HOMEWORK 5, MATH 175 - FALL 2009

This homework assignment covers Sections 15.4 - 15.6 in the book.

1. Find an equation of the tangent plane to the surface given by z = 22e° =¥ at the point (—1,1,1).

We know the general formula for the tangent plane to the surface given by z = f(x,y) at the point
(20, Yo, f(x0,90)) is
z = f(zo,y0) = fa(@o,y0)(x — x0) + fy(20,90)(y — Yo)-
Here we have zg = —1, yo = 1, and f(x,y) = z2e” =¥’ Hence fz = 27e®” Y 4 223¢7” ¥ and fy =

—2x2ye$2_yz. Thus the equation of the tangent plane at the point (—1,1,1) is
2—1=—d(@+1)-2y—-1).|

2. Find the linear approximation of the function f(z,y,z) = v/22 + y? + 22 at the point (2,3, —1).

The linear approximation is the linear function we get from the equation of the tangent space.

Here we have f, = 2z/\/x? +y? + 22, f, = 2y//2? +y?> + 22, and [, = 2z/y/2? 4+ y? + 22, and so the
linear approximation at the point (2,3, —1) is

2.2 2.3 2. (=1)

22+ 32+ (-1)* + T —2)+ -3)+

1) 22+32+(—1)2( ) 22 432 4 (—1)? w=3) 22 432 4 (—1)

14
= g(77+2x+3y —2).

3. Suppose z = x2e¥%®, where z = sint, and y = Int. Find dz/dt.

By the chain rule we have % = %% + g—;%. Here we have % = 2xe¥? + 2?ye¥® = re¥®(2 + x),
9z _ .3, yx .o 4T _ dy _ S
5, = x e’ Also g7 = cost, and 3 = 1/t. Thus

d , indt
d—j = 2e¥%(2 + x) cost + 23e¥® /t = | 5™ (sint cos t(2 + sint) + S

).

4. Suppose z = ¢*~ ¥ where x = st, and y = s/t. Find 9z/9s and 0z/0t.

Just as above we may use the chain rule to find

0z er Y 1 1

2D et — | ps(t=1) t— =),

Os € t € ( t)
Also we have

0z . er Y s(t_1 1

5= ¢ Vs + = ettt t)(s+t—2).

5. Suppose z = /12 4 s2, where r = y + xcost, and s = x + ysint. Find 0z/0x, 0z/dy, and 0z/0t.

Again we use the chain rule:
0z

2r 2s
0r  rZ+s2 /12 ¥ §2

=|2(ycost + zcos’t +x + ysint)/\/(y + xcost)? + (z + ysint)2.
1

cost +
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0z _ 2r n 2s

Ay  Vr2+s2  Vr2+s?

=|2(y + xcost 4 zsint + ysin®t)/\/(y + xcost)? + (z + ysint)2.
0z

2r 2s
o 2t s2 /r2 t 52

=|2(—zysint — 22 costsint + zycost + y2 costsint)/\/(y + z cost)? + (x + ysint)2.

sint

rsint + ycost

6. Suppose y° — 22y? =1 — e*¥. Find dy/dx.

If we define F(x,y) = y® — 22y? + €% — 1 then F(z,y) = 0 and hence by the chain rule Fgcg—'z + Fy% =
and so

dy —F, 2xy? — ye™Y

dr  F, 5yt — 222y + zerv’

7. Suppose xyz = cos(z +y + z). Find 9z/0z, and 9z/0y.

If we define F(x,y,2) = xyz — cos(z + y + z) then by the chain rule Fw% + Fy% + Fz% = 0. Hence

0z  —F, |-yz—sin(x+y+2)

or  F, | ay+sin(x+y+z)’
Similarly

0z  —F, |—wz—sin(z+y+2)

oy F. | aytsinfzt+y+z)’

8. Consider the function f(xz,y) = y®/2%.

(a). Find the gradient of f.

(b). Find the directional derivative of f in the direction of (4, —1) at the point (1,1).
(a). The gradient of f is Vf = (f, fy), hence in this case

V1= (22" 3% /%)

(b). The unit vector in the direction of (4,—1) is (4,—1)/v/17, hence the directional derivative at the
point (1,1) is

—2.8-3-1 [-19
V17 VT

(VA(L1) - (4,-1)/V1T=

9. Find the directions in which the directional derivative of the function f(x,y) = xcosy at the point
(—1,7/4) has the value —1.

The gradient of f is Vf = (cosy, —zsiny) hence the directional derivative at (—1,7/4) in the direction
of a unit vector v = (cost,sint) is
1
D, f(~1,7/4) = (1/v2,1/V2) - (cost,sint) = ﬁ(cost + sint).
This will be —1 whenever h(t) = cost +sint = —v/2, 0 < t < 27. By finding the critical points of h(t)

we see that —/2 is the minimum of & and it is obtained only when ¢ = 57 /4. Hence the only time that the
directional derivative is —1 at the point (—1,7/4) is when we are taking the derivative in the direction of

(cos 57/4,sin 57 /4) = (=1/v/2,—1/V2) |.

10. Find the maximal value of the directional derivative D, f at the point (1,2, —1) to the function f(x,y, z) =

1 . . . . . . . 2
T e is In which direction is this maximum attained?
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The gradient of this function is
V= —4x —6y —8z
(14222 4 3y% +422)27 (1 + 222 4 3y% + 422)27 (1 + 222 + 3y? + 422)?
At the point (1,2, —1) this gives

).

V£(1,2,—1) = (-4, —12,8)/361.

The maximum value of a directional derivative at this point is then

4v/14

361

The direction that this maximum is achieved is in the direction of the gradient (—4,—12,8)/361, or in
terms of unit vectors

(-1,-3,2).

1
V14




