3.3.2 The basic construction

Relatively independent joinings over the trivial o-subalgebra corresponds to
taking a diagonal action on a product space. We have seen previously that a
useful tool in analyzing the structure of product actions ' X x X was the
identification between L?(X x X) and the Hilbert-Schmidt operators on L?(X).
This allowed us to use tools such as functional calculus. There is an analog of
the Hilbert-Schmidt operators in the setting of relatively independent joinings
which we will now describe.

Suppose (X, B, i) is a probability space and A C B is a o-subalgebra. The
basic construction associated to the inclusion L*>°(X, A, u) C L®(X,B,u)
is the algebra L>°(X, A, u) C B(L*(X,B,u)), of operators in B(L*(X, B, u))
which commute with L>(X, A4, u). We will denote the basic construction by
(L>=(X,B,1),e4), where e4 € B(L?(X, B, 1)) is the orthogonal projection onto
L2(X, A, ).

Note that we have

L>(X,B,u)ea L™= (X, B, u) = sp{feag |f,g € L®(X, B, 1)} C (L=(X,B,1),e4),
and that this is an algebra since if f € L (X, B, 1) we have

eafea=Ea(f)ea.

Note that we distinguish here the the projection e 4, which is an operator on
L?(X, A, p), from the conditional expectation E 4, which is an operator on
L (X, A, p).

Exercise 3.3.1. Suppose S € (L (X, B, ), e4), has polar decomposition S =
V|S|. Show that V € (L*(X, B, 1), e).

Lemma 3.3.2. Suppose (X, B, ) is a probability space and A C B is a o-
subalgebra. For each S € (L™(X,B,u),ea) there exists a unique ¢(S) €
L>(X, A, 1) such that

eASeA = 925(5)6_,4

Moreover, the map S — ¢(S) is a unital, positivity preserving extension of
E A, which is L (X, A, p)-bimodular, and continuous with respect to the weak
operator topology.

Proof. By Lemma 7?7 L>(X, A, ;1) is a maximal abelian subalgebra of B(L?(X, A, )).
Thus, since e 4 Se 4 restricted to L?(X, A, ) commutes L (X, A, i), there exists
a unique element ¢(S) € L>(X, A, 1) such that eaSeaf = &(S)f = ¢(S)eaf,
for all f € L2(X, A, pu). If f € L*>(X,A,p)t C L*(X,B,u) then we have
eaSeqsf =0=¢(S)eq.

That x — ¢(x) is unital, positivity preserving, and weak operator topology
continuous, follows from the fact that it is the composition of the map x —
eaxe and the x-homomorphism ae4 +— a. [



Exercise 3.3.3 (Generalized Cauchy-Schwartz inequality). Prove that for all
x,y € (L®(X,B, 1), es) we have

lpa(y*2)* < Paly*y)da(z*z).

In the case where the o-algebra A is trivial we have that e 4 is the rank 1
projection on to the subspace C1 C L?(X, B, i), and thus operators of the form
feag were rank 1 projections. Rather than working with a Hilbert space basis
{&)} € L23(X, B, ) as before, we could have just as easily worked with the family
of partial isometries from C1 to C¢§;. This motivates the following lemma.

Lemma 3.3.4. Suppose (X, B, ) is a probability space and A C B is a o-
subalgebra. There exists a family of partial isometries {v; }ier C (L (X, B, ), e4)
such that
(a). vl <egn, forallicl;
(b). wivj =0, foralli,jel,i#j;
(¢). Xicrvieqv; = 1.
Proof. A simple argument with Zorn’s Lemma shows that there is a maximal
(with respect to inclusion) family of partial isometries {v;};cr satisfying condi-
tions (a) and (b) above.

Let P = X;cvfeqv;, and consider S € (1 — P) - (L™(X,B,u),e4) - es. By
considering the polar decomposition .S = V|S|, we have that V*V = Projm
eq, VV* = Projg @y < (1=P),and V € (L>®(X, B, u),e4). Thus by max-
imality of the family {v;};c; we must have that V' = 0, and hence S = 0.

Thus {0} = (17P)<LOO(X7 Ba M)’ 6A>'€A'L2(Xa Ba :U‘) ) (17P)LOO(X7 B7 H’)
1. Since L*=(X, B, p) - 1 is dense in L*(X, B, u) this shows that P = 1. O

A family of partial isometries which satisfy the conditions above will be
called an operator basis for (L (X, B, u),e4).

Definition 3.3.5. Suppose (X, B, i) is a probability space and A C B is a o-
subalgebra. Let {v;};cr be an operator basis for (L°° (X, B, i), e4). An operator
S € (L>®(X,B, 1),eq) is Hilbert-Schmidt class with Hilbert-Schmidt norm
if

IS1s = Sier [ 605707 do < o
The quantity ||S||us is the Hilbert-Schmidt norm of S.

This definition does not depend on the operator basis {v;};cr, this can be
seen from the following analogue of Perseval’s identity. If {w;};es is another
operator basis, then we have

Ziel/¢A(UiS*SUf)dM=EieIEjeJ/¢A(U15*(w;€ij)SUf)du

 SierTe / 6 A(iS W) A(w; Sv7) dy



:EjeJEieI/¢A(Ujsvi)¢A(Ui5*w;)du

Also note that it follows that we may approximate S in the Hilbert-Schmidt
norm with finite sums of the form ¥; jw? (w;Sv])v;.

If T € (L>®(X,B,p),e4) then T*T < ||T||?, and since ¢4 is positivity pre-
serving it follows that

I7Shs = Sier [ Ga(u:S"T TS0 du < TIPS .

Also, it follows from the argument above that the adjoint operator S +— S* is
an anti-linear isometry, and hence we also have

ISTIfis < 171711 Ifss-

In particular, we see that the Hilbert-Schmidt class in (L™ (X, B, u),e4) is a
two sided ideal.

Exercise 3.3.6. Given a Hilbert-Schmidt class operator S € (L (X, B, 1), e4)
show that [|S|lus = 0 if and only if S = 0.

The Hilbert-Schmidt norm has an associated inner product
(8, T)us = Ziel/¢A(Uz’T*SU§k)dﬂv

which is well defined by the generalized Cauchy-Schwartz inequality, and does
not depend on the operator basis from the arguments above.

Thus, the class of Hilbert-Schmidt operators is an inner-product space. This
space is not complete in general', we denote the Hilbert space completion by
L2<LOO(X5 B, /J‘)v 6A>'

Even though the class of Hilbert-Schmidt operators is not a complete space
in general we do have that it is complete when we restrict to the Hilbert-Schmidt
operators whose uniform norm is bounded by some fixed constant.

Proposition 3.3.7. Suppose (X, B, u) is a probability space and A C B is a
o-subalgebra. Suppose K > 0 and consider the convex set

Bg ={S € (L(X,B,p), ea) | |S]| < K}-

Then By is complete in the Hilbert-Schmidt norm.

1Consider the case when A = B, then it is easy to see that the class of Hilbert-Schmidt
operators coincides with L°°(X, B, ), and the inner-product structure is the usual inner-
product on L2(X, B, ).



Proof. Fix an operator basis {v;}ier for (L°(X,B, u),ea). Observe that if
f € L>(X, A, pn) then we have

Ifenl = Sier / b a(viealfPen) du

= SierlfI*0a(v)pa(v)) dp = Sier| fPpa(vf eavi) du = || fI5.

In particular, this shows that ¢ 4 is a contraction with respect to the Hilbert-
Schmidt norm. Thus, if S,, € Bg is Cauchy in the Hilbert-Schmidt norm, then
for all 4,5 € I, ¢p(v;S,v;) € L=®(X, A, p) is Cauchy in L?(X, A, 1) and we also
have that ||¢(v;Snv])|lcc < K. Hence, there exists g; j € L*(X, A, i) such that
ijlloc < K, and

Jim (o7 (0007 )vi = V5 gij0illns = lim [JvFé(v;Shvi)eavi — vigijvillms

< lim ||¢(v;Snv;)ea — gijeallus = 0.
n—oo

Since Range(v;) are pairwise orthogonal subspaces we may then consider
the sum
S =i jerv; gijvi € B(L*(X, B, ).

Then ||S|| < K and it is easy to see that S € (L*>(X, B, 11),e4). More over for
any finite set Iy C I it follows from the triangle inequality that

Jim {355 jero 07 (05007 )vi = vj (03507 )vi|[us = 0.

Since S, is Cauchy in the Hilbert-Schmidt norm this implies that .S is Hilbert-
Schmidt class and ||.S,, — S|lus — 0. O

If T~ (X, B, 1) is a measure preserving action of a countable group I', such
that A is I'-invariant, then we may consider the relatively independent self join-
ing ' X x 4 X defined above. We may then define a map Z: L=°(X, B, u) ® 4
L>(X,B,u) — L>®(X, B, u)esa L (X, B, 1) by linearly extending the formula

Z(b® a) = bea,

for all a,b € L>=(X, B, ).
If {v; }ier is an operator basis for (L% (X, B, u),e.4), we then have that for
all 57 by © ay, € L%(X, B, 1) @4 L (X, B, )

IZR1bk ® anll7e(xx o x) = /zz,zzlEA(bel)alaZ dp
- / S 1 ba(bib)balaal) du

= Zi,jel/EZ7;;1¢A(bZUf€AUibl)¢A(alv;€AUjaZ)du



= Sijer / S 1 b (b0 ) ba(vib)ba(aw?)dalvial) du

:Em‘a/EZ,zzl¢A(vibleAal’U}‘)¢A(Uja3§6AbZUf)du

= |2(SRo1br ® ag) i

Hence = is well defined and extends to a unitary operator (which we will also
denote by =) from L?(X x4 X) to L*(L>®(X, B, i), e).

Moreover, this unitary implements an equivalence between the Koopman
representation of ' X x 4 X and the representation of I on L2{L>°(X, B, 1), e),
given by S+ 0,50.,-1.

Suppose I'(X, B, 1), and T (Y, A,v) are two probability measure pre-
serving actions and we have I'-equivariant embeddings « : L*(Zy,C,n) —
L™ (X,B,u) and B : L*(Zy,C,n) — L*>(Y, A, v). We may consider the class of
operators S € B(L*(X, B, ), L>(Y, A, 1)) such that Sa(g) = 3(g)S and |S*S|*/?
is in the Hilbert-Schmidt class of (L>°(X, B, 1), eq(c))- In this case we can con-
sider the norm given by ||S||us = |||S*S|'/?||us, and consider the completion
under this norm.

It then follows that this is a Hilbert space, and we may consider the map
Z which linearly extends the formula Z(b ® a) = begc)=a(c)a (here we view
€3(C)=a(c) as an operator from L?(X,B,u) to L?>(Y, A,v)). Then just as above
= extends to a unitary operator which implements an isomorphism between the
Koopman representation 'Y X g¢y=a(c) X and the representation given by
S — 0:/4505,1.

Exercise 3.3.8. Fill in the details to the previous paragraphs.
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