(—t,t) we have limy_, o, u((NE_,;G")\
E) = 0, and hence for some k we have u((Nf_,G’) \ E) < /3. Since Nk_,G",
is open it is a countable union of intervals, hence there exists a set G which is

a finite union of intervals such that u((N*_,;G")\ G) < /3. We then have
WEAG) < u(B\ (=t,1)) + pl(Mi1G) \ B) + u((Mi21G) \ G) <e.
|

Theorem 2.3.10. Suppose i is a finite Borel measure on a complete separable
metric space (X,d). Then u is tight: For E C X Borel we have

w(E) =sup{u(K) | K C A and K is compact}.

Proof. Since p is regular it is enough to consider the case when F is closed, and
then restricting to F we might as well assume that £ = X. So it suffices to
show p(X) = sup{u(K) | K is compact}.

Fix ¢ > 0. Let {z;}{2; be a countable dense set in X. If n > 1 then
U, B(1/n,2;) = X and hence limy_, oo (U5 B(1/n,2;)) = p(X). We take
kn so that u(X \ UM B(1/n,z;)) < 27" Let K = N2, UM, B(1/n,z;).
Then K is closed and totally bounded, and hence compact. We also have
X\ K) < 350, u(X \ U B(1/n,a,) < e. n

Theorem 2.3.11 (Lusin’s Theorem). Suppose p is a finite Borel measure on
a metric space (X, d), and f € M(X). For each € > 0 there ezists a closed set
F C X such that u(F¢) < e and fip is continuous.



40 CHAPTER 2. MEASURE AND INTEGRATION

Proof. Fix ¢ > 0, and take an enumeration of the rationals Q = {g,}52,.
Then E, , = f_l((qn, qgx)) is measurable and hence there exist F), j closed and
Vo opne so that Fy, ;. C Enp C Vig with p(Vig \ Fur) < €27"7% Set
U=Upr(Vor\ Fnr)and F = U° Then pu(U) < ¢, and F' is closed. Moreover,
I ((gn,qr)) N F =V, ;N F. Since every open set is a union of sets of the form
(qn, qr) it then follows easily that f|p is continuous. |

Corollary 2.3.12. Suppose up is a Lebesque-Stieltjes measure on R, and f €
M(R) is such that f vanishes outside a finite measure set. Then for all e > 0
there exists a continuous function g € Co(R) so that

pr({z e R f(x) #g(x)}) <e.

Proof. Fix ¢ > 0 and take t; > 0 so that up(((—o0,—tg) U (tg,00)) N {x €
R | f(x) # 0}) < ¢/4. By considering the restriction of prp to [—to,to] the
previous theorem gives a closed set E/ C [~tg, %] so that f|p is continuous and
pr([—to, to] \ E) < e/4.

We let @ = inf E and b = supE, and take a’ < a, and b > b so that
pr(la’,a)) + pr((b,V]) <e/2. Ift € E¢, a < t < b we let (t1,t2) denote the
largest interval in £ which contains ¢t. We define g so that

£ ift € E,

0 ift<a, ort>V,
g(t) = ;:‘;/, (a) if €la—1,a),

Y=t £ (b) if t € (b,b+1],

== fta) + 255 f (1) if t € (t1,t2).

We then have that g € Cy(R) and g agrees with f on E| hence it follows easily
that up({z € R | f(z) = g(x)}) < e. [ ]

2.3.3 Exercises

Exercise 2.3.13. For every € > 0, there exists a compact set K C [0, 1] which
contains no isolated points and no non-trival open interval such that A(K) >
1—e

Exercise 2.3.14. Let E C R be a Borel set such that A(E) < co. Then the
maps R 3t — AM(FAtE), and t = AM(EA(E +t)) are continuous.

Exercise 2.3.15. If (X, M, ;1) is a measure space and {4;}52,; C M, we set
liminf,; o A; = UF_; N2 n Ak. Then p(liminf A;) < liminf p(A;).

Exercise 2.3.16. There exists a measurable function f : [0,1] — R so that for
all (a,b) C [0,1] and (c,d) C R we have

A({z € (a,0) | f(2) € (¢,d)}) > 0.

Exercise 2.3.17. Show that there exists a Borel set A C [0, 1] such that 0 <
m(ANI) < m(I) for every subinterval I of [0, 1].
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2.4 Integration

2.4.1 Integrable functions

Let (X, M, ) be a measure space. If E € M has finite measure, and f =

Y me10nlg, is a simple function with respect to some measurable partition
{E,}F_, of E, then we define the integral of f to be

/f = Zk:anu(En)-

n=1

Note that if we have another representation f = Zinzl Bm1F,, then by writing
F,, = UF_ | F,, N E, we see that Zﬁzl an(F N Ey) = Bp(Fy,). Summing
over m then shows that the integral is well defined. Depending on the situation
we also use the following notation for the integral

[ tan /X fdps /X £(@) du(e); /X /() da

If A C X is measurable we write [, f for the integral [, 14f.
We let £1(X) denote the set of all simple functions having a decomposition

f= 22:1 anlg, where the {E,}%_, gives a partition of a finite measure set E.
If I C C we denote by £{(X; ) those functions in £3(X) which take values in I,
and we also set £3(X); = L3(X;[000)). We note that £L(X) is a vector space
over C. We also note that the integral defines a linear functional on £}(X).

If f € L£}(X)4 then we clearly have [ f > 0. Linearity then shows that for

f,9 € L§(X;R) we have
/fé/g, if f<g. (2.2)

Also, note that for f € £L§(X) the triangle inequality in C shows that

i< [ (23)

Similarly, if we have f, g € £§(X), then taking a partition of a set of finite mea-
sure such that both f and g are simple functions with respect to this partition,
the triangle inequality in C shows that

J1s+a1< [1s1+ [1al (2.4)

Therefore, we may define the L!'-seminorm on £}(X) as

17 = / il (2.5)

Finally, note that || f||; = 0 if and only if f = 0 almost everywhere.
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We let L'(X) be the Banach space completion of £}(X) after identifying
functions which agree almost everywhere. Depending on the situation we may
use the terminology

LYX); LMp); LYX,p);  LNX, M, p).

Note that since | [ f| < [|f| it follows that the integral is continuous with
respect to the seminorm | - ||;. Hence, the integral extends continuously to
L'(X), and we use the same terminology here.

Every vector in L'(X) is the limit of a Cauchy sequence of functions in
L{(X). We now wish to find a more tractable realization of vectors in L*(X).

Lemma 2.4.1. Let {f,}nen C L§(X) be a Cauchy sequence, then there exists a
subsequence { fn, }ren which converges almost everywhere to a measurable func-
tion f, and such that for all € > 0 there exists a measurable set A C X with
w(A) < e, such that {fn, }ren converges to f uniformly on A°.

Proof. Suppose {fn}nen C L&(X) is Cauchy. Passing to a subsequence we may
assume that || f, — fot1]l1 <477, for all n € N. Set

En={ze X [|fu(x) = frnra(x)] = 27"}

Then we have |f, — fnt1] > 27 "1, , and hence it follows that

L N )
For N € Nset Ay = Up>nEp, and set A = NyenAn. Then

pAN) <Y p(E,) < Y27 <2 N

n>N n>N

Hence p(A) = 0.

If x € A and n > N then |f,(x) — fun(z + 1)| < 27". It therefore follows
that {fn(2)}nen is Cauchy and hence converges to some f(z) € C. There-
fore there exists a function f : A° — C so that f,(z) — f(z) for all z € A°.
Note that we also have that f, converges uniformly to f on each set Ay, and
limy 00 (An) = 0. From Proposition 2.1.7 we see that f: A° — C is measur-
able, and we may extend f to a measurable function on X by setting f(z) =0
for all x € A. [ |

Lemma 2.4.2. Suppose {fn}nen, {gnnen C L5(X) are Cauchy sequences, and
f € M(X) such that both sequences converge almost everywhere to f. Then
limy, o0 [ fn = gnlli = 0.

Proof. If we consider h,, = f, — gn, then {h,}>2, is Cauchy in £{(X) and
satisfies h,, — 0 almost everywhere. We must show that [|h,||1 — 0. Fix ¢ > 0,
and take N € N so that ||k, — hy,|[1 < € for all n,m > N. Using Lemma 2.4.1
and passing to a subsequence we may assume that there exists a measurable set
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A C X with p(A) < TihnT > Such that h, — 0 uniformly on A°. Let E C X
be a set of finite measure such that fxy vanishes outside of E. Then for n large

we have
/ |hn| < / Il +/ |hn — |
AUE® AUE® AUE®
< [ ol + o Bl
A
< (Ao + [[hn — hnll1 < 2e.
Hence,
lim sup ||, ||1 = lim sup (/ |7 | —|—/ |hn|>
n—oo n—oo AUEc¢ AcNE
< 26+ p(E) limsup || A e [loo = 2e.
n—oo
Since £ > 0 was arbitrary we have that || h,|1 — 0. |

We let £!(X) denote the set of all measurable functions f € M(X) such that
f is the almost everywhere limit of a Cauchy sequence of functions in £§(X).
Functions in £!(X) are said to be integrable. Clearly, £!(X) is a vector space.
Lemma 2.4.2 shows that we have a well defined map = : £}(X) — L'(X) which
assigns to each function f € £}(X) a Cauchy sequence which converges almost
everywhere to f. The map = is clearly linear and the kernel consists of all
measurable functions which are zero almost everywhere. We extend the integral
to a linear map on £'(X) by setting [ f = [E(f). In other words, given a
function f € £'(X) we have [ f = lim, o [ fn where {f,}nen is a Cauchy
sequence in £§(X) which converges almost everywhere to f.

Lemma 2.4.1 shows that the map Z is surjective. Thus, we may think of the
space L'(X) as the space of integrable functions where we identify functions
which agree almost everywhere.

2.4.2 Properties of integration

Lemma 2.4.3. If {f.}nen C L§(X) is Cauchy, and f € LY(X) such that
fn — [ almost everywhere, then {|fn|}nen is also Cauchy, and |f.| — |f]
almost everywhere.

Proof. This follows easily from the inequality ||a] — |b|| < |a — b] for all a,b €
C. ]

Theorem 2.4.4. If f € LY(X) then |f| € LY(X). Moreover, the inequalities
(2.2), (2.3), (2.4), and (2.5) hold for all functions in L1(X).

Proof. The fact that |f| € £L}(X) if f € £L}(X) follows from the previous lemma,
which also shows that the function f +— |f| is uniformly continuous on bounded
subsets of £§(X). Since f — [ f and f — | f|1 are also uniformly continuous
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on bounded subsets of £3(X), it follows that these maps are also continuous on
the completion £1(X). The inequalities (2.2), (2.3), (2.4), and (2.5) then follow
by continuity, since they hold on the dense subspace £}(X). |

Recall that if we let £°°(X) denote the space of essentially bounded func-
tions, then we have a complete semi-norm on £ (X) given by || f|lcc = inf{M €
[0,00) | u({z € X | |f(x)] > M}) =0}. An essentially bounded function f sat-
isfies || f|loo = 0 if and only if f is zero almost everywhere. Thus, if we identify
functions which agree almost everywhere then we obtain a Banach space L™ (X).
This is also a Banach algebra since || fg|lcoc < || flloollglloc- We let £5°(X) denote
the space of simple functions. Since any function f € £L°(X) agrees almost ev-
erywhere with a bounded function it follows from Proposition 2.1.8 that £3°(X)
is dense in £L°(X).

Theorem 2.4.5. Suppose f € LY(X), and g € L>(X), then gf € L} (X) and
gl < llgllooll f1]1-

Proof. Suppose first that f € £{(X) and g € L°(X), say f = 25:1 anlg,
with ,u(E ) < o0, and g = Zf\r{ 1 Bmlp,,. We may assume that {E,}Y ; and
{Fn}t_, are each pariwise disjoint. We then have

N M
9f =33 Bmanlp,n, € Li(X),

n=1m=1

and

N M

n=1m=1

N M
Z Z 19llocletnl (Fr 0 E)

N
Zlglloolanlu n) = llglloo [ f1]1-

For the general case, suppose that f € £1(X) and g € L2(X). Take f, €
L3(X) so that {f,}52; is Cauchy in L£{(X) and f, — f almost everywhere.
Also, take g, € L5(X) so that ||gn — gllo — 0. Then g, f, — gf almost
everywhere, and from the triangle inequality and the argument above we have

gnfn — gmfmllt < Ngnllccllfn — fnllt + lgn — gmllooll frmll1-

Therefore {g, fn}22, is Cauchy in £}(X). We then have that gf € £}(X) and

lgflly = Tim g fully < Tm flgnlloc[[fallt = lgllec [ f]]2-
n—oo n—oo
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Corollary 2.4.6. If f € L1(X), and h € M(X) such that |h| < |f], then
h € LY(X). In particular, f € LY(X) if and only if |f| € L}(X).

Proof. We let g(z) =0 if f(z) =0, and g(x) = h(z)/f(x) otherwise. Then g is
measurable and ||g||oc < 1. Therefore h = gf € £}(X). [ ]

Corollary 2.4.7. If u(X) < oo then £L2°(X) C LYX), and || f]l1 < || f]loomt(X).

Proof. If u(X) < oo then 1x € £YX) with ||[1x|l; = w(X). Therefore for
fe £2(X) we have || flly < [|fllool1xlr = [|flloops(X)- =

We set £1(X)y = L1(X) N M(X;[0,00)), and we set LZ(X)y = L>®(X)N
M(X),.

2.4.3 Functions which agree almost everywhere

Let (X, M, 1) be a measure space. So far we have introduced M(X), £>(X),
and £!(X), as the spaces of all measurable, essentially bounded, and integrable
functions respectively. It is often the case that we are interested in functions
only up to measure zero, and so we consider the spaces M (X), L>*(X), and
L'(X) which are respectivley the quotient of the above spaces where we have
identified functions which agree almost everywhere. Note that M (X) does not
depend on the measure p, however M (X)) does.

The elements in M (X) are equivalence classes of functions, however it is
cumbersome to state this explicitly each time. Thus, in the sequel when we
write f € M(X) (or f € L>®(X), f € L*(X)) we mean that we can take f to
be any function in M(X) which represents this equivalence class. Similarly, if
we write an expression, e.g., f < g with f,g € M(X), then this is expression is
meant to be understood as occuring almost everywhere.

As an example, we might say {f,}>2; C M(X), and f € M(X) such that
fn — [ almost everywhere. This is unambiguous as the countable union of
measure zero sets has measure zero, and thus replacing f,, and f by functions
which agree almost everywhere does not change the fact that f,, — f almost
everywhere. As long as we restrict to countably many functions/operations at
a time this will not cause any difficulty.

2.4.4 Convergence properties

We begin this subsection by improving Lemma 2.4.1 to the case when f, €
LY(X).

Theorem 2.4.8. Let {fn}nen C LY(X) be a Cauchy sequence, then there ex-
ists a subsequence { fn, }ren which converges almost everywhere to a measurable
function f, and such that for all € > 0 there exists a measurable set A C X with
w(A) < e, such that {fn, tren converges to f uniformly on A°.
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Proof. In the proof of Lemma 2.4.1 the only reason we needed f,, € £}(X) was
so that ||f,||1 was defined and satisfied || f,|l1 = [ fn, and that if g < h then
J g < [ h. By Theorem 2.4.4 we also have these facts now for general functions
in L'(X). Thus, the proof follows verbatim as in Lemma 2.4.1. ]

Theorem 2.4.9 (The Monotone Convergence Theorem). Let (X, M, u) be a
measure space. Suppose {f,}5, C L*(X) is a sequence such that f, < fni1
for all n, and such that [ f, is bounded. Then {f,}32, converges in L*, and
almost everywhere to a function f € L'(X),.

Proof. Suppose a = sup [ f, < co. Since {f,}52, is increasing so is { [ f,}52 4,
and for n < m we have ||, — fulli = [(fm — fn). Since [ f, — a it then
follows that {f,}2°, is Cauchy in L'. By the previous theorem there then
exists a subsequence which converges in L' and almost everywhere to a function
f € L'. Since we have an increasing sequence it then follows that {f,}3%;
converges almost everywhere and in L' to f. |

Corollary 2.4.10. Let (X, M,pu) be a measure space. Suppose {fn}>>, C
LY(X), is a sequence such that fn.1 < fn for all j. Then {f,}5%, converges
in L', and almost everywhere to a function f € L1 (X),.

Proof. We apply the monotone convergence theorem to the sequence {f; —
fatnta- u

Lemma 2.4.11 (Fatou’s Lemma). If {f,}52, C L'(X), is such that liminf, o [ fn <
oo, thenliminf, _, o fn(z) exists for almost every x € X. Moreover, liminf,, o fn
is a measurable function which is in L*(X), and we have

/lim inf f,, <lim inf/fn.
n—0o0 n— oo
Proof. Fix k and consider the decreasing sequence {g,, }5°_; where

gm = inf{fkvfk+1a"'vfm}‘

Then {g,m }3°_; decreases to inf,,> fm, and applying the previous corollary we
have that inf,,>g fn, is in L}(X), and

. < .
/ %nsz fm < nigfk / fm

By hypothesis we have that {inf,,> [ f }35_; is bounded, and since {inf,,,>x fim }72;
is increasing we then have from the monotone convergence theorem that lim inf,, o fn
exists almost everywhere, is in L!(X), and satisfies

/liminf fn = lim iI;f fm < 1iminf/fn.
m>n n— 00

n—oo n—oo
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Theorem 2.4.12 (The Fatou-Lebesgue Theorem). Let {f,}5°, C L*(X;R).
If there exists a function g € L*(X)y such that |f,| < g for all n > 1 then
liminf,, . fn and limsup,,_,.. frn ezxist almost everywhere, are integrable, and
we have

/lim inf f,, <lim inf/fn < lim sup/fn < /lim sup fn-
n—oo n—00 n—00 n—00

Proof. The first inequality follows from linearity of the integral and by applying
Fatou’s lemma to the non-negative functions f,, + g. The second inequality is
obvious. The third inequality follows by applying Fatou’s lemma to the non-
negative functions g — f,. |

Theorem 2.4.13 (Lebesgue’s Dominated Convergence Theorem). Suppose {fy}
is a sequence in LY(X), such that f, — f almost everywhere. If there exists
g € LY(X)+ such that |f,| < g for alln €N, then f € L*(X) and [ f, — [ f.

Proof. Note that |f| < g almost everywhere and so by Corollary 2.4.6 we have
that f € L'(X).

By considering separately the real and imaginary parts of f, we see that it
is enough to consider the case when f,, is real valued. In this case it follows
from the Fatou-Lebesgue theorem that

/f: /liminffn Sliminf/fn
n— o0 n—oo

< lim sup / fn

n— oo

< [timsup f, = [ 1,
n— oo
and the result then follows. [ |

Theorem 2.4.14 (Egorov’s Theorem). Let (X, M, u) be a finite measure space,
and suppose {fn}52; C M(X), and f € M(X) such that f, — f almost every-
where. Then for each € > 0 there exists A C X measurable such that p(A) < e
and fn, — f uniformly on A°.

Proof. We let E,, , = {z € X | |fo(z) — f(z)| > 1/k}. Then E,, € M and
since f,(z) — f(z) for almost every € X we have that p(NF_; USS N En k) =
0, for every k € N. Thus, there exists Ny so that for each & € N we have
(U, Engk) <€27F. We set A= U2, U2y Ep g, so that u(A4) <e.

If k € N, and n > Nj, we have | f,(x) — f(z)| < 1/k for all z € A°. Therefore
fn — f unifomrly on A€. ]

We extend the integral to certain real valued functions as follows: If g €
LY(X;R) and f € M(X;[0,00)) is not integrable, then we write [(f + g) = oo,
and [ —(f+g) = —oo. Many of the results above extend to this setting, although
the inequalities become trivial in the case when f is not integrable.
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2.4.5 Exercises

Exercise 2.4.15. There does not exist a metric d on L°([0,1],A) so that a
sequence of functions {f,}>2; C L*°(]0, 1], A) converge almost eveywhere to a
function f € L*°([0,1], \) 1f and only if d(f,, f) — 0. Hint: Find a sequence
{fn}se, € L*([0,1],A) which does not converge almost everywhere to any
function but such that every subsequence has a further subsequence which does
converge almost everywhere to some function.

Exercise 2.4.16. Let (X, M, ;1) be a measure space and suppose f € M(X;[0,0)).
Define

L) :sup{/g g€ L3(X:[0,00)).9 < f}7
n(f) = inf{/g g€ £Y(X:[0,00)), f < g}.

Show that f is integrable if and only if I;(f) < oo, and this this case we have
L(f)=L(f)=[f

Exercise 2.4.17. Suppose (X, M, 1) is a measure space and f € M(X, [0, 00)).
Set F(A\) = u(f~1([\,00))). Then F is measurable and F € £1([0,0)) if and
only if f € £L*(X). Moreover, in this case we have [ fdu = [ Fd.

Exercise 2.4.18. Suppose (X, M, 11) is a measure space, (Y, ) is a measurable
space, and 6 : X — Y is measurable. Then for all f € M(Y) we have fo0 €
LY(X, p) if and only if f € £1(Y,0.1), and in this case we have

/foed,u:/fd(ﬂ*u).

2.5 Product spaces

If (X, M) and (Y, N) are measurable spaces, we let M ® N C 2X*Y denote
the o-algebra generated by sets of the form E x F where £ € M and F € N.
In other words, M ® N is the smallest o-algebra so that the projection maps
mx : X XY — X and 7y : X XY — Y are measurable. More generally, if
{(Xi, M) }ier is a family of measurable spaces then we denote by ®;c7M; the
smallest o-algebra so that the projection maps are measurable.

Proposition 2.5.1. Let (X, M, ) and (Y,N,v) be measure spaces, then there
is measure ( on M QN so that ((E x F) = p(E)v(F), for E€ M and F € N.
Here we use the convention 0-00 = 0. If u and v are o-finite then this measure
1S uUnique.

Proof. We let A denote the algebra generated by sets of the from E x F' where
EeMand FeN. T EXF =UX,E, xF,, where E,E,, € M, and
F,F, € N, with u(E),v(F) < co. Then for z € X and y € Y we have

1g(@)1r(y) = lpxr(2,y) ZlEan” ,y) ZlEn x)1r, (y
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Integrating with respect to x, and using the monotone convergence theorem
gives

W(EE(y) =Y p(En)lrs, ().
n=1

If we then integrate with respect to y we obtain

WEW(F) = 3 w(E)v(F,).

If A € A, then we may write A as a finite disjoint union A = U, E; x F;
where F; € M and F; € N. From above we then see that setting (o(A4) =
Yo u(E;)v(F;) gives a well defined premeasure on A. Carathéodory’s exten-
sion theorem then shows that this extends to a measure (, and if 4 and v are
o-finite then so is ¢ and hence this measure is unique. |

The measure constructed by Carathéodory’s extension theorem in the pre-
vious proof is called the product measure and denoted by p x v (or p? if 4 = v).
We can of course generalize the above proposition easily to any finite number
of measure spaces.

IfEFCXxY,and z € X, y € Y then we define the z-section F, and
y-section EY by E, = {y € Y | (z,y) € E}, and EY = {x € X | (z,y) € E}.
Also, if f : X xY — C we define the xz-section f, and y-section fY by
fo(y) = fU(2) = f(z,y).

Proposition 2.5.2. Let (X, M) and (Y,N) be measurable spaces. If E €
MRN then E, € N and EY € M forallz € X andy € Y. Also, if
f:XxY — C is M® N-measurable then f, is N-measurable and fY is
M-measurable for all x € X andy €Y.

Proof. We let ¥ denote the collection of subsets E C X x Y such that E, €¢ N
and EY € M forallz € X and y € Y. Then ¥ contains all sets of the form Ax B
with A € M and B € N. Since (UX ,E,), = U2, (E,), and (E°), = (F;)¢,
(and similarly for y) it follows that X is a c-algebra and hence must contain
MeN.

If f: X xY — C is M ® N-measurable, then as (f,)"1(C) = (f~1(C0)).
(and similarly for y) it then follows that f, and f¥ are measurable. |

If X is a set, then a family £ C 2% is called a monotone class if X € £ and
£ is closed under countable monotone unions and intersections, i.e., whenever
{En}22, C €& with By C Ey C --- then we have U2, E,, € £, and whenever
{E,}2, C € with By D E3 D --- then we have N2, E,, € £. Given a family
of monotone classes it is clear that the intersection is again a monotone class,
thus for any collection of sets £ there exists a smallest monotone class which

contains &, we call this the monotone class which is generated by £.

Lemma 2.5.3 (The monotone class lemma). Suppose A C 2% is an algebra,
then the monotone class generated by A coincides with the o-algebra generated

by A.
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Proof. We let M denote the monotone class generated by A. Since a o-algebra
is a monotone class then it suffices to show that M is a o-algebra. For this it
suffices to show that M is closed under taking complements and finite unions
since if {E,}52,; C M then UflvzlEn is a monotone increasing sequence and
hence if these finite unions are in M then so is U2 | E,.

For E € M weset K(E)={F e M|E\F,F\E,EUF € M}. We will
show that K(E) = M for each E € M. This is shown by the following six
steps, each of which is easily verified:

1. If F € K(F) then E € K(F). (This follows from symmetry in the defini-
tion of K(F) and K(F).)

2. If F € Athen A C K(FE). (This follows since A C M).

3. K(F) is a monotone class for all £ € M. (This follows since M is a
monotone class).

4. If E € A then K(FE) = M. (This follows from (2) and (3) since M is the
smallest monotone class which contains A).

5. AC K(FE) for all E € M. (This follows from (4) and (1)).
6. K(FE)= M for all E € M. (This follows from (5) and (3)).
|

Lemma 2.5.4. Suppose (X, M,u) and (Y,N,v) are o-finite measure speaces,
and A € MQN. Then the functions x — v(E,) and y — u(EY) are measurable
and

px(B) = [ du(o) = [ n(E") dviy)

Proof. We first consider the case when p and v are finite. We let ¥ denote the
family of sets in M ® AN such that the conclusion of the proposition holds. Then
from the arguemnt in the proof of Proposition 2.5.1 we see that ¥ contains the
algebra A generated by sets of the form F x F with E € M and F € M.
If {E,}52, C ¥ such that E,, C E,1; for all n € N, then we have that
> (En)e = (U321 E,), and so by the monotone convergence theorem we
have

[ B dute) = i [ ((Ex)) duo)
= Jim o (E)
=pxv(UpliEy).

And we similarly have [ p((Us2, E,,)Y) dv(y) = pxv(U22, E,). Thus, U2 E, €
3. Since p and v are finite a similar argument shows that if E, D F, 1 for all
n € N, then N2, E,, € ¥. Therefore, ¥ is a monotone class which contains A
and by the monotone class lemma we have that M = .
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If g and v are o-finite, say X = U2 X, and Y = U2, Y,, with p(X,,),v(Y,) <
00, then the result follows by first restricting to X, XY}, then using the monotone
convergence theorem as we did above. |

Theorem 2.5.5 (The Fubini-Tonelli Theorem). Suppose (X, M, n) and (Y,N,v)
are measure spaces, and f : X xY — C is M ® N-measurable. Consider the
following conditions:

1. fe LYX xY,uxv).

2. For almost every T € X; fz S EI(Y, V), and the function le(Y) (:C) =
I fallLieyy ds in LY (X).

3. For almost every y € Y, f¥ € LY(X,u), and the function frixy(y) =
¥l Lrx) ds in LN(Y).

Then (1) implies both (2) and (3), and if p and v are o-finite then all three
conditions are equivalent.
Moreover, if (1) (and hence also (2) and (3)) is satisfied then we have

1= [ ([ s avi) aua) (2.
=/(/ﬂawwm0w@>

Proof. We first consider the case when p and v are o-finite. If f is a character-
istic function then the result follows from Lemma 2.5.4. By linearity we then
have the result for simple functions. Suppose now that f € M(X xY);. Then
there exists an increasing sequence of simple functions ¢,, which are valued in
the non-negative reals so that ¢, (x,y) — f(z,y) for all (z,y) € X x Y. By the
monotone convergence theorem we then have

/fd(MXV)=nlgr;O/s0nd(u><V)
=i [ ([entwn) vt duto)

n—oo

([ s@navw) du),

We similarly have [ fd(p x v) = [ ([ f(z,y)dpu(x))dv(y). Thus, for non-
negative valued functions we see that the three conditions above are equivalent
and that (2.6) holds. From linearity we then get the result for general measur-
able functions when p and v are o-finite.

If  or v is not o-finite but f € LY(X x Y,u x v), then we see that G,, =
{(z,y) | |f(z,y)| > 1/n} must have finite measure for all n > 1. Therefore, there
exist Ey € M and Fj, € N so that G,, C U3, By, x Fj, C (U2, Ey) x (UR2, Fy),
and Y 7 | (E)v(F)) < oo. In otherwords, we have G,, C E x F where E and
F are o-finite. It then follows that there exist o-finite sets F, and F so that
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{(x,y) e X xY | f(z,y) #0} = Up2,Gy, C E x F. Restricting to the o-finite
measure spaces (E, up) and (F, ) we see that the result then follows from the
o-finite case. [ ]

We give the following 2 examples which show how the hypotheses of the
Fubini-Tonelli theorem are necessary:

Example 2.5.6. Consider [0,1] with Lebesgue measure, and let f(x,y) =

22—y

W Then fixing x # 0 we have

1 1.2 2 2
Tt + Yyt —2y
z,y)dy = ————d
Jy S = ||
1 1
1 1
= —d d| ——=
/0 2ty “/o ! <x+y>
1 1 1
1 Y 1
_ i+ Ny
A x2+y2 Y I2+y2 =0 0 I2+y2 Y

1
2 +1°

We therefore have

1 1,2 2
=y -1 1 m
/0 </0 7(962 ) dy> dx =tan™ (x)|;—g = T

and as f(y,z) = —f(z,y) we have fo (fo (m2+y) dw) dy = =F. We must

therefore have that (;”2:;;’2)2 ¢ L(]0,1]%,A\?).

Example 2.5.7. Consider [0, 1] with its Borel o-algebra B8, and consider Lebesgue
measure A on [0, 1], and also counting measure p on [0, 1]. In the product space
([0,1)%, B® B, A x u) we may consider the measurable subset A = {(z,x) | x €
[0,1]}, and set f = 1a. Then for every z € [0,1] we have f, € L'([0,1], )
and [ ([ f(z,y)d\(y)) du(z) = 0. Similarly, for every y € [0,1] we have
fy € L*([0,1],A) and [ ([ f(z,y) du(x)) dA(y) = 1. So that also in this case the
iterated integrals do not agree. We must therefore have that A x u(A) = oo, and
we see that for non-o-finite spaces the iterated integrals need not agree even for
functions valued in the non-negative reals.

If A is Lebesgue measure on R and n > 1, then Lebesgue measure on R"
is defined to be A™. When there is no danger of confusion we will just write A
for A™.

Theorem 2.5.8. If E C R™ is Borel and t € R", then A(E +t) = \(E).

Proof. If E is a disjoint union of products of intervals than the formula A(E +
t) = M(E) clearly holds. As such sets form an algebra which generates the Borel
o-algebra, and since F — A(F +t) gives a Borel measure, the proposition then
follows from uniqueness in Carathéodory’s extension theorem. |
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Theorem 2.5.9. If T € GL,(R) then T\ = |det T| 1), i.e., for all Borel sets
E CR™ we have
MNT7YE)) = |det T|"*\(E). (2.7)

Proof. Since every invertible matrix can be row reduced to the identity matrix
it follows that every linear transformation T € GL,(R) is a composition of
elementrary matrices of the following types:

1 Tz, ... 5,y 20) = (T1,...,¢25, ..., &n) With ¢ # 0.
2. To(x1, ..y, ) = (21, ..., &5 + €x4,y - .., Ty) With 4 # J.
3. T5(T1, e Ty Ty ) = (T15 e, Ty e ey Ty oo, Ty

Also, if we can show that (2.7) holds for matrices of the above type then as
the determinant is multiplicative it also holds for their composition. Thus, it
is enough to verity (2.7) for matrices of the above type. These all follow easily
from the Fubini-Tonelli theorem. Writing

AE) :/~~~/1E(x1,...,xn)d)\(xl)...d)\(xn)

we see that (2.7) holds for matrices of the first and second type by their cor-
responding formulas in one dimensions, while matrices of the third type just
correspond to changing the orders of integration. |

2.5.1 Exercises

Exercise 2.5.10. Consider N with the counting measure, and consider the func-
tion f : N2 — C given by f(n,m) = 1if n =m, f(n,m) = —1ifn=m+1, and

f(n,m) = 0otherwise. Then > >, (3°>_, f(n,m))and >, (3.2, f(n,m))
both exist but are not equal.

2.6 Signed and complex measures

In this section we extend the notion of a measure to allow set functions which
may give negative, or even complex, values. The Hahn and Jordan decom-
position theorems below, together with the polar decomposition theorem for
complex measures, give the main tools to relate this more general setting to the
non-negative valued case we have already considered.

2.6.1 Signed measures

A signed measure on a measurable space (X, M) is a function v : M —
[—00, 00| such that

1. at most one of the values in {—o0, 00} are obtained;

2. v(0) = 0;
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3. if {E,}52, are pairwise disjoint measurable sets then

V(Ui En) = ) v(Ey),

where this series converges absolutely if v(U2; E,,) is finite.

If uy and po are measures on (X, M), at least one of which is finite, then
we obtain a signed measure p; — pg on (X, M) by setting (p1 — p2)(E) =
w1 (E) — po(E) for any E € M.

If v is a signed measure on (X, M), and E € M, then we say that E is
positive (resp. negative, null) with respect to v if for all F' C E measurable
we have v(F') > 0 (resp. < 0, = 0). Note that positive (resp. negative, null) sets
are preserved under taking measurable subsets, and also under taking countable
unions.

If j1 is a measure on (X, M) and E € M with pu(E) < oo, the we may obtain
a signed measure on (X, M) by setting v(F) = p(F N E®) — u(F N E). In this
case F is a negative set, E° is a positive set, and a set is null for v if and only
if it is null for u. The Hahn decomposition theorem shows that every signed
measure (or its negative) arrises in this way.

Lemma 2.6.1. Let v be a signed measure on (X, M), and suppose E € M such
that —oo < v(E) < 0. Then there exists a negative set N C E with v(N) < 0.

Proof. Note first that there does not exist a measurable subset F' C E with
v(F) = oo, since otherwise we would have v(F) = v(F) 4+ v(E \ F) = co. We
inductively define a non-decreasing sequence of number {ny}3>, C NU {oo},
and pairwise disjoint subsets {Ej}7°, of E as follows: Set Ey = () and ny =
1. Having defined ng,...,n, and Ey,..., Fx we let ngy1 denote the smallest
integer such that there exists a measurable subset Ej11 C E'\ (U;?:OE]») with
V(Eky1) > 1/ng41. If no such number exists we set ngy11 = co and Ej1q = 0.
We then have that oo > v(Up2Ex) = Y202 v(Ex) > Y12 7= > 0 (here we
use the convention é = 0). Since this series converges we must have nj; — oo.
We set N = E \ (U2 Ex) then we have v(N) < v(F) < 0. If F C N is
measurable then by our choice of nj we must have v(F) < 1/(ny — 1) for each
k. Since njy — oo this then shows that v(F) < 0, and hence N is negative. W

Theorem 2.6.2 (The Hahn decomposition theorem). Let (X, M) be a measur-
able space and let v be a signed measure on (X, M). Then there exists a positive
set P € M so that N = P¢ is a negative set. Moreover if P is another positive
set such that P¢ is a negative set, then we have that PAP is null.

Proof. We may assume that the value —oo is never obtained (otherwise consider
—v). We let a = inf{v(F) | E € M, E negative} < 0. We take negative sets
E, € M so that v(E,) — a, and we set N = U2, E,. Then N is a negative
set, and we have v(N) = v(E,) + v(N \ E,) < v(E,) for each n > 1, hence
v(N) =a.
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We claim that N¢ is positive. Otherwise, there would exist a measurable set
E C N¢ with —oo < v(E) < 0, and by the previous lemma there would then
exist a negative set Ny C FE with v(Ny) < 0. However, we would then have
that N U Ny is negative and v(N U Ny) = v(N) + v(Ny) < a, contradicting our
definition of a. This then finishes the existence part of the theorem.

Suppose now that N is another negative set such that N¢ is positive, and
let ' C N\ N be measurable. Then F C N hence v(F) < 0, and F C N° hence
v(F) > 0. Therefore v(F) = 0 and N \ N is a null set. We similarly have that
N\ N is null and hence so is NAN. ]

If (X, M) is a measurable space, then two (signed) measures u,n on (X, M)
are singular, which we write as pu L 7, if there exists £ € M so that F is
a conull set for p and E° is a conull set for 1. Note that this is a symmetric
relation.

Theorem 2.6.3 (The Jordan decomposition theorem). Let (X, M) be a mea-
surable space and let v be a signed measure on (X, M). Then there exist unique
singular measures v_,v, on (X, M), at least one of which is finite, so that
V=vy —V_.

Proof. From the Hahn decomposition theorem there exists P € M a positive
set so that N = P° is a negative set. We define v; by vy (E) = v(E N P) for
all E € M and we define v_ by v_(F) = —v(EN N) for all E € M. That
these define measures is easily seen from the definition of a signed measure.
Moreover, we have v(FE) = v(ENP) +v(ENN) = vy (E) — v_(E) for all
E € M, hence at least one of v_ or v, is finite and we have v = vy —v_. Since,
vi(N)=v(NNP)=—-v_(P)=0we have vy L v_.

Suppose now that 77,72 are singular measure on (X, M), at least one of
which is finite, such that v = n; —ne. Take F € M so that F is a conull set for
71 and E€ is a conull set for 75. Then we clearly have that F is a positive set
for v, and E€ is a negative set for v. Therefore, PAF is a null set for v by the
uniqueness part of the Hahn decomposition theorem. If we have F' € M then
we have

n(F) = n(F N E) = v(F N E) = v(F 1 P) = v (F).

Hence, 11 = v4. We similarly have that 72 = v_ which then shows uniqueness.
|

If v is a signed measure on (X, M) then the measures vy and v_ are called
respectively the positive and negative variations of v. The measure |v| =
vy + v_ is called the absolute variation of v. We also set ||v|| = |v|(X) and
call this the total variation of v. It’s easy to see that the absolutely variation
satisfies

v[(A) = sup Y [v(Ey)], (2.8)
k=1

where the supremum is taken over all measurable partitions of A.
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2.6.2 Complex measures

A complex measure on a measurable space (X, M) is a set function v : M —
C such that

1. v(0) =0;

2. if {E,}22, are pairwise disjoint measurable sets then

o
> 1 Fn) = E v(
n=1

where this series converges absolutely.

Given a complex measure v, we may consider the real and imaginary parts
Re (v), Im(v), which give signed measures such that v(F) = Re(v)(E) +
iIm (v)(E) for each E € M. The absolute variation of v is the set func-
tion |v| : M — [0,00] given by equation (2.8). The total variation of v is
given by [lv]| = [v[(X).

Proposition 2.6.4. Let v be a complex measure on (X, M), then |v| is a mea-
sure on (X, M), |[v|| < oo, and for all A € M we have |v(A)| < |v|(A).

Proof. Suppose {4, }52; C M is a sequence of pairwise disjoint sets. If {E}}7°
gives a measurable partition of US2 ; A,,, then for each n > 1 we have a measur-
able partition of A,, given by {E, N A,}72,. We therefore have

> Ivl(4,) ZZ ExnA) =Y Y uEn 4| =Y v(E)
n=1 n=1k=1 k=1 |n=1 k=1

Taking supremums over all such partitions then gives > 7 | [v|(A4,) > |[v|(Us2, A,).
Also, if € > 0, and if {E}}%2, is a measurable partition of A,, such that
Sore W(ER)| +e27™ > |v|(Ay), then we have

A o> 3 B |+e>Z|u|

n,k=1

Therefore, [v|(Us2,A,) > >0, [V|(An), and hence |v] is a measure.

We have ||V|| § IRe (v)|| + ||Im (v)||, and from the Hahn decomposition
theorem we see that |Re ()| + |[Im (v)|] < oo. Hence, ||v| < oco. Also, if
E € M then the inequality |v(E)| < |v|(E) follows easily from the definition of
lv]. [ |

2.6.3 Exercises

Exercise 2.6.5. Consider [0,1] with the Borel o-algebra. Let v be counting
measure and g be Lebesgue measure on [0, 1], then there do not exist Borel
measures vg, 1 on [0,1] so that v = vy + vy, vy L p, and vy < p.
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If 1 is a measure on (X, M) and f € L'(X,u) then we obtain a complex
valued measure fu by (fu)(E) = [, fdp.

Exercise 2.6.6. If f € L'(X, u) then |fu| = |f|u, and || ful| = || £l
We let M, (X) denote the space of all complex valued measures on (X, M).

Exercise 2.6.7. The map v — ||v|| gives a norm on M;(X), and with this norm
My(X) is a Banach space.

2.7 The Radon-Nikodym Theorem

If  and v are measures on (X, M), then v is absolutely continuous with
respect to p (and we write v < p) if every p-null set is also a v-null set. The
terminology is justified by the following proposition:

Proposition 2.7.1. Suppose u and v are measures on (X, M) with v finite,
then v < p if and only if for every € > 0 there exists § > 0 so that if E € M
with w(E) < 6 then we have v(E) < ¢.

Proof. Clearly the above condition implies that v is absolutely continuous with
respect to p, thus we only need to show the converse. Suppose therefore that
the condition above does not hold. Then there exists ¢ > 0 and E,, € M so
that p(E,) < 27", and v(E,) > ¢ for all n > 1. We let F}, = U2, E,, and
set F = N2, Fy. Then Fy is decreasing and p(Fj) — 0, so that p(F) = 0.
However, v(Fy) > ¢ for all & > 1, hence v(F) > e showing that v is not
absolutely continuous with respect to p. |

Theorem 2.7.2 (The Lebesgue decomposition theorem). Suppose p and v are
measures on (X, M) such that v is o-finite, then there exist unique measures vy
and vy on (X, M) so that v =vg+ 11, vy L p, and vy < p.

Proof. We first consider the case when v(X) < co. We let N denote the space
of p-null sets, and we set a = sup{v(E) | E € N}. We take E,, € N so that
v(E,) — a and we set £ = U ,E,. Then £ € N and v(F) > v(E,) for all
n > 1, hence v(E) = a.

We let 1y be the measure given by vo(F) = v(F N E), and we let v1(F) =
v(F N E°). Then we clearly have v = vy + v1, and we also have vy L u since E
is a p-null set and E° is a vp-null set. If F € N, then F U FE € N and hence
a>v(FUE)=v(FNE°+v(E)> a, therefore we must have v(F N E°) = 0.
It therefore follows that 11 (F) = v(F N E°) = 0 and hence 11 < p.

If v = vy + 17 is another decomposition with 7y L p and 77 < u, then for
all FF € N we have 0o(F) = v(F) = vy(F), and since 0y L p we then have that
Iy = 1y, and it follows that 77 = vy. This then finishes the theorem in the case
when v(X) < 0.

For the general case, we write X = supS®, E,, where {F,}>2; C M is a
pairwise disjoint sequence with v(FE,) < oco. We consider the restriction of v
to £, and from above there are unique measures v, i which have the conull
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o0

set E, and such that vy L p and v < p. If we set vy = Y >~ v and
v = Zflo:l V] then it is then easy to see that 1y and v; are then the unique
measures which satisfy the conclusion of the theorem. |

Lemma 2.7.3. Suppose n and p are measures on (X, M), with p finite, n # 0
and such that n < p. Then there exists § > 0, and E € M so that u(E) > 0
andn > ép on E, i.e., n(F) > ou(F) for all F e M, F C E.

Proof. For each n € N we consider a Hahn decomposition X = P, U N,, of
n— %u. We set P =US2 P, and N =N, N, so that P = N°¢. Since N is a
negative set for n — L for each n, we have 0 < n(N) < Lu(N) for each n, and
hence 7n(N) = 0, so that n(P) > 0. Since n < p we than also have p(P) > 0.
Therefore, for some n we have u(P,) > 0, and as P, is a positive set for
n—%pwe haven(F)E%u(F) forall F e M, F C P,. [ |

Theorem 2.7.4 (The Radon-Nikodym theorem). Let u and v be o-finite mea-
sures on (X, M) such that v < u. Then there exists a unique f € M (X, u) so
that for all E € M we have

U(E):/Efd,u. (2.9)

Proof. We first consider the case when p and v are finite. We set

f—{fé/\/l(X,[O,oo))|/Efdu§1/(E), forallEEM},

and

a = sup / fdu.
fer

Note that if f,g € F then h = max{f, g} € F, since if we set Fy = {z € X |

f(z) > g(z)}, then for E € M we have [, hdu < fFomEfdqu ngﬂEgdu <

v(FoNE)+v(FSNE)=v(E).

We choose f, € F so that [ f,du — a. Setting h,, = max{fi,...,fn},
we then have h,, € F, and {h,}52, is an increasing sequence. If we set h =
lim, o hy, then for each £ € M it follows from the monotone convergence
theorem that [, hdy = lim, o [, hndp < v(E). Therefore h € F, and we
have a > [ hdp =lim,_, [ f, dp = a. So that [hdu = a.

We claim that v = py. If not, then setting n = v — uy,, we have n < v < p,
and n # 0, so that by Lemma 2.7.3 there exists § > 0 and £ € M with
w(E) > 0 so that n > du on E, or equivalently, uj, + o < v on E. This would
then show that h + d1p € F, and hence a > [(h+ 01g)dp = a+ dpu(E) > a,
giving a contradiction. If h were another such function then we would have
Jphdp= [, hdy for all E € M and from this it follows that h = h, p-almost
everywhere.

In general, since y and v are o-finite, we may decompose X as a countable
disjoint union of measurable sets X = U2, X, such that u(X,,),v(X,) < co.
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By the finite measure case above, there then exists a measurable function f,, €
M(X, 1) so that for all E € M we have v(ENX,,) = fEan frndp. If we set
f =071 [ then it is easy to see that for all E € M we have v(E) = [}, fdpu.
Uniqueness follows similar to the finite case above. |

The function f € M(X,u) in the previous theorem is called the Radon-
Nikodym derivative of v with respect to p and denoted by Z—Z.
There is also a Radon-Nikodym theorem for complex measures:

Theorem 2.7.5 (The Radon-Nikodym theorem for complex measures). Let p
be a o-finite measure on (X, M) and let v be a complex measure on (X, M)
which is absolutely continuous with respect to p, then there exists a unique f €

LY (X, p) so that v(E) = [, fdu for all E € M.

Proof. By considering the real and imaginary parts separately it is enough to
consider the case when v is a finite signed measure. We let v = v, — v_ be
the Jordan decomposition. Then v, and v_ are both absolutely continuous
with respect to p and so by the Radon-Nikodym theorem there exists fi, f- €
M(X, p) so that vy = fip. Note that since vy, and v_ are finite measures
we have that fi,f_ € L'(X,u). We then have v = fu and f € L'(X,u).
Uniqueness follows just as in the previous theorem. |

Corollary 2.7.6 (Polar decomposition for complex measures). Let 1 be a com-
plex measure on (X, M), then there exists f : X — T measurable such that
w= flu|. Moreover, if g : X — T is a measurable function such that p = g|p|
then g = f |u|-almost everywhere.

Proof. Since p < |p| it follows from the Radon-Nikodym theorem that there
exists a unique f € M(X,|u|) so that u = f|u|. We just need to show that
f(z) € T for |p|-almost every x € X.

Suppose this were not the case. Then there exists a ¢ T so that « is
in the essential range of f. We take § > 0 so that 20 < d(a,T). We set
E = f~1(B(6,a)) so that |u|(E) > 0.

Assume first that |« > 1. Since p = f|p| it then follows that for any measur-
able set F' C E we have |u(F)| = |f|lu|(F)] > (o= §)|p|(F). If U2, E, gives a
measurable partition of £ then we have |u|(E) > (a—48) Y.~ |u|/(E,). Taking
a supremum over all partitions gives |u|(E) > (o — §)|u|(E), a contradiction.

If we had |a| < 1, then a similar computation would show that |u|(E) <
(o + 9)|u|(E) which is again a contradiction. We must therefore have that

f(z) € T for |p]-almost every x € X. ]

Lemma 2.7.7. A measure space (X, M, u) is semifinite if and only if for all
fe M(X,p) we have

1£lloe = sup{]/fgdu] g€ LNX, ), llglh < 1}.

(Where we set || flloo = 00 if f & L=(X,p).)
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Proof. Suppose first that p is semifinite. If f € M (X, p), take w € L= (X, u; T)
so that wf = |f]. Set @ = ||flloc = llIfllloo and fix € > 0. If & < oo then
« is in the essential range of |f| and hence F' = |f|~!((a — &, a]) has positive
measure. We let £ C F be a measurable set with finite positive measure (which
exists by semifiniteness) and set g = ﬁlE then |lwg|1 = |lg|li = 1 and by
Theorem 2.4.5 we have

1
a>‘/fwgdu’:M(E)/E|f|du>a—5.

So that || fllec = sup{| [ fgdul | g € L'(X, p),llglx < 1}
Similarly, if @ = oo then F' = |f|~((IV, 00)) has positive measure for all N >

0, and the same argument above then shows that || f||cc = co = sup{| [ fgdpul |
g€ LY(X,p), gl <1}

Conversely, suppose p is not semifinite. Then there exists £ € M so that
u(E) = oo, and for any measurable subset F' C E we have p(F) € {0, 00}, hence
if g € L'(X, p) we must have g(x) = 0 for almost every z € E. Setting f = 1p
we then have || f[| = 1, while sup {| [ fgdu| | g € L*(X,p), |lgl1 <1} =0. W

Theorem 2.7.8. Let (X, M, u) be a measure space and consider the map U :
L>(X,p) = LYX, p)* given by U(f)(9) = [ fgdp. Then U is isometric if p
is semifinite, and U is surjective if u has the essential suprema property.

Proof. That ¥ maps into L*(X, u)* follows from Theorem 2.4.5. From Lemma 2.7.7
we see that this map is injective if and only if y is semifinite.

Suppose 1 has the essential suprema property, and ¢ € L' (X, u)*. Fix E C
X so that u(E) < co. Then F — ¢(1png) defines a complex measure on (X, M)
which is absolutely continuous with respect to p and so by the Radon-Nikodym
theorem there exists a function fp € M(X, ) so that o(1png) = [pqp fEd1
for all FF € M. Since u(E) < oo we have from Lemma 2.7.7 that || fr|e < |l¢l-

Note that by uniqueness in the Radon-Nikodym we have that if E1, Es € M
have finite measure then fg, and fg, agree almost everywhere on E1 N Ey. If we
let f denote an essential supremum of { fg | u(E) < oo} as in Proposition 2.2.5,
then || f|loo < |l¢]] and for each E € M with u(E) < co we have f(z) = fr(z)
for almost every z € E.

It then follows that for every function g € L'(X, u) such that pu({z € X |
g(x) # 0}) < oo we have ¢(g) = [ fgdu. Since functions of this type are dense
in L'(X, p) it follows that ¢(g) = [ fgdu for each g € L' (X, p). [ |

2.7.1 Exercises

Exercise 2.7.9. Suppose A < v < u, then

du  dpdv

—=——— —al here.

N~ dvdx p — almost everywhere
Exercise 2.7.10. If v < p and p < v then

dn _

dv
@ — almost everywhere.

dv @
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Exercise 2.7.11. If v < p and g € M(X), then g is u-integrable if and only

if gg—z is v-integrable, and in this case we have

/gdu:/gd—udu.
dv
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Chapter 3

Point set topology

3.1 Topological spaces

Let X be a set. A topology on X is a family 7 of subsets of X, which
contains () and X, and is closed under finite intersections and arbitrary unions.
A topological space is a pair (X,7) consisting of a set X, together with a
topology 7 on X. When 7 is understood we sometimes refer to the topological
space X. The following are examples of topological spaces:

1. If X is any set then 2% and {(), X} are both topologies on X, called the
discrete and trivial (or indiscrete) topologies respectively.

2. If (X, d) is a metric space and T consists of all open subsets of X then
(X,T) is a topological space. In this case we call (X, 7T ) metrizable.

3. If X is aset then 7 = {@} U{U C X | U°® is finite} gives a topology on X.

Generalizing the case of metric spaces, we call the sets in 7, open sets, and
we call a set closed if its complement is open. If a set is both open and closed
then we say it is clopen. A set A C X is a Gs-set if A is the intersection of
countably many open sets, and a set B C X is an F,-set if B is the countable
union of closed sets.

If A C X, then the closure A of A is the intersection of all closed sets
containing A, and hence is the smallest closed set containing A. The interior
A° of A is the union of all open sets contained in A. The difference A\ A° is the
boundary of A and denoted by 0A. If A = X then A is dense and if A° =
then A is nowhere dense. A topological space (X, T) is separable if it has a
countable dense subset.

Given two topologies 71 and 72 on X such that 7; C 73, we say that 7y is
weaker (or coarser) than 7s, and 73 is stronger ( or finer) than 7;. Thus,
the trivial topology is the coarsest topology, while the discrete topology is the
finest topology. If & C 2%, then the intersection of all topologies on X which

63
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contain £ is clearly a topology and is denoted by 7(€). It is called the topology
generated by £. For example:

1. if K = R", or C", then the Zariski topology on K is the weakest
topology such that the zero set {k € K | p(k) = 0} of any polynomial p is
closed.

2. the Sorgenfrey line R; is the space R, together with the topology gen-
erated by all half-open intervals [a, ).

3. the Moore plane is the (closed) upper half plane I' = {(z,y) € R? | y >
0}, together with the topology generated by Euclidean open sets, and all
sets of the form {(z,0)} U (O \ {(z,0) | « € R}) where O is an open
neighborhood of zy in the Euclidean sense.

4. If (X, <) is a linearly ordered set, the order topology on X is the topol-
ogy generated by the open sets {x € X | a < x < b} for all pair (a,b) € X?
such that a < b.

If x € X then a neighborhood of z is a set A C X so that x € O C A
for some open set O € 7. A point z € X is an accumulation point (or
condensation point, or limit point) of a set F if every neighborhood of z
has nonempty intersection with E'\ {z}. A neighborhood base for z € X is a
family {O; };e1 of open neighborhoods of = such that for any open neighborhood
O of x there is some O; so that O; C O. A base for the topology 7 is a family
{O;}ier of open sets which contains a neighborhood base for any point = € X.

Proposition 3.1.1. If £ C 2% then T(E) consists of all unions of finite inter-
sections of £.

Proof. 1f we let T denote the unions of all finite intersections of £ then we must
show that 7 is a topology. Clearly T is closed under arbitrary unions. Suppose
Ui,...,U, € T. Then we may write U; = U;cj,0;,; where O;; is a finite
intersection of sets in €. Therefore N?_,;U; = Uj,ey,....jned, (N210;,.:) € T, so
that 7 is also closed under finite intersections. |

A topological space (X, T) is first countable if each point has a countable
neighborhood base which is countable. (X, 7) is second countable if it has a
countable base.

A topological space is:

1. Ty if {x} is closed for each point z € X;

2. Hausdorff (or Ty) if for each = # y, there exist disjoint open sets U,V €
T, such that x € U and y € V;

3. regular (or T3) if it is T} and for each closed set A C X and x € A° there
exist disjoint open sets U,V with z € U and A C V;

4. normal (or Ty) if it is T3, and for any disjoint closed sets A, B C X there
are disjoint open sets U,V C X so that AC U, and BC V.

We leave it to the reader to check the implications Ty — T3 — Ty, — Tj.
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3.1.1 Exercises

Exercise 3.1.2. Show that a metric space X is separable, if and only if X is
second countable.

Exercise 3.1.3. Show that in a first countable space, singletons {z} are Gs.
Exercise 3.1.4. Prove that every metric space is normal and first countable.

Exercise 3.1.5. Prove that a metric space is separable if and only if it is second
countable.

Exercise 3.1.6. Let X = R and let 7 be the family of all sets of the form
UU(VNQ) where U and V are open sets in the usual sense. Show that T gives
a topology on R which is Hausdorff but not regular.

Exercise 3.1.7. Suppose (X, d) is a metric space. Show that closed subsets of
X are G5.

Exercise 3.1.8. Let (X, d) be a metric space and consider the bounded metric

d'(z,y) = li(d”z’f;). Show that (X,d’) describes the same topology on X.

Exercise 3.1.9 (Fréchet). Let A,B C R be two countable dense sets, show
that there is a homeomorphism 6 : R — R so that #(A) = B. Hint: Use
Exercise 1.1.27.

3.2 Continuous maps

Let (X, T) and (Y,S) be two topological spaces. A map f: X — Y is contin-
uous if f~1(U) is open for any open set U C Y. Note that this agrees with our
terminology for metric spaces. We say that f is open if F(U) is open for all U
open. We say that f is a homeomorphism if it is bijective, continuous, and
open.

Proposition 3.2.1. Suppose £ generates the topology on Y, then f: X — Y
is continuous if and only if f~1(U) is open for each U € £.

Proof. If f is continuous then we trivially have that f~1(U) is open for each
U € & conversely, if f~1(U) is open for each U € &, then as the inverse
image of a function distributes over unions and intersections it follows that
f~YO) is open whenever O is a union of finite intersections of sets in £. By
Proposition 3.1.1 every open set is of this form and hence f is continuous. M

A directed set is a set A, together with a binary relation < such that
1. x <z for all x € A.
2. ifx <yandy <z then z < z.

3. for each x,y € A there exists some z € A so that x < z and y < z.
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A net in X is a function f : A — X from a nonempty directed set A into X. We
usually prefer to think of a net as being indexed by A and so we write this as
{fa}aca, and we sometimes abuse notation by identifying a net with its image,
so that we might say “let {x,}aca C X be anet”. Note that sequences are just
nets when the index set is N, nets were first introduced by Moore and Smith in
1922 as a generalization of sequences. A net {x,}aca C X has a limit € X if
for every open neighborhood U of x there exists a € A so that g € U for all
B> a. If z is a limit of a net {x,}aca then we say that this net is convergent
and we write lim,_, o o = x. In general, limits need not be unique, however,
it’s easy to see that if X is Hausdorff then limits must be unique.

Proposition 3.2.2. Suppose X and Y are topological spaces and f: X — Y,
then f is continuous if and only if for any convergent net {xqs}aca such that x =
lima 00 Za, we have that {f(xa)}aca s also convergent and limg oo f(24) =
f(x). Moreover, if X is first countable, then one may consider only sequences
rather than nets.

Proof. Suppose first that f is continuous and {x,}aca is a net such that z =
limy 00 T If we fix an open neighborhood U of f(zx) then f~1(U) is an open
neighborhood of z and since z = lim,_,~ Z, there then exists a € A so that
zg € f~1(U) for all B > a. Therefore, f(xg) € U for all 3 > a and hence
limg 00 f(xa) = f(x)

Conversely, suppose that for any net {z}aeca such that x = lim,_, o0 x4, we
have that {f(za)}aca is also convergent and limg, o0 f(20) = f(2).

Conversely, suppose that f is not continuous and let U be an open set in Y
such that f~1(U) is not open in X. Therefore there exists a point z € f~1(U)
so that f~1(U) contains no open neighborhood of x. We let A denote the set
of open neighborhoods of z, and note that this is a directed set when ordered
by reverse inclusion. For each O € A we take zo € O\ f~}(U). Then we have
limo_y00 o = x. However, f(xo) ¢ U for each O € A and hence {f(z0)}oeca
does not converge to f(x). [ |

If X isaset and {f; : X — Y; }ics is a family of maps from X into topological
spaces Y; then there is a unique weakest topology on X making each of the
maps f; continuous. We call this topology the weak topology on X generated
by {fi}icr- For example if {X;};cr is a family of topological spaces then we
may endow [[,.; X; with the weak topology generated by the coordinate maps
m ¢ [ljer Xj — Xi, we always consider [[;.; X; with this topology unless
otherwise stated.

Proposition 3.2.3. If X; is Hausdorff for eachi € I then [[;c; X is Hausdorff.

Proof. Suppose x,y € [];c; X such that x # y. Then for some coordinate
i € I we have m;(z) # m;(y). Since X; is Hausdorff there exists disjoint open
neighborhoods O and U of 7;(x) and 7;(y) respectively, then 7, * (O) and 7; *(U)
give disjoint open neighborhoods of x and y respectively. |

Proposition 3.2.4. IfY is a topological space and f:Y — []
continuous if and only if m; o f is continuous for each i € I.

i1 Xi, then f is
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Proof. Since composition of continuous maps are continuous we see that if f is
continuous then 7; o f is continuous for each ¢ € I. Conversely, suppose m; o f
is continuous for each ¢ € I. Then for any i € I and open set O C X; we have
that f~'(m; *(0)) is open. Since these sets generate the topology on [Lic; Xi
we then have that f is continuous. |

Proposition 3.2.5. A net {x4}aca converges to x € [[..; X; if and only if

for each i € I the net {m;(za)}aca converges to m;(z).

iel

Proof. If {4 }aca is a net which converges to . Then for each i € I we have
that {m;(za)}aca converges to m;(z) by Proposition 3.2.2. Conversely, if for
each i € T we have {m;(z4)}aca converges to m;(x), then for each é1,...,4, € I
and Oy, ..., 0, open neighborhoods of m;, (z),...,m; () respectively, we have
that there exists a € A so that m;, (z,) € Oy for each a > a. Since sets of the
form ﬁzzlwi_kl(Ok) form a base for the topology it then follows that {4 }aca
converges to x. |

In the case when each X, is equal to some fixed space X, then we are
considering the function space X!, and the topology we are considering is the
topology of pointwise convergence; a net {f,}oca converges to f: I — X
if and only if for each ¢ € I we have lim, oo fo (i) = f(4).

If X is a topological space then we denote by C,(X) the space of all con-
tinuous functions with bounded image. We consider the uniform norm of f
as

[flloc = sup{|f(z)[ | z € X}.
zeX

The function d(f,g) = ||f — gllec gives a metric on Cp(X), which we call the
uniform metric.

Proposition 3.2.6. The space Cy(X) is a Banach algebra when endowed with
the uniform metric, and pointwise operations.

Proof. The arguments in Propositions 1.3.1 and 1.3.1 when X is a metric space
work equally well here. |

If K C Cis closed, then we denote by Cp(X; K) the subspace of all functions
which take values in K. It is easy to see that Cp(X; K) is a closed subspace of
Cy(X) in the uniform norm.

Lemma 3.2.7. Let X be a normal space. Suppose that A and B are disjoint
closed sets in X, and let D = {k27" | n > 1l and 0 < k < 2"} be the set of
dyadic rationals in (0,1). There is a family {U, | r € D} of open sets in X such
that A C U, C B® for allr € D and U, C Uy for r < s.

Proof. Set Uy = A and U; = W€ As X is normal there exist disjoint open
sets V and W such that A C V and B C W. We set Uy, = V, so that
ACUyp C m C We c B¢. We now select U, for r = k27" by induction on
n. Suppose N > 2 and we have chosen U, for r = k27", for 0 < k < 2™, and
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1 <n < N. Then for cach r = (2j+1)27", 0 < j < 2V~!, we have that Ujpi-~
and (U(j+1)21—N)c are disjoint closed sets and so as above we may choose U, so
that

AC Ule—N cU, C 77« C U(j+1)21—N C B°.

Lemma 3.2.8 (Urysohn’s Lemma). Let X be a normal space. If A and B are
disjoint closed sets in X, then there exists f € C(X;[0,1]) such that fia =0,
and fip =1.

Proof. Let {U,},cp be as in the previous lemma. Set U; = X and for z € X
define f(z) = inf{r |z € U,}. Since A C U, for 0 < r < 1 we have fj4 = 0. We
also have f|p = 1 and clearly f(X) C [0, 1], so all that remains is to show that
f is continuous. Towards this end note that f(z) < a if and only if z € U, for
some r < a, thus f~1((—o00,a)) = U,<oU, is open. Also, f(x) > a if and only
if z ¢ U, for some r > a, and hence if and only if z ¢ U, for some s > a (since
Us C U, for s < 7). Thus f~!((a,0)) = Ussa(U,)¢ is open. Since half-lines
generate the topology on R it follows that f is continuous. |

A space X is Tychonoff (or T3./,) if it is 77 and for every closed set A and
point 2 € A°, there exists a continuous function f € C(X;0,1]) so that fj4 =0,
and f(r) = 1. Note that by Urysohn’s lemma we have that Ty == Tz, It’s
also easy to check that T3./, = T3.

Theorem 3.2.9 (The Tietze Extension Theorem). Let X be a normal space.
If A is a closed subset of X and f : A — R is continuous, then there exists
F: X — R continuous, such that F|4 = f. Moreover, if f is bounded then we
may choose F so that || Fllco = ||f]lo-

Proof. We first consider the case when f is bounded. We may assume f is
nonconstant. If we set a = inf f(A) and b = inf f(A), then by replacing f with
(f—a)/(b—a) we may assume that f : X — [0, 1]. We will inductively construct
a sequence of continuous functions g, : X — [0,1] so that

F0) =3 seron(a) € 0,273

=0

for all z € A. Then Proposition 3.2.6 shows that F' = .., g; defines a contin-
uous function with ||F'|| < 1, such that F' agrees with f on A.

To construct go we set E = f~1([0,1/3]) and F = f~%([2/3,1]). Then E and
F are disjoint closed sets and so by Urysohn’s lemma there exists go : X — [0, 1]
continuous so that go(z) =0 for x € E and go(x) = 1 for x € F. We then have
f(x) — 3g0(z) € [0,2/3] for all z € A. Now suppose go, .. .,gn—1 have been
constructed so that

f) = 1) = 3 srai(e) € 0, 2/3)")
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for all z € A. Then as above we set £ = f1([0,27/37+1]) and set F
Fi([2n /3t (2/3)"], and we take g, : X — [0, 1] continuous so that g, (z) =
0if x € E and g,(z) = 1if x € F. Then, we have

F) =3 sopoile) = @) — 2/3" gu(a) € [0, (273",
i=0
finishing the induction step.

For the case when f is not bounded we take a homeomorphism 6 : R —
(=1/2,1/2) and consider fo f : A — (—1/2,1/2). Then from above there exists
a continuous function F' : X — [—1/2,1/2] so that F agrees with fo f on A. We
let E=F~'({-1/2,1/2}). Then F is a closed set which is disjoint from A and
so by Urysohn’s lemma there exists g : X — [0, 1] so that gz = 0 and g4 = 1.
Then F = gF also agrees with 6 o f on A and sastisfies F' : X — (—1/2,1/2).
Therefore =1 o F gives the desired continuous function. |

Corollary 3.2.10. If X is normal, A C X is closed, and f € Cy(A), then there
exists I' € Cyp(X) such that Fiq = f, and || Flloc = || f]|oo-

Proof. We assume f # 0. By considering the real and imaginary parts sepa-
rately, it then follows from the previous theorem that there exists a bounded
continuous function Fy such that Fyy agrees with f on A. We let £ = {z € X |
[Fo(x)[ = [ flloc}- Then

_J flle/|Fo(2)] i z € EB;
h<$)_{1 ' if v ¢ B

gives a continuous function and hF, agrees with f on A and satisfies ||hFp|loo =
[ flloo- |

3.2.1 Exercises

A topological space is disconnected if there exists nonempty disjoint open sets
U,V which cover X; otherwise X is connected. A subset £ C X is connected
or disconnected if this is the case in the relative topology.

Exercise 3.2.11. (a) Show that if {A;};cr is a family of connected subsets
such that N;crA; # 0 then U;crA; is connected.

(b) Show that if A C X is connected then A is also connected.

(¢) Show that every point x € X is contained in a unique maximal connected
subset of X, and this subset is closed. (This is the connected component
of ).

A topological space is totally disconnected if {2} is the connected com-
ponent of x, for each z € X.
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Exercise 3.2.12. Show that the continuous image of a connected set is con-
nected.

A topological space (X,7) is arc-connected if for each =,y € X there
exists a continuous function f : [0,1] — X so that f(0) =z and f(1) =y.

Exercise 3.2.13. Show that arc-connected spaces are connected. Also, find an
example of a connected space which is not arc-connected.

3.3 Compact spaces

Generalizing the case for metric spaces, a topological space (X, T) is compact
if every open cover has a finite subcover. A subset F C X is compact if it
is compact with respect to the relative topology. We say a subset £ C X is
precompact if E is compact.

A family of subsets F of X has the finite intersection property if for any
Fy,...,F, € F, with n > 1 we have N7_, F; # 0.

Proposition 3.3.1. A topological space X is compact if and only if, whenever F
is a non-empty family of closed subsets which has the finite intersection property
then we have NperF # 0.

Proof. By contraposition a space X is compact if and only if whenever G is a
family of open sets which does not have a finite subfamily covering X, then G
itself does not cover X. Taking complements of the sets in G, then gives the
criterion for compactness above. |

Proposition 3.3.2. Suppose X and Y are topological spaces with X compact.
If f: X =Y is continuous then f(X) is compact.

Proof. Suppose G is an open cover for f(X), then {f~1(0) | O € G} is an open
cover for X and hence has a finite subcover f=1(O1),...,f1(0,). It then
follows that Oq,...,0, is a finite subcover of f(X). Hence, f(X) is compact.

]

By the previous proposition, any continuous map from a compact space to
C is bounded, thus for compact spaces we write C'(X) for Cp(X).

Proposition 3.3.3. A closed subset of a compact space is compact. Also, a
compact subset of a Hausdorff space is closed.

Proof. First, suppose X is compact, and F' C X is closed, if G is an open cover
of F', then G U {F*°} is an open cover for X and hence by compactness there is
a finite subcover Gy, then Gy \ {F°} is a finite subcover of G which covers F,
showing that F' is compact.

Next, suppose X is Hausdorff and F' C X is compact. Fix z¢y ¢ F. Since
X is Hausdorff, for each x € X there exist disjoint open neighborhoods O,
and G, of x and x respectively. We have that {O,},er covers F and so by
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compactness there is a finite subcover {O,,..., Oy, }. If we set U = ML Gy,
then we have that U is open and is disjoint from F' C U}, O,,. Thus, z € I,
and as x was arbitrary it then follows that F' = F' is closed. |

Corollary 3.3.4. Suppose X andY are topological spaces with X compact and
Y Hausdorff, and suppose f : X — Y is a continuous bijection. Then f is a
homeomorphism.

Proof. Suppose O C X is open. By Proposition 3.3.3 we have that O°¢ is com-
pact. By Proposition 3.3.2 we then have that f(O°¢) is compact and hence
closed. Since f is a bijection we then have that f(O) = f(O¢)¢ is open. Thus,
f~1is continuous and hence f is a homeomorphism. |

Proposition 3.3.5. Suppose X is a Hausdorff topological space, and E, F C X
are disjoint compact subsets, then there exist disjoint open sets U,V C X so
that ECU and F C V.

Proof. We first consider the case when E is a singleton E = {z}. Since X is
Hausdorft, for each y € F' there exists disjoint open sets O, and V,, so that
y € Oy and z € V,,. We then have that {O,},cr forms an open cover of F' and
by compactness there exists a finite subcover {O,, }I';. If we set U = U, O,,
and V = Ni_,V,,, then U and V are disjoint open sets such that ' C U and
zeV.

We now consider the general case. From above, for each y € E there exist
disjoint open sets O, and V,, so that y € O, and F' C V,,. Again by compactness
there exists a finite collection {O,, }? ; which covers E. Then U = U} ,0,,, and
V =ni.,V,, are disjoint open sets and we have £ C U, while FF C V. |

Corollary 3.3.6. A compact Hausdorff space X is normal.
Proof. This follows directly from Propositions 3.3.3 and 3.3.5. ]

Theorem 3.3.7 (Tychonoff’s Theorem). If {X;}icr is a family of compact
topological spaces, then [[,.; X is also compact.

Proof. Suppose F is a family of closed subsets of [];.; X; with the finite in-
tersection property. By Zorn’s lemma there exists a maximal family £ of (not
necessarily closed) subsets with the finite intersection property such that F C £.
Note that &£ itself must then be closed under finite intersections, and if £ € £
and £ C F, then F € £.

For each i € I the family {m;(F) | E € £} has the finite intersection property
and hence by compactness we have Ngeem;(E) # (). Take x; a point in this
intersection. We let = be the point in Hie ; Xi whose ith coordinate is x;.

We claim that all neighborhoods of x are contained in £. To prove this it is
enough to show that the neighborhoods of the form ﬂ}gzlﬂfkl (E;,) are contained
in £, and since £ is closed under finite intersections it is then enough to show
that neighborhoods of the form 7; ' (E;) are contained in £. To see this note
that since z; € m;(F) for any E € £ it follows that m; *(E;) N E # () for all
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E € £. This then shows that £ U {m; *(E;)} has the finite intersection property
and hence 7, Y(E;) € € by maximality of £. Thus, arbitrary neighborhoods of z
are contained in £ and hence have non-trivial intersection with an arbitrary set
E c & Thus, z € E for all E € £, and hence z € NgegE C NperF, showing
that [[;c; Xi is compact. [ |

If X is a Banach space, then the weak*-topology on X* is defined to be the
coarsest topology so that the maps X* o ¢ — @(z) are continuous for each
rzeX.

Theorem 3.3.8 (The Banach-Alaoglu theorem). Let X be a Banach space.
Then the closed unit ball in X* is compact in the weak™-topology.

Proof. Let D = [[,cx B(|lz[,0). Since closed balls in Euclidean space are
compact, it then follows from Tychonoff’s theorem that D is compact. We let
K denote the closed unit ball in X* and consider the map 7 : K — D where
m(p) has coordinates 7(¢); = ¢(x). Note that since ¢ is in the unit ball we
have |7(¢s)| = |p(x)] < ||z]|, so that 7 is well defined. Also note that = is
injective since if 7(¢) = 7() then for each point z € X we have p(z) = ¥(z).

If {¢ataca is anet in K then {@,}aca converges to ¢ if and only if for each
x € X we have po(z) — ¢(z), and this is also if and only if 7(¢,) — 7(p) in D.
Therefore 7 defines a homeomorphism from D onto its image. K is therefore
compact if and only if the image of 7 is closed.

Note that D consists of functions from X to K (where K = R or K = C), and
as these functions take x to an element in the ball B(||z|| < z) it follows that
they are bounded functions. Thus, the image of 7 consists of those functions
which are linear, i.e.

'/T(K) = mml,xzeX,QGK{f €D | flera:nQ = fml + afxg}~
As an intersection of closed sets is closed it then follows that m(K) is closed. W

A property P of topological spaces is said to hold locally for a space X
if each x € X has a neighborhood which satisfies P. For example a locally
compact space X is one in which each point z € X has a compact neighborhood.
Euclidean spaces R™ are examples of locally compact spaces.

A subset F C Cy(X) is equicontinuous at © € X if for each € > 0 there is
a neighborhood U of z such that |f(y) — f(z)] <eforallu € U and f € F. F
is equicontinuous if it is equicontinuous at each point. Also, F is pointwise
bounded if {f(x) | f € F} is bounded for each z € X.

Theorem 3.3.9 (The Arzela-Ascoli Theorem). Let X be a compact Hausdorff
space. If F C C(X) is equicontinuous and pointwise bounded, then F is totally
bounded in the uniform metric, and F is precompact.

Proof. Fix € > 0. Since F is equicontinuous, for each z € X there exists an
open neighborhood O, of z such that |f(y) — f(z)| < /4 for all f € F, and
y € Oy. The family {O;}cx is an open cover, and since X is compact it is
covered by a finite collection Oy, ,..., Oy, .
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Set K = supjeri<p<n |f(@k)]. Since F is pointwise bounded we have

K < 00. We cover the closed ball B(K,0) C C with finitely many /4 balls
B(€/4azl)7' . 'aB(€/4a Zm)
We consider the finite set

F={¢:{1,...,n} = {1,...,m} | there exists f € F such that
f(a:z) S B(€/4,Z¢(i)) forall1 <i< n},

and for each ¢ € F', we choose f4 € F which realizes the fact that ¢ € F.
If f € F, then as B(e/4,21),...,B(g/4, zm) cover B(K,0), there exists a
function ¢ € F so that f(z;) € B(e/4,z4(;)), for 1 <i < n. If y € O,,, we then

have

1F (W) = o <1 () — fla)l + [f (i) = folwi)| + [fo (@) — fo(v)]
<eld+e/2+¢e/d=¢.

Thus || f — fs]lco < €, showing that F is covered by finitely many e-balls, and is
therefore totally bounded. It then follows that F is precompact in the uniform
norm by the Heine-Borel property. |

A topological space is o-compact if it is a countable union of compact
subsets.

Lemma 3.3.10. Suppose X is a o-compact, locally compact Hausdorff space.
Then there is a sequence {U,}22 of precompact open sets such that Uy, C Uy, 11
for each 1 <n < oo, and U2 U, = X.

Proof. We have X = U2, F,, where F,, are compact sets. Since X is locally
compact each point z € F,, has a precompact open neighborhood O,, then
{Os}zer, covers F, and hence has a finite subcover O,,...,0,,. Setting
V, = U¥_,0,,, we then have that V,, is open, precompact, and F,, C V,, for each
1 <n < oo. Setting U,, = U}},_; V;, then produces the desired sequence. |

Note that if {U,,}52; are as in the previous lemma and F' C X is compact,
then {U,, }52; covers F' and hence by compactness there exists a finite subcover.
However, since {U,}52, is an increasing union it then follows that F' C U, for
some 1 < n < oo.

Theorem 3.3.11. Let X be a o-compact, locally compact Hausdorff space. If
{fn}52 is a sequence which is equicontinuous and pointwise bounded, then there
exists a continuous function f : X — C and a subsequence of {fn}52, which
converges to f uniformly on compact sets.

Proof. We write X = U2 F,, where each F,, = U, as in the previous lemma.
Set Fo =0, go =0, and {f2}°2, = {f.}32,. For n > 1 we inductively choose
gk : Fr = C, and subsequences { [y }52, of {ff~'}32, so that g g, , = gr—1 as
o0

follows: We suppose that g, and {f¥}°%; have already been chosen for 0 < k <
0. Restricting {f¥1°° ; to Fj41 we have an equicontinuous, pointwise bounded
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family and hence this is precompact in the uniform norm by the Arzela-Ascoli
Theorem. Therefore there exists a subsequence { f*¥1}°2 | such that {f*+1}%
converges uniformly on Fj41 to a continuous function giy1 : Fr41 — C. As
{fat1}oxy is a subsequence of {f}}72; we have that gri1|, = G-

We may then define g : X — C by g(x) = gi(z) for x € Fj. Then g is a well
defined continuous function. If we consider the diagonal subsequence {f}> ;
then we have that {f7}52; converges to g uniformly on Fj, for any 1 < k < oc.
Since any compact set is covered by some Fj it follows that {f7}5, converges

to g uniformly on compact sets. |

3.3.1 Exercises

Exercise 3.3.12. Show that a metric space X is compact if and only if every
real valued function on X is bounded.

Exercise 3.3.13. Let (X,7) be a compact Hausdorff space. Show that if 7’
is any weaker topology then (X,7’) is not Hausdorff. Show that if 77 is any
stronger topology then (X, 7’) is not compact.

Let X be a locally compact topological space, and fix a point w ¢ X. On
the space X = X U {w} we define a new topology whose open sets consist of the
open sets in X, together with the compliments (in X) of compact subsets of X.
The space X is called the one-point compactification of X.

Exercise 3.3.14. Show that X is a compact Hausdorff space and that the
relative topology from X C X agrees with the topology on X.

Let X be a locally compact topological space, a function f : X — C is said
to vanish at infinity if for every € > 0, there exists a compact set K C X so
that |f(x)| < € for all x € K°. We denote by Cy(X) the space of all continuous
functions which vanish at infinity.

Exercise 3.3.15. Show that Cy(X) is a closed subspace of Cy(X).

Exercise 3.3.16 (Compare this with Exercise 3.1.3). Suppose X is a compact
Hausdorff space such that singletons {z} are Gs.

1. For each z € X find a countable open cover O of X \ {z} so that z € O
for all O € O.

2. Show that X is first countable.

If (V,E) is a graph, and k € N, a k-coloring of the graph (V,E) is an
assignment f € {1,2,...,k}" such that for all (v,w) € E we have f(v) # f(w).

Exercise 3.3.17. Prove the De Bruijn-Erdds theorem: If (V) E) is a graph such
that a k-coloring exists for every finite subgraph, then a k-coloring exists for
(V, E). Hint: For each finite subgraph (Vp, Ey) consider

Frvy gy = {f €1{1,.. Lk fiv, gives a k — coloring of (Vo, Ep)},

then show that the family of all such F(y; g,) has the finite intersection property.
(This approach is due to Gottschalk.)
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3.4 The Stone-Weierstrass Theorem

A subset A C Cp(X) (resp. Cp(X;R)) is an algebra if it is a complex (resp. real)
vector subspace such that fg € A for all f,g € A. A is said to separate points
if for all & # y there exists f € A such that f(z) # f(y). A subset A C Cp(X;R)
is a lattice if it is a real vector subspace such that fV g = max{f, g} € A, and
fAg=min{f, g} € Aforall f, g€ A.

Lemma 3.4.1. For any € > 0 there is a polynomial p on R such that p(0) =0
and ||z| — p(z)| < € for xz € [-1,1].

Proof. Consider the Maclaurin series 1 — Y"°° | ¢, " for (1 — t)1/2. This series
converges absolutely and uniformly on [—1, 1] and its sum is (1—#)'/2. Therefore,
given any € > (0 we may take a suitable partial sum to obtain a polynomial ¢
so that |(1 — )12 — q(t)| < /2 for t € [~1,1]. Setting r(z) = ¢(1 — z?), we
then obtain a polynomial r such that ||| — r(z)| < &/2 for x € [—1,1]. If we set
p(z) = r(x) —r(0), then p is a polynomial such that p(0) = 0 and ||z| —p(x)| < €
for all x € [-1,1]. [ ]

Proposition 3.4.2. Let X be a topological space. If A C Cy(X;R) is a closed
subalgebra, then A is a lattice.

Proof. As fVg=3(f+g+|f—gl)and fAg=1(f+g—|f—g|) it is enough
to show that |f| € A whenever f € A. Suppose f € A and ¢ > 0 is given.
We may assume f # 0. Since f/| f]leoc maps into [—1,1] it follows from the
previous lemma that there exists a polynomial p on R so that p(0) = 0 and
(Do £)/IIfllec — If1/1Ifllcc] < €. Since p(0) = 0 it follows that p has 0 for its
constant coefficient, thus since A is an algebra we have po f € A, and since € > 0
was arbitrary it then follows that |f|/||f]le € A and hence also |f] € A. |

Lemma 3.4.3. Let X be a compact space. Suppose A C Cp(X;R) is a closed
lattice and f € C(X;R). If for every x,y € X there exists g € A so that
9(x) = f(z) and g(y) = f(y), then f € A.

Proof. Fix ¢ > 0. For each z,y take g,, € A so that g, ,(z) = f(z) and
9zy(Y) = f(y). Let Uy y = {2z € X | f(2) < goy(2)+€}. Fix y; then {U, y}aex
is an open cover of X and so there is a finite subcover {Uy, ,}iq. Set g, =
max{gaz, y,--->9zn,y} €A Then f < g, +¢on X and f(y) = g,(y) so that in
some neighborhood V,, of y we have that f > g, —e. We then have that {V, },ex

covers X and so there is a finite subcover {V,;}"* ;. Set g = min{gy,,,...,9y,.} €
A. Then ||f — ¢g|llo < &, g € A, and since € > 0 was arbitrary we then have
feA |

Theorem 3.4.4 (The Stone-Weierstrass Theorem). Let X be a compact Haus-
dorff space. If A C C(X;R) is a closed algebra which separates points then
either A = C(X;R) or else there exists xo € X such that A = {f € C(X;R) |

f(zo) = 0}.
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Proof. We first consider the case when X is a two point set {z,y}, so that
C({z,y}) is two dimensional. If A is two dimensional then we are done. Also,
since A separates points we have a function f € A with f(z) # f(y), so that we
may assume A is one dimensional. Then f2? = cf for some c € R, so that f(x)
and f(y) distinct roots of the polynomial 2 — ct. It then follows that either
f(z) = 0 in which case A = {g € C({z,y}) | g(z) = 0}, or else f(y) = 0 in
which case A = {g € C({z,y}) | g(y) = 0}.

We now consider the general case. Suppose z,y € X, with z # y. Con-
sidering the restriction map from A we obtain an algebra A, , C C({z,y};R).
Note that since A separates points so does A, ,. If there exists xp € X so
that f(xzg) = 0 for every f € A, then as A separates points there can be at
most one such zy and from above we then have A, , = C({z,y}) whenever
xo € {z,y}. Tt then follows from Proposition 3.4.2 and Lemma 3.4.3 that
A={feCX)| f(xo) = 0}. Otherwise A, , = C({z,y}) for all z,y € X
in which case it again follows from Proposition 3.4.2 and Lemma 3.4.3 that

A=C(X). n

Corollary 3.4.5. Let K C R"™ be compact, and f € C(K;R), then for every
e > 0 there exists a polynomial p : R™ — R so that |f(k) — p(k)| < e for all
ke K.

Proof. Since the space of polynomials forms an algebra which contains the con-
stant functions and separate points it follows that this space is dense in C(K;R)
by the Stone-Weierstrass theorem. |

Theorem 3.4.6 (The Complex Stone-Weierstrass Theorem). Let X be a com-
pact Hausdorff space. If A C C(X) is a closed algebra which is closed under

complex conjugation and separates points then either A = C(X) or else there
exists xg € X such that A= {f € C(X;R) | f(zo) = 0}.

Proof. Since Re f = (f+f)/2and Im f = (f— f)/2i it follows that the set of real
and imaginary parts of functions in A is an algebra A in C(X;R). Moreover it
is easy to see that this separates points and hence the Stone-Weierstrass theorem
applies. Since A = {f +1ig | f,g € Ar} the complex version then follows. |

3.4.1 Exercises

Exercise 3.4.7. Suppose X and Y are compact Hausdorff spaces and f €
C(X xY). Show that for all ¢ > 0 there exist g1,...,9, € C(X)and hy,..., hy, €
C(Y) so that | f(z,y) — > i, gi(@)hi(y)| < e for all (z,y) € X x Y.

Exercise 3.4.8. Let X be a compact Hausdorff space. An ideal in C(X) is a
subalgebra I C C(X), such that fg € I whenever f € C(X) and g € I.

1. f I C C(X) is an ideal, let h(I) = {x € X | f(z) =0 for all f € I}, the
hull of I. Show that h(I) is closed.
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2. IfAcC X, let k(A) ={f € C(X) | f(x) =0 for all z € A}, the kernel
of A. Show that k(A) is a closed ideal in C(X) which is closed under
conjugation.

3. Show that k(h(I)) = I for any ideal I C C(X) which is closed under
conjugation, and h(k(A)) = A for any subset A C X.

Given a topological space X and an equivalence relation R on X, we let
X/R denote the set of equivalence classes and we consider ¢ : X — X/R the
quotient map ¢(z) = [x]. We endow X/R with the weakest topology so that ¢
is continuous.

Exercise 3.4.9. Let X be a compact Hausdorff space.
1. Show that X/R is Hausdorff if and only if R is a closed subset of X x X.

2. f RC X x X is closed, consider Ag = {foq| fe€C(X/R)}. Show that
Ap is a closed subalgebra of C(X) which contains the constant functions
and is closed under complex conjugation.

3. Show that R — Ag gives a bijection between equivalence relations on X
which are closed in X x X, and closed subalgebras of C(X) which contain
the constant functions and are closed under complex conjugation.

3.5 The Stone-Cech compactification

Let X be a topological space. A map x : Cp(X) — C is a homomorphism if
it is linear, and satisfies x(fg) = x(f)x(g) for f,g € Cp(X), and x(1) = 1. We
denote by o(Cy(X)) the space of all such homomorphisms and we endow this
with the topology of pointwise convergence inherited from C*(X). Note that if
v, x € 0(Cp(X)) then ¢ = x if and only if ker(p) = ker(x).

Lemma 3.5.1. o(Cy(X)) is compact.

Proof. Suppose ¢ € o(Cp(X)), and f € Cp(X) with || f|lec < 1. We claim that
lo(f)| < 1. If this were not the case then the function g(z) = ¢(f) — f(z) would
satisfy |g(z)| > |¢(f)| — 1 for each € X and hence the function h(zx) = ﬁ
would be in Cp(X). However, we would then have 1 = ¢(1) = ¢(g)p(h) =0
contradiction.

Also, restricting to Cp(X)1 = {f € Co(X) | ||f]] < 1}, gives the same topol-
ogy of pointwise convergence and hence we may view o(Cp(X)) as a subspace
of DB where D is the closed unit disc in C. Since DP is compact it is then
enough to show that o(Cy(X)) is a closed subspace.

Suppose therefore that {¢q }aca is a net of homomorphisms which converge
pointwise to a function ¢ : Cp(X) — C. As addition, scalar multiplication are
continuous in C it then follows that ¢ is linear, and as multiplication is jointly
continuous in C it follows that ¢(fg) = ¢(f)¢(g) for all f, g € Cy(X). Therefore
© is a homomorphism. |

)
a
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Theorem 3.5.2 (Stone). Let X be a topological space. For each x € X denote
by By : Cp(X) — C the homomorphism given by B,(f) = f(x), then X >
x = By € o(C(X)) is a continuous map with dense image which satisfies the
universal property that if m : X — K is any continuous map into a compact
Hausdorff space K, then there exists a unique continuous map B : c(C(X)) —
K, such that for x € X we have w(x) = Br(Bz). In particular, if X is a compact
Hausdorff space then B is a homeomorphism.

Proof. Tf {x;} C X is a net such that x; — z, then for any f € C,(X) we have
B (f) = f(x;) = f(x) = BL(f), hence B, — B. Thus,  — B, is continuous.
To show that this map has dense image we suppose by way of contradiction that
¢ € o(Cp(X)) is not in the closure of 5(X), and set I = ker(ip).

If ¢ € B(X), then there exists f, € I such that f, ¢ ker(y). Hence, for
some ¢, > 0, and an open neighborhood O, of v, we have that |[¢'(f)] >

cy for all ¥ € Oyp. As B(X) is compact we may take a finite subcover of
the cover {O“’}wem' Thus, we obtain fi,...,f, € I, and ¢ > 0 such that

S (| f]?) > ¢ for all ¢ € B(X). In particular we have Y ., |f]*(z) =
Ba(>oiy |fI?) > ¢, for all z € X. Thus, if we consider the function g(z) =
1/ (35 1f1?), then g € Cy(X) and we have fg = 1. We would then have
1=9(1) =e¢(fg) = ¢(f)e(g) =0, a contradiction. Thus, we must have that
B(X) = 0(Cy(X).

If X is a compact Hausdorff space then § is surjective since the image is dense
and compact. Moreover, (3 is injective since Cp(X) separates points. Hence, (3
is a homoeomorphism, being a continuous bijection between compact Hausdorff
spaces.

In general, to see that 8 : X — o(Cy(X)) satisfies the above universal
property, suppose that K is a compact Hausdorff space and 7 : X — K is
continuous. We then obtain a continuous map 7* : C(K) — Cy(X) given by
7*(f)(x) = f(m(z)). Thus, we obtain the continuous map 7 : o(Cp(X)) —
o(C(K)) by 7(¢)(g) = ¢(m*(g)). Since K is compact and Hausdorff we have
established above that 8% : K — o(Cy(K)) is a homeomorphism. Thus, we
obtain a continuous map B : o(Cy(X)) — K by setting B, = BE T o It
z € X, and g € C(K) then we compute directly

T(B2)(0)(9) = Ba(7"(9)) = 7*(9)(2) = g((2)) = Br(a)(9)-
Hence, B, (8:) = 7(x). [ |

If X is a topological space, then the Stone-Cech compactification of X
consists of a compact Hausdorff space X, together with a continuous map  :
X — BX, which satisfies the universal property given in the previous theorem.
If follows easily that, up to homeomorphism, this is uniquely defined by its
universal property. The previous theorem shows that X exists and may be
identified with o(Cy(X)). The following easy consequence (implicit already in
Tychonoff’s work) was obtained independently by Cech using different methods:

Corollary 3.5.3 (Stone, Cech). Let X be a topological space, then 3 : X — X
is a homeomorphism onto its image if and only if X is a Tychonoff space.
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Proof. From the previous theorem we have that § : X — BX is continuous.
Since X is Tychonoff we have, in particular, that Cj,(X) separates points, and
it then follows that 8 is injective. Thus, we just need to show that g is an
open map into B(X). Suppose that F C X is closed and © € X \ F. As X is
Tychonoff there exists f : X — [0, 1] continuous so that fjr =0, and f(z) = 1.

Thus, we have 8,(f) = 1 while 8,(f) = 0 for all y € F, and hence 8, ¢ B(F).
Since x ¢ F was arbitrary it follows that S(F) N B(X) = S(F), and hence 5(F')

is closed in B(X). As 3 is injective, taking complements shows that /3 is an open
map into S(X). [ ]

As a subspace of a Tychonoff space is again Tychonoff, and compact Haus-
dorff spaces are normal and hence Tychonoff by Corollary 3.3.6, the previous
corollary gives the following characterization of Tychonoff spaces.

Corollary 3.5.4. A topological space X is Tychonoff if and only if X is home-
omorphic to a subspace of a compact Hausdorff space.

Considering the one-point compactification gives the following:
Corollary 3.5.5. Locally compact spaces are Tychonoff.

Theorem 3.5.6 (The Tietze Extension Theorem for Tychonoff spaces). Let X
be a Tychonoff space, K C U C X, with K compact, and U open. If f € C(K)
then there exists F' € Cy(X), with ||F|loc = ||flloo, such that Fix = f, and
F“Uc == 0

Proof. Since X is Tychonoff, the map 8 : X — X is a homeomorphism onto its
image. Thus 8(K) C X is compact, and there exists V' C X open such that
B(K) C B(U)=VNBX CV. We consider the function g : §(K) U V¢ — C by
setting g(B(k)) = f(k) for k € K, and g(z) = 0 for x € V. Since B(U) and V*©
are disjoint closed sets, and SX is normal, they can be separated so that they are
both clopen in the relative topology. Thus, g is continuous and by the Tietze
Extension Theorem for compact Hausdorff spaces there is then a continuous
function G € C(BX), with [|G|lcc = [lgllec = [[fllco so that Gigx) = g, and
G|ve = 0. Taking F' = G o 8 then gives the desired function. ]

Lemma 3.5.7. If X is normal and second countable then there exists a count-
able family F C Cy(X;[0,1]) which separates points.

Proof. Let &€ be a countable base for X. For each U,V € & such that U C V we
may use Urysohn’s lemma to construct a continuous function fy v : X — [0,1]
so that fjy = 0 and fjye = 1. If we let F be the collection of all such fyy and
claim that F separates points. Indeed, if =,y € X with = # y, then as X is
normal there exist disjoint closed neighborhoods E and F' of x and y respectively.
Then there must exist U,V € &£ neighborhoods of x and y respectively such that
U C E and V C F. We then have that fy v (z) =0 while fyv(y) = 1. ]

Proposition 3.5.8. Fvery second countable normal space is homeomorphic to
a subspace of the Hilbert cube [0, 1]Y
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Proof. Suppose X is normal and second countable. Then by Lemma 3.5.7 there
is a countable family F C Cp(X) which separates points in F. Consider the
evaluation map e : X — [0, 1] given by e(x)(f) = f(x). Then this is continuous
and since JF separates points it is injective. Since [0, 1]” is compact e extends
to a continuous map 3. : X — [0,1]7. If F C X is closed then F C X is
compact and satisfies F N X = F. As j3. is continuous we have that 3.(F) is
compact, and hence e(F) = B.(F) Ne(X) is closed in e(X). Thus, the map e
onto its image preserves closed sets and hence e is a homeomorphism of X onto
its image in [0, 1]7. |

Theorem 3.5.9 (The Urysohn Metrization Theorem). FEvery second countable
normal space is metrizable.

Proof. The Hilbert cube is metrizable. Indeed, the explicit metric d(f,g) =
Yoo 27" f(n) — g(n)| is easily seen to give the topology on [0,1]N. Since
subspaces of metrizable spaces are again metrizable, the result then follows
from Proposition 3.5.8 |

3.5.1 Exercises

Exercise 3.5.10. Let X be a compact Hausdorff space. Show that X is a
second countable if and only if C'(X) is separable.

Exercise 3.5.11. Suppose that a topological space X has a countable basis of
clopen sets, show that X embedds into {0, 1}.

Exercise 3.5.12. Let X and Y be compact Hausdorff spaces and suppose ¢ :
C(X) — C(Y) is a (unital) homomorphism, i.e., ¢ is complex linear, ¢(1) = 1,
and ¢(fg) = o(f)o(g) for all f,g € C(X). Show that there exists a unique
continuous map 7 : Y — X so that ¢(f) = f o for all f € C(X). Moreover,
show that 7 is bijective if and only if ¢ is bijective.

3.6 The property of Baire

A topological space X is completely metrizable if there is a complete metric
on X which gives the topology.

Proposition 3.6.1. A G subset A of a completely metrizable space X is com-
pletely metrizable in the relative toplogy.

Proof. Suppose that d is a complete metric giving the topology on X.

We consider first the case when A is open. In this case we may consider the

metric dy on A given by di(z,y) = d(z,y) + m - m . Then it is easy

to check that d; is a complete metric on A which gives the relative topology.
Next suppose that A = N,,enO,, where each O,, C X is open. for each n € N
we let d,, be a complete metric on O,, which gives the relative topology on O,,.

Replacing d,, (z, y) with % we assume that d,(z,y) < 1 for all z,y € O,,.
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We define the metric d by d(z,y) = 3.°°, 2 "d,(z,y). It is then easy to see

~ n=1
that d gives a complete metric on A which gives the relative topology. |

Theorem 3.6.2 (Kuratowski’s Extension Theorem). Let X be a Hausdorff
space and A C X a dense subset of X. Suppose that'Y is a completely metrizable
space and f : A — Y is continuous, then there exists a continuous extension
f:B =Y where BC X is G5 with A C B.

Proof. We fix a complete metric d on Y. For z € X we set
oscy(z) = inf{diamf(U N A) | U an open neighborhood of x}.

Then B, = {x € X | ocsy(z) < 1/n} is open for each n € N, and hence
B =nNyB, ={z € X | oscs(x) =0} is Gs. Since f is continuous on A we have
ACB.

We define f : B — Y by f(x) = limg_e0 f(a) Where {z4}o C A is any net
such that z, — x. Since B = {z € X | oscs(xz) = 0} and Y is a complete space
it follows easily that f is a well defined continuous extension of f. |

Corollary 3.6.3. Let X be a Hausdorff space and A C X a dense subset such
that A is completely metrizable, then A is a Ggs-set in X.

Proof. If we consider the identity map on A then from Kuratowski’s theorem
there exists a Gg-set G C X with A C G and a continuous extension f : G —
A C G. Since A is dense in G and f agrees with the identity on A it then follows
that f is the identity map, hence A = G. ]

Corollary 3.6.4. A subspace F' of a completely metrizable space X is completely
metrizable if and only if F' is Gy.

Proof. Replacing X with F, we may assume that F is dense. The result then
follows from Proposition 3.6.1 and Corollary 3.6.3. ]

A Polish space is a topological space X which is separable and completely
metrizable.

Corollary 3.6.5. A topological space X is Polish if and only if X is homeo-
morphic to a G subset of a second countable compact Hausdorff space.

Proof. If X is Polish, then Proposition 3.5.8 shows that X is homeomorphic to
a subset of a second countable compact Hausdorff space, and Corollary 3.6.3
shows that this subset must be Gjy.

Conversely, second countable compact Hausdorff spaces are completely metriz-
able by Urysohn’s Metrization Theorem, hence if X is a G subset then X is
completely metrizable by Corollary 3.6.4. |

A topological space X is Cech-complete if it is homeomorphic to a G-
subset of a compact Hausdorff space.
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Corollary 3.6.6. Let X be a completely metrizable space, then X is Cech-
complete.

Proof. Let 8 : X — X be the Stone-Cech compactification of X. As X is
Tychonoff, 5 is a homeomorphism onto its image. Corollary 3.6.3 shows that
the image must be a Gs-set. ]

Note that, by considering the one point compactification, any locally com-
pact Hausdorff space is also Cech-complete.

Let X be a topological space. A subset A C X is meager if it is a countable
union of nowhere dense sets. A subset B C X is comeager (or residual) if its
complement is meager. We say that X is a Baire space if every comeager set
is dense. Equivalently, X is a Baire space if whenever {O,, },cn is a sequence
of open dense sets, we have that N, O0,, is dense. The following lemma is left to
the reader.

Lemma 3.6.7. Let X be a Baire space, and Y C X a dense Gg-subset, then Y
18 a Baire space.

Theorem 3.6.8 (Baire). Cech-complete spaces are Baire.

Proof. By the previous lemma it is enough to show that compact Hausdorff
spaces are Baire. Thus, suppose X is a compact Hausdorff space and {O,, }nen
is a sequence of open dense sets. Let U be any non-empty open set in X. We
now inductively define a decreasing sequence of closed sets {F),},, and non-
empty open sets {G,}, such that G,, C F,, C UNO;N---Oyp: Since Oy is
dense, we have O; N U # (. Let Fy be a non-empty closed subset of O; N U
with non-empty interior G,,. Now suppose Fi,..., F, and Gy, ..., G, have been
constructed. Since O,,_; is dense we have O,_1 N G, is non-empty and hence
we may take Fj, 1 to be any closed subset of O,,_1 NG, with non-empty interior
Gn+1.

By construction we then have N, F,, C U NN,O0,, and by compactness we
have that N, F}, is not empty. Since U was an arbitrary non-empty open subset
it follows that N,,O,, is dense in X. |

3.6.1 Exercises

Note that from Corollary 3.6.5 the space of irrationals R \ @ with its subspace
topology is Polish, even though the usual metric is far from complete. The next
two exercises give an explicit way to see this.

Exercise 3.6.9. Suppose {X,,}22; is a sequence of completely metrizable spaces.
Show that [, X, is completely metrizable. Moreover, show that [] >, X, is
separable if each X, is separable.

Exercise 3.6.10. Show that R\Q and the Baire space N are homeomorphic.
Hint: Consider continued fraction expansions.
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Exercise 3.6.11. Let X be a compact Hausdorff space and suppose |X| = occ.
Show that, as a complex vector space, C(X) has no countable basis.

Exercise 3.6.12. Suppose f, : R — R are continuous, and f : R — R such
that f,(z) = f(z) for each x € R.

1. Show that if I is an open interval of positive length then f=1(I)N f~1(I)c
is F,, and nowhere dense.

2. Show that if f is not continuous at a point = then there exists an open
interval I with rational endpoints such that z € f=1(I) N f~1(I)c.

3. Show that f is continuous on a dense set of points in R.

Exercise 3.6.13. Show that there exists a function f € C([0,1]) so that f is
not monotone on any interval of positive length.

Exercise 3.6.14. Let f : R — R be an infinitely differentiable function such
that at each point = € R there is a derivative f(*) so that f(™(z) = 0. Let

Y = {z € R|fjo = pjo for some polynomial p
and some neighborhood O of z},

and let X = Y°. Suppose that X # (). For each n > 0let S, = {z € R |
7 () = 0},

(a) Show that X is a closed set without isolated points.

(b) Show that there exists an interval (a,b) such that § # (a,b) N X C S,,.

()

(d) Conclude that, in fact, X = (J, and deduce from this that f agrees with a
polynomial on R.

Reach a contradiction by showing that f(™)(z) = 0 for all 2 € (a,b).

Exercise 3.6.15. For each n,m € N let

f(w)‘

Apm = {f € C([0,1]) | there exists x € [0,1] such that ‘f(ti_ <nif0<|z—t < 1}.
m

1. Show that if f € C([0,1]) is differentiable at some point in [0,1] then
f € Ay for some n,m € N.

2. Show that A, ., is closed in C(][0,1]).

3. Show that A, , is nowhere dense in C([0,1]).

4. Show that the set of functions f € C([0,1]) which are nowhere differen-
tiable is dense in C([0, 1]).
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3.7 Cantor spaces

A Cantor space is a non-empty compact Hausdorff space without isolated
points and having a countable basis consisting of clopen sets. For example,
suppose {F,}52; is a sequence of finite sets with |F,| > 2, which we consider
as discrete topological spaces, then X = [[ 2| F}, is a Cantor space. Indeed, by
Tychonoft’s theorem X is non-empty compact Hausdorff. A countable basis of
clopen sets are given by finite intersections of sets of the form 7, ' (E,,) where
E, C F, is a non-empty set. It is also easy to see that since |F},| > 2, X has
no isolated points.

Given a set A, we let A<N denote the set of finite sequences in A, i.e., A<N
consists of the empty set, together with the disjoint union of A™, for n € N. If
s=(81,...,8,) € AN and k € A, we denote by 5"k the sequence (s1,...,5n, k).
If s € AN and n € {0} UN then we denote by s|n the sequence which consists
of the first n entires of s.

A Cantor scheme on a set X is a family {A,} c(0,13<v of subsets of X
such that

1. ASAQ N As"l = @, for s € {O, 1}<N,
2. Ay C A, for s € {0,1}<N.

If (X,d) is a metric space and we additionally have lim,, o, diam(Ag,,) = 0 for
any s € {0,1}" then we say that {A,}sc(0,1}<v has vanishing diameter.

Lemma 3.7.1. Suppose (X,d) is a complete metric space and we have a Can-
tor scheme {As}se{0,1}<N which has vanishing diameter and such that Ay is
nonempty open for each s € {0,1}<N. Then for each s € {0,1}<N there is a
unique element f(s) in NnenAg)y, and the map f: {0, 1} — X is a continuous
embedding.

If, moreover, we have that Ay = X and A, = AggU Ag-1, for s € {0,1}<N,
then f is a homeomorphism.

Proof. Since {As}sc(o,13<¢ has vanishing diameter and (X,d) is complete it
follows that f is well defined. Moreover, since A4 N Ag = 0, for s € {0,1}<N,
it follows that f is injective.

A sequence {s,}5°; C {0,1}" converges to a point s if and only if for each
k € N we have s,|k = s|k for large enough n, thus it follows that f(s,) € Ay
for large enough n, since k is arbitrary we then have lim,, ., f(s,) = f(s).
Therefore f is continuous.

If Ag = X and A, = AgoU Ay, for s € {0,1}<N, then it follows that f is
surjective and hence a homeomorphism since {0, 1} is compact. |

Theorem 3.7.2 (Brouwer). Any two Cantor spaces are homeomorphic.

Proof. Let C be a Cantor space. By Lemma 3.7.1, to prove the theorem it is
enough to produce a Cantor scheme {A;} ¢ {0,13<v which has vanishing diameter
and satisfies
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1. 4p = X;
2. Ag is open nonempty;
3. Ay = Ago U Ay, for s € {0,1}<N.

We construct {As}seqo,13<n as follows: Fix a compatible metric d on X
and decompose X as a disjoint union X = X; U Xy U ---U X,, so that each
X; is nonempty clopen and has diameter at most 1/2. Using the notation
a* = aa...a (k times), we define the sets Agx~; = Xp11, for 0 < k < n—1,
and Agr = X;41 U - U X, for 0 < k < n. We now repeat this process within
each X;, using sets of diameter at most 1/3. We then continue this process by

induction. |

Proposition 3.7.3. Let X be a nonempty Polish space without isolated points,
then there exists an embedding of {0,1}Y into X.

Proof. Let d be a compatible metric on X. By Lemma 3.7.1 it is enough to
produce a Cantor scheme {Us}sc(0,13< in X such that

1. Uy is open nonempty for each s;
2. diam(U,) < 27 lensth(s),
3. Uss C Uy, for s € {0,1}<N.

We construct such a scheme by induction on the length. Let Uy be any open
nonempty set with diameter at most 1. Given U, as X has no isolated points
there exist distinct points x,y € Us. We then let Uy~ and Ug~1 be disjoint open

neighborhoods in Uy of x and y respectively so that each has diameter at most
2flength(s)71 . [

Theorem 3.7.4 (The Cantor-Bendixson theorem). Let X be a Polish space.
Then X can be written uniquely as P U C, where P has no isolated points, and
C' is countable open.

Proof. We let P denote the set of points x € X such that any neighborhood of
2 has uncountably many points, and we let C' = P°. If {O,, },en is a countable
open basis, then C is the union of all countable O,,, hence, C' is countable and
open. Each neighborhood in X of each point in P is uncountable, and since C'
is countable, this also holds for each neighborhood in P, thus P has no isolated
points.

For uniqueness, suppose that X = @ U D where D is countable open and
has no isolated points. Since D is countable open we clearly have that D C C.
If z € C'\ D were isolated as C' is open we would have that x is also isolated
in @, however, @ has no isolated points and hence we conlude that C'\ D also
has no isolated points. By Proposition 3.6.1 we then have that C'\ D is a
countable Polish space without isolated points. Proposition 3.7.3 then shows
that C'\ D = () and hence C = D, and P = Q. [ |
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Lemma 3.7.5. Suppose A C {0,1} is nonempty closed, then there exists a
continuous map f: {0, 1} — A so that f is the identity on A.

Proof. For each s € {0,1}" we define f(s) to be the point in A which has the
longest common initial segment with s. It’s easy to see that f is well defined,
and if s,¢ € {0,1}Y and k € N such that s|k = |k then f(s)|k = f(t)|k. Since a
sequence {s,}%; C {0,1} converges to a point s if and only if for each k € N
we have s,|k = s|k for large enough n, it then follows that f is continuous. W

In Proposition 3.5.8 we saw that every compact metric has a continuous in-
jective map into the Hilbert cube. The following result gives a nice complement
to this result.

Theorem 3.7.6 (The Hausdorfl-Alexandroff theorem). Every nonempty com-
pact metric space X is a continuous image of the Cantor space.

Proof. Set C = {0,1}. We first prove the theorem in the case when X is the
Hilbert cube. Note that the map f(z) = Z:,O:O 2,271 maps C continuously
onto [0, 1], hence C maps continuously onto [0, 1]. Since CY is homeomorphic
to C we are done.

We now consider the general case. Since X is a compact metric space,
Proposition 3.5.8 shows that we may assume X C [0, 1]. From above we know
that there is a continuous surjection g : C — [0, 1]N. Then g~*(X) C C is closed
and from Lemma 3.7.5 there is a continuous surjection h : C — ¢g~(X). The
map g o h then gives a continuous surjection of C onto X. |

3.7.1 Exercises

Exercise 3.7.7. Give an explicit homoemorphism between the Cantor space
{0,1}" and the usual Cantor set C C [0, 1].

A Souslin scheme on a set X is a family {A;},en<n of subsets of X. A
Lusin scheme on X is a Souslin scheme such that

1. AgiNAgj =0, for s € N<N 4 £ 5.
2. Agi C A, for s € N<N,

If (X, d) is a metric space and we additionally have lim,, . diam(A,,) = 0 for
any s € {0,1}" then we say that {A,},cy<v has vanishing diameter. In this
case we let D = {s | NpenAyn # 0}, and for s € D we define f(s) € X so that
{f(8)} = NnenAspn- The map f: D — X is the associated map.

Exercise 3.7.8. Suppose (X, d) is a metric space and we have a Souslin scheme
{A;}sen<v which has vanishing diameter, and associated map f: D — X.

1. Show that f is continuous.

2. Show that f is open if each A, is open and Ay C U, enAgp, for all s € N<N,
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3. Show that f is injective if { A} en<n is a Lusin scheme.
4. Show that f is surjective if Ay = X, and A, = UpenAsy, for all s € N<N,

Exercise 3.7.9. Show that every nonempty Polish space without isolated points
X is the continuous image of the Baire space NV,

Exercise 3.7.10. Let (X, d) be a complete metric space such that every com-
pact subset of X has empty interior. Show that for each nonempty open set
A C X, there exists € > 0, so that if A C U,enB, and diam(B,,) < ¢, then
B, # () for infinitely many n € N.

Exercise 3.7.11. Prove the Alexandrov-Urysohn Theorem: If X is a Polish
space which has a countable basis of clopen sets and such that any compact
subset of X has empty interior, then X is homeomorphic to NV,

Exercise 3.7.12. Show that if (X,d) is a nonempty countable metric space
without isolated points, then there is an embedding F : X — NN which has
dense image. Hint: Find a Lusin scheme on X so that the associated map
f: D — X is open, and bijective, with D dense, and then let F = f~1.

Exercise 3.7.13. Prove Sierpiriski’s Theorem: Let (X, d) be a nonempty count-
able metric space without isolated points, then X is homeomorphic to Q with
its usual topology. Hint: Combine Exercises 3.1.9, 3.6.10, and 3.7.12.

Exercise 3.7.14. Consider Q? with the lexicographical ordering (g,7) <
(s,t) if and only if either ¢ < s, or ¢ = s and 7 < t. Show that Q? with the
corresponding order topology is homeomorphic to Q2 with its usual product
topology.

Exercise 3.7.15 (Benyamini). Show that there exists f € Cy(R) such that
given any doubly infinite sequence {yn}nez there is a point ¢ € R so that
Yn = f(t+n) for n € Z. Hint: If C' C [0,1/2] is homeomorphic to the Cantor
set, first construct a continuous surjection f : C — [0,1]%. Then define g :
UnezC +n — R by g(t +n) = m,(f(t)) for t € C. Then extend g to a
continuous function in Cy(R).

3.8 Standard Borel spaces

A standard Borel space is a measurable space (X, M) so that M is the
Borel o-algebra for some Polish topology on X. A standard measure space
is a o-finite measure space (X, M, 1) whose underlying measurable structure
(X, M) is a standard Borel space. If, in addition, we have u(X) = 1, then we
say that (X, M, u) is a standard probability space. A Lebesgue space is
a standard probability space which has no atoms, e.g., X = [0, 1] with its Borel
structure and Lebesgue measure.

Lemma 3.8.1. Let X be a Polish space with topology T, and suppose A C X
closed, then T U{A} is again a Polish topology.
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Proof. Since X is Polish there exists a complete metric d on X such that (X, d)
d(z,y)
1+d(2,y)

gives the topology 7 on X. Replacing d with
diamy(X) < 1.

Since A C X is closed, d restricts to a complete metric on A, and from Propo-
sition 3.6.1 we have a complete metric d; on A¢, which satisfies diamg, (A°) < 1,

and gives the topological structure to A°. We may then define a metric on X
by

we may assume that

) d(z,y) ifzyeA,
d(l’,y) = dl(may) if .’L',yEAC,
1 otherwise.

Then d is a complete metric on X, and the corresponding topology is 7 U
{A}. |

Lemma 3.8.2. Let X be a Polish space with topology T, and suppose that
{Tn}22, is a sequence of Polish topologies on X such that T C T, for each
n € N, then the topology Too generated by U,enTrn is again a Polish topology on
X. Moreover, if B(T,) = B(T) for all n € N, then B(Tsx) = B(T).

Proof. Let X,, = X for n € N. Consider the map ¢ : X — [[ 2, X,, given
by ¢(x) = (x,z,...). Then ¢ gives a homeomorphism between (X, 75,) and
©(X) C [1)2, X,. Thus, to show that (X, 7) is Polish, it is enough to show
that ¢(X) C [[2, X, is closed. Suppose (z,,) € ¢(X), then for some i < j we
have z; # x;. We let U and V be disjoint open sets in 7 (hence also in 7; and
T;) so that x; € U and z; € V, then

(z,) € m 1 (U) ﬂ7rj_1(V) C p(X)°.

Since Polish spaces are separable, given any set G which generates the topol-
ogy, we have that any open set is a countable union of finite intersections in G.
Thus, if G is in a given g-algebra M, then this o-algebra contains all Borel sets.

If 7, € B(T), then U,en7T C B(T) and this generates the Polish topology
Too- Thus, from the remark above we have that B(75) € B(T). ]

Theorem 3.8.3. Let X be a Polish space, and {E,,}nen a countable collection
of Borel subsets, then there exists a finer Polish topology on X with the same
Borel structure, such that for each n € N, E,, is clopen in this new topology.

Proof. We first consider the case of a single Borel subset £ C X. We let A
denote the set of subsets which satisfy the conclusion of the theorem and we let
B be the g-algebra of Borel subsets of X.

Lemma 3.8.1 shows that 4 contains all closed subsets of (X, d). It is also
clear that A is closed under taking complements. Thus, to conclude that B C A
it is then enough to show that A is closed under countable intersections. If
A, € A, and T, are finer Polish topologies on X, with Borel structure B, such
that A, is clopen in 7, for each n € N, then by Lemma 3.8.2 there is a finer
Polish topology T+ which generates B and such that A, is clopen in T, for each
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n € N. We then have that N,enA,, is closed in Ty, and hence by Lemma 3.8.1
we have that N,en4, € A.

Having established the result for a single Borel set E, we may then apply
Lemma 3.8.1 to obtain the result for a sequence of Borel sets {E,, } nen- [ |

Corollary 3.8.4. Let (X,B) be a standard Borel space, and E € B a Borel
subset, then (E,B|g) is a standard Borel space.

Proof. By the previous theorem we may assume X is Polish and £ C X is
clopen, and hence Polish. We then have that B|g is the associated Borel struc-
ture on E and hence (E, B|g) is standard. [ |

Corollary 3.8.5. Let X be a standard Borel space, Y a Polish space, and
f: X =Y a Borel map, then there exists a Polish topology on X which generates
the same Borel structure and such that f is continuous with respect to this
topology.

Proof. Let {E,} be a countable basis for the topology on Y. By Theorem 3.8.3
there exists a Polish topology on X which generates the same Borel structure
and such that f~!(F,) is clopen for each n € N. Hence, in this topology f is
continuous. |

Lemma 3.8.6. Let X be a Polish space, then there exists a Souslin scheme
{Es}sen<n consisting of Borel subsets such that the the following conditions are
satisfied:

(i) E
(i) For each s € NN By = UpenEsp-
)

(iii) For each s € NN the set mneNEshz consists of at most one element.

(i) For each s € NV, NpenEy, = {x} # 0 if and only if Ey, # 0 for all

n € N, and in this case for any sequence x,, € Ey),, we have x, — .

Proof. Let d be a complete metric on X which generates the Polish topology
on X, and such that X has diameter at most 1. We will inductively construct
{Es}sen<n so that for s € N” the diameter of Ey is at most 27", First, we set
Eyp = X. Now suppose E, has been constructed for each s € {§} UF_, N*. If
s € N¥, let {x,, }nen be a countable dense subset of E, (note that any subspace
of a separable metric space is again separable).

We define Es-; = Eg N (By—i-1(x;) \ Uj<iBa—r-1(z;)), where B, (z) denotes
the open ball of radius r centered at x. It is then easy to see that for each
s € NN we have E; = UrenEs~k. Moreover, for each s € NN, we have that
E,, has diameter at most 27", hence NpenEy), contains at most one element.

Finally, if £, # 0 for all n € N, then as the diameter of Ej|,, converges to
0, it follows from completeness, that there exists x € NpenEy),, and for each
sequence z, € E,, we have z,, — . |
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If X is a standard Borel space and A, B C X are disjoint, then we say that
A and B are Borel separated if there exists a Borel subset £ C X such that
ACE,and BC X \E.

Lemma 3.8.7. Let X be a standard Borel space and suppose that A = UpenAn,
and B = UpmenBm, are such that A, and B, are Borel separated for each
n,m € N, then A and B are Borel separated.

Proof. Suppose E,, ,, is a Borel subset which separates A, and B,, for each
n,m € N. Then F = Upeny Nimmen En,m separates A and B. [ |

If X is a Polish space, a subset £ C X is analytic if there exits a Polish
space Y and a continuous function f : Y — X such that F = f(Y). Note that
it follows from Corollary 3.8.5 that if f : Y — X is Borel then f(Y) is analytic.
In particular, it follows that all Borel sets are analytic. If X is a standard Borel
space then a subset £ C X is analytic if it is analytic for some (and hence all)
Polish topologies on X which give the Borel structure.

Theorem 3.8.8 (The Lusin Separation Theorem). Let X be a standard Borel
space, and A, B C X two disjoint analytic sets, then A and B are Borel sepa-
rated.

Proof. We may assume that X is a Polish space, and that there are Polish spaces
Y7, and Y3, and continuous functions f; : Y; — X such that A = f1(Y7) and
B = fa(Y2).

Let {Es}sen<y (resp. {Fs}sen<n) be a Souslin scheme for Y7 (resp. Yz2) which
satisfies the conditions in Lemma 3.8.6. If A and B are not Borel separated then
by Lemma 3.8.7 we may recursively define sequences s, € NV such that f; (Egpn)
and fo (Fr|n) are not Borel separated for each n € N. In particular, we have that
Eg,, and F,),, are non-empty for each n € N, hence there exists a € Y1, b € Y»
such that mnENm = {a}, OneNm = {b}.

If V;WW C X are disjoint open subsets with fi(a) € V', and f3(b) € W, then
by continuity of f;, for large enough n we have fi(E,,) C V, and fo(Fy,) C W.
Hence V separates E,, from Fy, for large enough n, a contradiction. |

Corollary 3.8.9. If X is a standard Borel space then a subset E C X is Borel
if and only if both E and X \ E are analytic.

Corollary 3.8.10. let X be a standard Borel space, and let {A,}nen be a
sequence of disjoint analytic subsets, then there exists a sequence {Ey,}nen of
disjoint Borel subsets such that A,, C E, for each n € N.

Proof. Tt is easy to see that the countable union of analytic sets is analytic.
Hence, by Lusin’s separation theorem we may inductively define a sequence
of Borel subsets {E, },en such that A, C E,, while (UgsnAg) U (UgenEx) C
X\ A,. |

Theorem 3.8.11 (Lusin-Souslin). Let X and Y be standard Borel spaces, and
f: X =Y an injective Borel map, then f(X) is Borel, and f implements an
isomorphism of standard Borel spaces between X and f(X).
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Proof. We first show that f(X) is Borel. By Corollary 3.8.5 we may assume
that X and Y are Polish spaces and f is continuous. Let {E;},cn<n be a Souslin
scheme for X which satisfies the conditions of Lemma 3.8.6. Then {f(E;)}sen<n
gives a Souslin scheme of analytic sets for Y, and since f is injective it follows
that for each s € N™ we have that {f(Es1)}tren are pairwise disjoint. Thus, by
Corollary 3.8.10 there exist pairwise disjoint Borel subsets {Y;~x }ren such that
f(Esk) C Yy~ for each k € N.

We inductively define a new Souslin scheme {Cs},ecn<n for Y by setting
Cp=Y,and Csp, = Cs N f(Esp) N Yy, for all s € NN and k € N. Then for
each s € N<N we have that Cy is Borel, and also

f(Es) € Cs C f(Es).

We claim that f(X) = Ngen Usenr Cs, from which it then follows that f(X) is
Borel.

If y € f(X), then let € X be such that f(z) = y. There exists s € NV
such that © € NpenEy)x, and hence y € Ngenf(Eyx). Thus, y € NpenCijp C
Nien Usenr Cs. Conversely, if y € Nien Ugenk Cs, then there exists s € NY such
that y € Cy), C f(Ey)x) for each k € N. Hence Ej;, # () for each k € N and thus
NkenEspy = {x} for some z € X. We must then have that f(z) = y, since if
this were not the case there would exists an open neighborhood U of f(z) such
that y ¢ U. By continuity of f we would then have that f(E,) C U for large
enough k, and hence y € Ngenf(Eyx) C U, a contradiction.

Having established that f(X) is Borel, the rest of the theorem follows easily.
We have that f gives a bijection from X to f(X) which is Borel, and if E C X
is Borel, then from Corollary 3.8.4 and the argument above we have that f(FE)
is again Borel. Thus, f~! is a Borel map. |

Corollary 3.8.12. Suppose X andY are standard Borel spaces such that there
exists injective Borel maps f : X = Y, and g:Y — X, then X and Y are
isomorphic as standard Borel spaces.

Proof. Suppose f : X — Y, and g : Y — X are injective Borel maps. From
Theorem 3.8.11 we have that f and g are Borel isomorphisms onto their image
and hence we may apply an argument used for the Cantor-Schroder-Bernstein
theorem. Specifically, if we set B = Upen(f o g)" (Y \ f(X)), and we set A =
X \ g(B), then we have g(B) = X \ 4, and

) = (XN (Fog)(B) =Y\ (Y \ (X)) U(fog)(B) =Y \B.

. ) _ flz) ifzeA,
Hence if we define § : X — Y by 0(z) = { g l@) ifzey\A=g(B),
then we have that @ is a bijective Borel map whose inverse is also Borel. |

Theorem 3.8.13 (Kuratowski). Any two uncountable standard Borel spaces are
isomorphic. In particular, two standard Borel spaces X and Y are isomorphic
if and only if they have the same cardinality.
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Proof. Let X be an uncountable standard Borel space, we’ll show that X is
isomorphic as Borel spaces to the Polish space C = 2V. Note that by Corol-
lary 3.8.12 it is enough to show that there exist injective Borel maps f : X — C,
and g : C — X. Note that such a map g exists by Proposition 3.7.3 and the
Cantor-Bendixson theorem, so we only need to construct f.

To construct f, fix a metric d on X such that d gives the Borel structure
to X and such that the diameter of X is at most 1. Let {x,,} be a countable
dense subset of (X,d), and define fy : X — [0,1]Y by (fo(z))(n) = d(z,zy).
The function fy, is clearly injective and continuous, thus to construct f it is
enough to construct an injective Borel map from [0, 1] to C, and since CV is
homeomorphic to C, it is then enough to construct an injective Borel map from
[0,1] to C, and this is easily done. For example, if y € [0,1) then we may
consider its dyadic expansion y = > p- br27%, where in the case when y is a
dyadic rational we take the expansion such that by is eventually 0. Then it is
easy to see that [0,1) © y — {bx}r € C gives an injective function which is
continuous except at the countable family of dyadic rational, hence is Borel.
We may then extend this map to [0, 1] by sending 1 to (1,1,1,---) € C. [ ]

Theorem 3.8.14 (von Neumann). Let (X, M, u) be a standard probability space
which has no atoms, then there exists an isomorphism of standard Borel spaces
0:X —[0,1] so that 0.4 is Lebesgue measure on [0, 1].

Proof. By Kuratowski’s theorem we may assume that (X, M) is [0, 1] with its
Borel o-algebra. We then consider f : [0,1] — [0, 1] the cumulative distribution
function f(x) = p([0,z]). Then f is a monotone nondecreasing function which
is continuous on the right. Since f(z) — lim; - f(t) = p({z}) = 0 we see that
f is continuous. Moreover, f(0) = 0, and f(1) = 1 so f is surjective. For each
y € [0,1] we have that f~!({y}) is a closed set and since f is monotone this
must be a closed interval. We let M denote the set of y’s so that f~1({y}) is
an interval of positive length. Then M is countable and the set N = f~1(M)
has pi-measure zero. g = fix\n then gives a Borel isomorphism from X \ N to
[0,1] \ M such that g.p is Lebesgue measure on [0,1] \ M.

We fix C' C [0,1] an uncountable Borel set with Lebesgue measure zero,
e.g., C the usual Cantor set. Then B = ¢g~(C) has p-measure zero and is
again uncountable. Thus, N = N U B, and M = M U C are both uncountable
standard Borel spaces by Corollary 3.8.4 and so by Kuratowski’s theorem there
is a Borel isomorphism h : N — M.

) . _Jogle) ifzeX\ M;
We then define 6 : X — [0,1] by setting 0(x) = { hz) if ze M.
Then @ is a Borel isomorphism and 6, u is Lebesgue measure. |

If (X, M,p) is a measure space, then we may consider on M the equiv-
alence relation ~ given by F ~ F if u(EAF) = 0. We denote the set of
equivalence classes by M= M / ~. We transfer the operations of comple-
ments, countable unions and countable intersections to M respectively as as
[E] = [E€], Vil [Ey] = [USZ Ey], and AP, [E)] = [US2, Ey]. Note that these

n=1
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are well defined operations. We also denote by i the function on M given by
A([E]) = p(E), where [E] denotes the equivalence class of E. If (Y,N,v) is
another measure space, then a measure algebra homomorphism is a map
a: N — M such that for E, E1, Es,... € N we have

L. a([0]) = [0];

2. a([E]) = a([E));

3. a(Ve, [En)) = v a([En));
(

4. pa([E])) = p([E]).

As an example, if we have a measure preserving map ¢ : X — Y, then we obtain
a measure algebra homomorphism 6 by setting §([E]) = [0~ (E)].

Theorem 3.8.15 (von Neumann). Let (X, M, u), and (Y,N, p) be probability
spaces without atoms such thatY is standard. Suppose o : N' — M is a measure
algebra homomorphism, then there exists a measurable map 6 : X — 'Y so that
a=20.

Proof. By Theorem 3.8.14 we may assume that Y = [0, 1], endowed with the
Borel g-algebra and Lebesgue measure.

For each rational » € Q N [0,1] we choose a measurable set X, C X such
that [X,] = «([[0,7)]) = «([[0,7]]). We may assume that Xy = 0, and X; =
X. By replacing X, with Uscqno,1],s<»Xs We may further assume that X, =
Useon(o,1],s<rXs, and hence X, C X for all r,s € QN [0, 1] with r < s.

We define 7 : X — Y, by n(z) = inf{r € QN [0,1] | # € X,}. Note
that for each ¢ € [0,1] we have 771([0,t)) = U,egno,1),r<tXr and hence 7 is a
measurable map, which satisfies

#([[0,)]) = 7 ([Ureqnio,u,r<e Xr]) = 7([Xe]) = ([[0,)])

for all t € QN [0,1]. Using the properties of a measure algebra homomorphism
it then follows that #([E]) = «([E]) for any set F in the o-algebra generated by
{[0,%) | t € QN [0,1]}. As this generates the Borel o-algebra N it follows that
o =T. ]

3.8.1 Exercises

Exercise 3.8.16. Let (X, M, 1), and (Y, N, 1) be probability spaces such that
Y is standard, and suppose 6,¢ : X — Y are measure preserving maps. Show
that 8 = ¢ if and only if § and ¢ agree almost everywhere.

Exercise 3.8.17. Suppose (X, M, u), and (Y, N, ) are standard probability
spaces without atoms, and o : N' — M is a measure algebra homomorphism.
Show that if v is surjective, then there exists an isomorphism of standard Borel

spaces 0 : X — Y such that 6 = a.
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