Math 208 - Exam 2, March 17, 2009 Name: Key

Problem 1. Find the general solution on R to each of the following differential equations:
(a). y® + 29" +y =0.
b). y —8y” + 16y = sint + €.

Solution 1. (a). The characteristic polynomial for this equation is r* + 272 + 1 = (72 + 1)? which has
double roots at r = =i, thus we obtain four linearly independent solutions sint, cost, tsint and tcost.
Our general solution is then

Yy = c1sint + cacost + cstsint + cy4t cost,

where ¢, c3, c3, and ¢4 are constants.

(b). The characteristic polynomial of the corresponding homogeneous equation is r*—8r2+16 = (r? —4)% =
(r — 2)2(r + 2)? which has double roots at » = 2. The general solution to the homogeneous equation is
then

Yp = cle2t + 02t€_2t + C3t€2t + C4t€_2t,

where ¢; and ¢y are contants.
Since sint is not a solution to the homogeneous equation we use the method of undetermined coefficients
to look for a solution to the differential equation y®* — 8y 4+ 16y = sint which is of the form y; =

Asint + Bcost. In this case we have y] = —Asint — B cost and y§4) =y = Asint + Bcost. Therefore

sint = yg ) 8y + 16y,

= Asint + Bcost +8Asint + 8B cost + 16Asint + 16 B cost = 25Asint + 258 cos t.

Since sin and cos are linearly independent we must have that A = 5z and B = 0, hence y; = 3 sint.

Both e?! and te?! are solutions to the homogeneous equation, and so using the method of undetermined
coefficients we look for a solution to the differential equation y®* — 8y” + 16y = 2 of the form yy = At2e*.
In this case we have y = 4At%e? + 8Ate? 4 246! and y§4) = 16At%e? 4 64 Ate® + 48 Ae?'. Therefore

20— iV — 8y + 16y,

= 16At%e* + 64Ate® 4 48Ae?" — 8(4At%e* + 8Ate™ + 2Ae*!) + 16 At%e?! = 324e*
and so we must have that A = 3—12 hence y» = 3%7526%.
Combining the above calculations we find the general solution to the non-homogeneous equation as

1 1
Yy = c1€® + cote ™ + este® + cyte ™ + % sint + §t2e2t

where c1, c2, c3, and ¢4 are constants.



(c). The characteristic polynomial of the corresponding homogeneous equation is r* 4+ 2. Using Eu-
ler’s formula we may write —2 in polar form —2 = 2e*D™ where k € Z. We then have (—2)Y/* =

(26(2’“*1)”)1/4 — 21/4+ D)™ Thus we find 4 distinct complex roots of the above equation given as

™ 2 2 ™ 2 2

r = 21/4€ZZ = 21/4(£ + Zi) Ty = 21/4@3?Z = 21/4(_£ + Z£)7
2 2 2

Py = oM/ — 21/4(\é§ _ i\f)’ ry =21/ T = 21/4(\? B i\f)'

To simplify notation let a = %, then the general solution to the homogeneous equation is given by
yn = c1e® cos(at) + coe™ sin(at) + cze” ¥ cos(at) + cue” sin(at),

where ¢, c2, c3, and ¢4 are constants.
Note that ¢ is not a solution to the homogeneous equation and so we use the method of undetermined
coefficients to look for a solution to the non-homogeneous differential equation which is of the form y; =

At + B. In this case we have that y§4) =0 and so

t =y 42y =0+24t+2B.

Therefore B=0and A = %, hence y; = %t. Combining this with the solution to the homogeneous equation
above we get the general solution to the non-homogeneous equation as

1
y = c1e™ cos(at) + cae™ sin(at) + cze™ cos(at) + cqe”* sin(at) + §t’

where ¢y, c2, c3, and ¢4 are constants and a = %.

(d). The characteristic polynomial of the corresponding homogeneous equation is 73 4 r% — 1. The roots of
this equation are not so evident, but what is evident is that there is one real root call it r; and two complex
roots which must be conjugate, call them x + 7y. The general solution to the homogeneous equation is
then

yn = c1e™! 4 coe® sin(yt) + cze” cos(yt),

where c1, ca, and c3 are constants.

We also see that te™?! is not a solution to the homogeneous equation and hence we use the method
of undetermined coefficients to find a solution of the form y; = Ate™? + Be™%. In this case we have
Y] = —2Ate ™2 + (A —2B)e %, o = 4Ate™?' + (—4A + 4B)e %, and y}’ = —8Ate % + (124 — 8B)e 2.
Hence

— 3
te™ =yt +yi — 1

= (—8Ate 2 +(12A—8B)e )+ (4Ate 2 +(—4A+4B)e )~ (Ate "+ Be %) = —5Ate ' +(8A—5B)e %,
and so A = —% and B = —2%, hence y; = —%te_zt — %6_%.
Combining this with the above we obtain the general solution to the non-homogeneous equation as

1 8
: t xt t) — Z¢t -2t —2t
sin(yt) + cze™ cos(yt) ste 55C

y = c1e"! + coe™

where cq, ca, and c3 are constants.
Solving the cubic equation to find r1, x, and y is probably uninformative, however using a computer
one can give the estimates ry ~ .755, © ~ —.877, and y ~ .745.



Problem 2. Consider the differential equation (2 — t)y"” + (2t — 3)y” — ty’ +y = 0 for ¢ < 2. Notice that
y1(t) = €' is a solution to this differential equation. Find a solution y which satisfies the initial value
conditions y(0) = —1, ¢/(0) = 1, and y”(0) =1 .

Solution 2. Suppose y = v(t)e!, then y' = (v' +v)el, vy = (v + 20" +v)el, and y” = (v + 30" + 30" +v)el.
Substituting this into the above equation we find

(2 —1)(V" + 30" + 30 +wv)et + (2t — 3) (V" + 20" +v)e' — t(v +v)e' + vet = 0.
Collecting the derivatives of v and dividing by e! gives us
2—tW" + B -t =0.

Thus we get the first order equation (2 —t)w’ + (3 — t)w = 0 where w = v”. This equation is separable
and so we may find a solution by separating and integrating (note ¢t > 2 so that In(¢ — 2) is well defined):

1 3—1 1

hence v" = w = Cpe™!(t — 2).
Integration by parts then gives

v = C’o/et(t —2)dt = Co(—(t —2)e " + / e~ tdt) = Co((1 — t)e ' + Cy).
Another use of integration by parts gives
v= C’o(/((l —t)e 4+ Cy)dt) = Co((t — 1)e™ " — /etdt + C1t) = Co(te ™ + Cit + Cs).
Therefore y = ve! = Cy(t + Cite! + Coet). The conditions y(0) = —1, ¥/(0) = 1, and y”(0) = 1 give
rise to the equations —1 = CyCs, 1 = (1 4+ C; + C3), and 1 = 2C; + C5. The second two equations tell us

that C; = 1, and Cy = —1, and then the first equation tells us that Cy = 1 hence we find our particular
solution as

y:t—i—tet—et.




Problem 3. (a). Prove that the set of functions {sinnt, cosnt},ecy is linearlly independent, i.e. there is no
linear combination with non-zero coefficients which equals 0.

3t t
2 2,Sln2,

pendent. Note that each function is a solution to the differential equation 16y4) — 104y” 4 25y = 0.

(b). Determine whether or not the set {sintsin 3L, sintcos cos 5} is linearly dependent or inde-

(c). Determine whether or not the set {sin¢sin 3, costcos 3!, sin £, cos £} is linearly dependent. Note that

each function is a solution to the differential equation 16y — 104y” + 25y = 0.

Solution 3. (a). To show that the above infinite set of vectors are linearly independent it is enough to
show that the sets (5, = {sinnt, cos nt}flzl are linearly independent for each k£ € N. Notice that if we fix
k € N then §; has 2k functlons and moreover each function is a solution to the 2k-order homogeneous
linear differential equation (-4 2z T 1)(4 d$2 +4)-- (d% + k?)(y) = 0 since the characteristic polynomial of
this equation is (r2 + 1)(r2 +4) - -- (r> + k2).

Thus G will be linearly independent if and only if the Wronskian of (i is non-zero at all points.
Calculating the Wronskian at ¢t = 0 is fairly straightforward, we have

0 0 0 1 1 1
0 0 0 -1 —4 —k?
W (Bk)(0) = :
0 0 . 0 (_1)k+1 (_1)k+122k—2 . (_1)k+1k2k—2
(_1)k+1 (_1)k+122k—1 (_1)k+1k,2k—1 0 0 0

Since rearranging rows and multiplying a row by a non-zero constant does not change whether or not
the determinant is zero it is enough to check that the following two determinants are non-zero:

1 8 . k3 1 4 ... k2
1 22k71 X _. . kafl 1 221@72 X _. . k2k72

Also note that the first matrix above can be column reduced to the second matrix so it is enough to
check that the second determinant is non-zero. However the second matrix is a'Vandermonde matrix which
has determinant Ij<,,<n<x(m? — n?). Since m? — n? # 0, V1 < m < n < k the product is non-zero also
hence the functions above are linearly independent.

Another way to show that the above functions are linearly independent is to show that they are actually
orthogonal, this is the basis of Fourier series.

(b). Since the set contains 4 functions and each function is a solution to a 4th order homogeneous linear
differential equation to check for linear independence we just need to compute the Wronskian at a single
point. Note that

.o, 3ty 3. 3t . 3t
(smtsm;) = fsmtcosE%—costsmE,

2
. . 3ty 13 . .3t 3t
(sintsin 5) == smtsm; + 3 costcos 5
and 3¢ 13 9 3t 39 3¢
(sintsin 5)”’ = (_Z - i)costsini + (g — 3)sint cos 5



http://en.wikipedia.org/wiki/Vandermonde_matrix
http://en.wikipedia.org/wiki/Orthonormal_set#Fourier_series
http://en.wikipedia.org/wiki/Fourier_series

Also

(sint cos ﬁ)’ = costcosﬁ — §sintsinﬁ
27 2 2 2’

(sint cos t)” L3 sint cos ot 3costsi St
in —)" = ——sin — = in —
2 4 2 2’
and 3t 13 9 3t 39 3t
(sint cos 5)’” = (—Z — 5) cost cos o + (g + 3)sintsin —
Hence the Wronskian of sin ¢ sin %, sin t cos 3;, sin %, and cos% evaluated at 0 is
0 O 0 1
o 1 L o0 45
2 -2
3.0 0 -3 170
0 =% —3 0

Thus the functions are linearly independent.

(c). This is very similar to part (b). Because we have 4 solutions to a 4th order homogeneous linear
differential equation it is enough to check the Wronskian. Notice that

3t 3t 3 3t
(cost cos 5)' = —sintcos 5 "3 costsin —,
(cost cos %)" = —14—3 cos t cos % + 3sintsin %,
and 3t 39 3t 13 9 3t
(cost cos 5)’" = (§ + 3) costsin -5+ (Z - 5) sint cos 5
Hence the Wronskian of sin ¢ sin %, cost cos 3;, sin %, and cos% evaluated at 0O is
0 1 0 1
o 0 3+ 0
2 -0
13 1 .
3 -1 o -1
0o 0 - 0

Thus the functions are linearly dependent.
In fact by the trigonometric sum identities we have cost cos % + sint sin % = cos %


http://en.wikipedia.org/wiki/List_of_trigonometric_identities#Angle_sum_and_difference_identities

Problem 4. Let a,b € R with b > 0 and consider the matrix A = ( (11 8 ) Given n € N, determine closed
expressions (only depending on a, b, and n) for the coefficients of the A™. For the specific case of a = —1
and b = 6 use this to give an explicit expression for e = 7010:0%14” =I+A+ %Az + %A3 + -

Hint: You may want to first consider the case when a = b =1 to get a feeling for the situation.

Solution 4. Note that in the case a = b = 1 we may calculate the first few expressions of A™ as:

v (1N o (21N 45 (32\ 4 (53\ ;5 (805
we(io)e=(Tr)we=(30)w=(33)0=(53)

By this point we should see that there is a pattern emerging. Specifically, the Fibonacci numbers are
appearing and so we expect that some sort of recurrence relation is going on. Because of the existence of
(1,0) in the bottom row of A we see for n € N that the bottom row of A"*! is exactly equal to the top
row of A™. If we let (ag,bp) = (1,0) and (an, b,) be the top row of A™ we then have that

A":( @ bn >,vneN.
a

n—1 bnfl

We therefore have

An+1 bny1 a1 n_ (a b an, b, [ aay +ban_1 aby + bb,_1
( an, by, >_A =44 _<1 0><an_1 b1 | an, by, ’

Hence a,, and b, both satisfy the same difference equation x,+; — ax, — bxr,—1 = 0, moreover we have
initial conditions ag = 1,a; = a, by = 0,b; = b.

Consider a solution z,, to the difference equation above and let y(t) = ;’L":O% Note that by the ratio
test the radius of convergence of y is co. Thus we may differentiage y term by term:

71 n
/ o [e'e) J;ntn o %) -:Un+1t
Y (t) — “n=0 (n _ 1), - En:(] n! 3
and ,
NN soo Tpt"™ oo Tpgot™
y'(t) = =0 —9)1 En:OT
Therefore we have that
7 / oo Tptat™ Tpa1t" Tpt™
Yy(t) —ay(t) = by(t) = BpZo(— 17— —a— — = b= )
tn
= 220:05(37%2 — QTp41 — bwn) =0,

i.e. y satisfies the second order homogeneous linear differential equation 3" — ay — b = 0.

The characteristic polynomial to this equation is r? — ar — b which by the binomial formula has roots
“7“;2“‘1’. Since b > 0 we have that a® + 4b > 0 and hence this polynomial has two distinct real roots.
Therefore any solution to the above differential equation must be of the form

a++V/ a2+4bt a—y/ a2+4bt
y(t) =cre 2 + o 2 .

Furthermore since e® has the expansion E%OZO%T; we have that x,, which is the n'" coefficient of the power

expansion of y must be
a+ Va2 +4b a—+va?+4b
2

n = 1 ) ey )"



When x,, = a,, the initial conditions y(0) = ap = 1 and 3/(0) = a1 = a give rise to the system of linear
equations

c1+c=1,
a+va®+4b a—+Va?+4b
c1 + 2 =a,
2 2
from which we deduce that ¢; = (1 + “ Sijglb) and ¢ = (1 — “ Q“ijglb).

When z,, = b, the initial conditions y(0) = by = 0 and y'(0) = by = b give rise to the system of linear
equations

c1+co =0,
a+ Va2 +4b a —va?+4b
Cc1 + o = b,
2 2
from which we deduce that ¢; = bav gi;;lb and ¢y = —bav g_ﬁg‘b.
Therefore A™ = ( n bn ), where
an—1 bn—l

1 ava?+4b  a++Va? + 4b ) ava? +4b (a—\/a2+4b

= — 1 _ n
=t Ty ) 2( 2+ ) ;"
and
. _b\/a2—|—4b(a+\/a2+4b)n b\/a2+4b(a—\/a2+4b)n
" a?+4b 2 a? +4b 2 ’
for all n € N.
For the case when a = —1 and b = 6 the above formulas simplify to
2 3
— Zon 2(—=3)»
and 6 6
by = 22" — (—3)"
a= oSy
Therefore X222 (9 = 22 4 373 and X220, 22t = L(e? — 1) — L(e73 — 1), also Z;’f 0?{} =82 — 8¢73 and
14X, b’;L, =1+2(e?—1)+2(e~3—1). These are exactly the coefficients of e = ¥2 (L A" and so we
conclude that
oA — ( 2e2 + %6_3 gez - ge_3 )
2e2—1)—2(e3-1) 1422 -1)+2%(e3-1)

_e(26), (3 o
“5\1 3 5 \ -1 2 /-

Note that if we set 41 = % ( ? g > and Ay = % < _31 _26 ) then we have that A = 24; — 3A,,

A1A = Ay, AgAs = As, and A1 Ay = A Ay = 0. From this it follows that if we take any function f which
has a power expansion f(t) = X% jc,t™ with radius of convergence greater than 3, then f(A4) = X7 jc, A"
is well defined and actually equals f(2)A; + f(—3)As. What we did above was just the case f(t) = €.
Also note that the eigenvalues of A are 2 and —3.




Second solution using linear algebra:

a b
10
x4(A) = A2 — a)X — b which has roots A = (a &= Va2 + 4b) /2.

Since b > 0 we know that A has two distinct real eigenvalues and hence we know that A can be
diagonalized. To find the diagonalization we must first find eigenvectors associated to the eigenvalues.

a—+va?+4b b
For A = (a + Va? + 4b)/2, the eigenspace is the kernel of the matrix i o vaim |- BY
2

The matrix A = ( > has trace a and determinant —b, thus the characteristic polynomial is

—a—Va?+4b
performing Gaussian elimination we reduce this to row reduce echelon form as 8 , thus

a basis vector for our eigenspace is given by (

a++va?+4b )
2

1
a—Va?+4b
Similarly, for A = (a — v/a? 4+ 4b) /2 we find a basis vector for our eigenspace given by i .

Therefore if P = 1 1 0 a—v/aZ51b

at+va?+4b  a—+a2+4b atva?44b 0
2 2 ,and D = 2
2

) then we have that

—a+Va?+4b
N B e _ -1
P _a%+4b<_1 s ,and A= PDP~.
2
(a+\/a2+4b)n 0
In particular since D is a diagonal matrix we have D" = 20 (o= m)n and soA™ =

(PDP~1)» = PD"P~!. Finding the entries of A" now just amounts to the easy exercise of multiplying
three matrices together.

B B n_ (2 -3 2n 0 1 1 3
For the case when @ = —1 and b = 6 we have A —<1 1 )(O (_3)n>5<_1 2>,and

in general for any analytic function f which is well defined at 2 and —3 we will have that f(A) =

() (0 )i 2) (3 8] (5 ) =

obtain the answer above.



Problem 5. Fix n € N and consider the differential equation (1 — 22)y” — 2xy’ + n(n + 1)y = 0.
a). Determine two linearly independent solutions in powers of z for |z| < 1.

b). Show that there is a polynomial solution P, such that P,(1) = 1, calculate Py, P;, P, and Ps.

(
(
(c). Show that P (z) = 5y - (2% — 1)", for all n € N.
(d). Calculate f_ll P, (z) Py (z)dx, for all n,m € N.

(

e). Show that {P,},en forms a basis for the space of polynomials, i.e. show that they are linearly
independent and that every polynomial is a linear combination of P,’s.

Solution 5. (a). We want to find solutions of the form y = Zgo:oakxk. If such a solution exists then we can
differentiate to get y' = £ (kagz® ! and y" = $° jk(k — Vagz* 2 = 222 (k + 2)(k + 1)ag22".
Since y satisfies the differential equation we have that

0=(1-22)L ok(k — 1)anz® 2 — 22(38 pkapz® 1) + n(n + 1)(25 arz®)
=22 ((k 4+ 2)(k 4 Dagyo — k(k — Dag — 2kay, + n(n + 1)ay)z".
Hence we must have that each of the coefficients above equals 0, i.e.
(k+2)(k+ Dagy2+ (—k(E+1) +n(n+1))ar =0, Vk > 0.

Thus ag and aq are undetermined while

1
ag = —§n(n + 1)ay,

1
as = ﬁ@ —n(n+1))as,

1 1
- (2-3— 1))ag =

4'3( 3—n(n+1))as T
1
54

In general we can see that we have

ay (2-3—n(n+1))(0—n(n-+1))ao,

-2

_ W

as (3-4—n(n+1))as B3-4—nn+1))(2—n(n+1))a.

T 5.4.3-2

1 . .
asp = GOWH§:1((2J —-2)(2j—1)—n(n+1)), k>0
and )
A2k+1 = almnﬁ’;l(@j —1)(2j) —n(n+1)), k>0.

Thus we get two solutions

= aozzoo(;w[nle«w —2)(2j — 1) — n(n + 1))},

and

L (2 - 1)(2)) — o+ 1),

Y2 = alziogo:om




To check the radius of convergence for these solutions we use the ratio test. For yi, if none of the
coefficients are 0 then we have

1

1
((2k+2)! (2k)!

(25 - 2)(25 — 1) — n(n+ 1))])/((2k)!

[T (25 = 2)(2 — 1) = n(n+1))))

= ((2k) 2k +1) —n(n+1))/(2k +2)(2k + 1) =00 1.

Thus the radius of convergence is 1/1 = 1. Similarly, for yg, if none of the coefficients are 0 then we have

1

(a3

T2 ((25 = 1)(25) = n(n+ D))/( 151 (27 = 1)(24) = n(n +1))])

(2k +1)!
=((2k+2)(2k+1) —n(n+1))/(2k + 3)(2k + 2) —f—c0 L.

Thus the radius of convergence is 1/1 = 1.
Note that in the above formulas if some coefficient is 0 then all coefficients following it will also be 0,
and so in this case our solution is a polynomial and hence has infinite radius of convergence.

(b). If n is odd then there will be some j such that n = 2§ — 1 thus the ;' coefficient of yo will be 0
and so will all coefficients following it. Hence yo will be a polynomial of degree at most n. If n is even
then there will be some j such that n = 2j in which case the j™ coefficient of 3; will be 0 and so will
all coefficients following it. Hence in this case y; will be a polynomial of degree at most n. Thus there is
always a polynomial solution P, which we may normalize and assume that P,(1) = 1.

From the above formulas, we can see that the first few polynomial solutions are given by

-1 3 -3 5
Py=1, Pi=z, Py=—+-2% Py=—g+ 2>
0 , 1=z, I3 2+2$, 3 2$+2!E

(c). From part (b) we know that there is only one polynomial solution up to normalization, thus we need
to check that ;i—nn(xQ — 1)™ satisfies the differential equation, then we know that %(ﬁ — 1)™ is a multiple
of P, and it is easy to check the normalization ﬁ

If we set v(z) = (2% — 1)" then v/(z) = 2nz(2? — 1)~ ! and so we have (2 — 1)v’ — 2nav = 0.

If we differentiate this equation then we have

0= ((z% —1)v" +220") — 2n(xv’ + v),
differentiating this again yields
0= ((z2 — 1)v® 4+ 40" + 20') — 2n(zv" + 20'),
differentiating a third time yields
0= ((z® = D)o™ + 620 +2(1 + 2)v") — 2n(a0® + 30").

After differentiating n + 1 times we obtain

0= ((«2 = 1)o™? 4 2(n + Dz + n(n+ 1)0™) — 2n(z0™+ + (n + 1)o™)

= (2% — D)o 4 220D — (4 1)0™.

10



Thus v(™ = 4 (22 — 1)" satisfies the differential equation.

(d). Assume n < m, from part (c) we have

1 1 n m
| Pande = s [ G - 0 G - 1

mplm! J_{ da™ dx™

Notice that if & > 0 then we have %(ﬂ —1)™ is a multiple of (22 — 1), and hence when we plug

in +1 we get 0. With this in mind we may integrate by parts n times to obtain

1 amtr 2 n 2 m
/ P, P,dx = 2”+mn'm‘/ (d$m+n(az - 1)) (z* — 1)"dx.

If n < m then mtnn (#2—1)" = 0 and hence the above integral is 0. If n = m then %(af—l)” = (2n)!

and so : .
(2n
PZdx 2 _1)"dx.
/ = gy [

This integral is a type of problem that one would conquer in a combinatorics class. Using the binomial
theorem it is possible to show that the above integral gives

1
/ P2dz =2/(2n +1).
-1

(e). Let V,, be the vector space of all polynomials of degree at most n. Then a standard basis for V;, is
given by {1,z,22,...,2"} and in particular we see that V;, is n + 1 dimensional. {P,, Py,...,P,} is a set
of n + 1 functions in V;, and hence this set is a basis for V,, if and only if it is linearly independent. If we
can show this for all n > 0 then we have the result.

Let ag, a1, ..., a, be real numbers and suppose that ¥}!_ja, P, = 0. Then for 0 < j < n we have

1
0:/ Pj(ZZZOakPk)dx
-1

1
= ZZoak(/ P; Pidx)
-1

1
= aj/ szd:c =a;2/(2n+ 1),
-1
where the last two equalities follow from part (d).

Therefore a; = 0, for 0 < j < n which shows that {Py, P, ..., P,} is linearly independent and hence is
a basis.

11



