Spanning weakly even trees of graphs
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Abstract

Let G be a graph (with multiple edges allowed) and let T be a tree in G. We say that T is
even if every leaf of T belongs to the same part of the bipartition of T', and that T is weakly even
if every leaf of T' that has maximum degree in G belongs to the same part of the bipartition of 7.
We confirm two recent conjectures of Jackson and Yoshimoto by showing that every connected
graph that is not a regular bipartite graph has a spanning weakly even tree.
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1 Introduction

In this paper graphs are finite and may contain multiple edges but not loops. We use uv to denote
an edge from u to v; if there is more than one such edge, which edge we mean will either not matter
or be clear from context. Let T be a tree in a graph G. We say that T is even if all leaves of T'
belong to the same part of the bipartition of 7. More generally, we say that T is weakly even if all
leaves of T that have maximum degree in G belong to the same part of the bipartition of 7.

For our proofs it is convenient to consider a specific ordered bipartition (X,Y") of a tree T in
G and to insist that the leaves of T" with maximum degree in G belong to X. We introduce some
appropriate terminology. Given an ordered bipartition (X,Y’) of a bipartite graph H, a vertex
of H is type-0 or type-1 if it belongs to X or Y, respectively. If w € V(H) and A € {0,1}, the
(w, A)-bipartition of H is the bipartition of H for which w has type A. If H is equipped with this
bipartition, we say H is a (w, \)-graph (or (w, A)-tree, (w, A)-cycle, etc., as appropriate). A tree
T C G with ordered bipartition (X,Y) is even if all leaves of T are type-0 (belong to X)), and weakly
even if all leaves of T' that have maximum degree in G are type-0.
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S. Saito asked which regular connected graphs have a spanning even tree. Jackson and Yoshi-
moto [5] obtained the following partial answer to the question.

Theorem 1 ([5]). Suppose G is a regular nonbipartite connected graph that has a 2-factor, w € V(QG)
and X € {0,1}. Then G has a spanning even (w, \)-tree.

They conjectured that connected regular bipartite graphs are the only connected graphs that do
not have a spanning even tree.

Conjecture 2. FEvery reqular nonbipartite connected graph has a spanning even tree.
As an extension of Conjecture 2, Jackson and Yoshimoto [5] also posed the following conjecture.

Conjecture 3. Fvery connected graph that is not a reqular bipartite graph has a spanning weakly
even tree.

Conjecture 3 implies Conjecture 2: in a regular connected graph, every vertex has maximum
degree, and so a spanning tree is weakly even if and only if it is even. In this paper we confirm
Conjecture 3 and hence Conjecture 2. Our result combines work by Ai, Gao, Liu, and Yue [1], and
by Ellingham, Huang, Shan, and Spacapan [3].

Most of the work to confirm Conjecture 3 is in the proof of the following theorem, which we
postpone to the next section.

Theorem 4. Let G be a 2-edge-connected graph that is not regular bipartite, w € V(G) and X €
{0,1}. Then G has a spanning weakly even (w, \)-tree.

Using Theorem 4 we can prove Theorem 5, which verifies Conjecture 3.

Theorem 5. Let G be a connected graph that is not regular bipartite, w € V(G) and X € {0,1}.
Then G has a spanning weakly even (w, \)-tree.

Proof. We proceed by induction on |V(G)|. If |[V(G)| < 2 then G is regular bipartite, and the
theorem holds vacuously. Therefore, we may assume that |V (G)| > 3, which implies A(G) > 2,
and that the theorem holds for graphs of smaller order than G. If G is 2-edge-connected, then the
theorem holds by Theorem 4, so we may assume that G has a cutedge x122. Let G; and G5 be the
components of G — x125, with 21 € V(G1), z2 € V(G2).

Claim. Leti € {1,2}, w; € V(G;), and \; € {0,1}. Then there is a spanning (w;, \;)-tree T; of G;
that is weakly even in G except possibly at x; (i.e., no vertex of T; except possibly x; is a type-1 leaf
of T; with mazimum degree in G ).

Proof of Claim. Note that all vertices of GG; have the same degree in G; as in G, except z;. If G;
is regular bipartite then A(G;) < A(G). Hence any spanning (w;, \;)-tree T; of G; is weakly even
in G except possibly at z;. If G; is not regular bipartite, then by the induction hypothesis there
is a spanning (w;, \;)-tree T; of G; that is weakly even in G;, and hence weakly even in G except
possibly at x;. O

We may assume that w € V(G1). By the Claim G has a spanning (w, \)-tree 77 that is weakly
even in G except possibly at z1. Let Ag be the type opposite to the type of 21 in T7. By the Claim,
G2 has a spanning (z2, A2)-tree Ty that is weakly even in G except possibly at xzo. The bipartitions
of Ty and Ty agree with the (w, \)-bipartition of T' =Ty UT, U {z122}. If either a1 or x5 is a leaf of
T then it has degree 1 < A(G) in G, and all other leaves of T satisfy the weakly even condition in
G, so T is a spanning weakly even tree in G. O



2 Proof of Theorem 4

We start with some preliminaries. We assume that every cycle in a graph G has a fixed orientation.
When discussing a particular cycle C and u,v € V(C) we use u~ and u* to denote the immediate
predecessor and successor, respectively, of v on C, and uCv to mean the subpath of C' from u to v
following the orientation of C' (uCv is a single vertex if u = v). A spanning subgraph H of G is a
weak 2-factor if each component of H is either a cycle or a path (possibly a single vertex), and the
endvertices of the path components of H have degree less than A(G) in G. For any positive integer

ke, let [k] = {1,....k}.

Theorem 6 ([2, 4, 6]). If G is a connected r-regular graph, r > 2, and G is 2-edge-connected or has
at most 7 — 1 cutedges, then G has a 2-factor.

The following generalizes [5, Lemma 6].

Lemma 7. Let G be a connected graph that is not regular bipartite, and Y C V(G) an independent
set in G. Suppose that all vertices of Y have mazimum degree in G. Then for any X CV(G)\Y
with | X| < |Y], we have E(Y,V(G) \ (X UY)) # 0.

Proof. Let G, X and Y be as given in the lemma. If E(Y,V(G)\ (X UY)) = (), then

B(X,Y)| =) _dy) =AG)Y] > AG)X|> D dx)

yey zeX

= [E(X,Y)[+2[E(X)| + [E(X, V(G)\ (X UY))| = [E(X,Y)].

Therefore, |[E(X)| = |[E(X,V(G)\ (X UY))| =0, |X|=1Y], and d(z) = A(G) for all z € X. This
implies that G is a A(G)-regular bipartite graph, a contradiction. O

Now we can prove Theorem 4. The proof uses a similar argument to the original proof of Theorem
1 by Jackson and Yoshimoto.

Proof of Theorem 4. Let G be a 2-edge-connected graph that is not regular bipartite, and let w €
V(G) and X € {0,1} be given. If G is regular, then since G is 2-edge-connected it has a 2-factor by
Theorem 6, and hence a spanning even tree with w of type A by Theorem 1. Assume therefore that
G is not a regular graph. Since G is 2-edge-connected, it follows that A(G) > 3.

We will find a weak 2-factor in G and then construct a spanning weakly even tree by using most
of the edges of the weak 2-factor and some other edges.

Claim 1. The graph G has a weak 2-factor.

Proof. Let G’ be another copy of G. For each v € V(G) with dg(v) < A(G), add A(G)—dg(v) edges
joining v and the copy of v in G’. Denote by G* the resulting multigraph. Then G* is A(G)-regular
and has at most one cutedge. By Theorem 6, G* has a 2-factor F'*. Let F' be the spanning subgraph
of G such that E(F) = E(F*) N E(G). Since F* is a 2-factor, each component of F' is either a
cycle or a path. Moreover, each endvertex of a path component of F' is incident with an edge in
E(F*)\ E(G) and thus has degree less than A(G). Therefore F is a weak 2-factor of G. O

Fix a weak 2-factor F of G. A tree in G is good (with respect to F') if its vertex set is the union
of vertex sets of some components of F. Let T be a good weakly even (w, \)-tree in G of maximum
order; if no such tree exists, let T be the null graph. We claim that T is a spanning tree of G. We
suppose that V(T') # V(G) and show that this always leads to a contradiction.



Claim 2. Suppose that T is null. Then the component Cy of F containing w is an even cycle. If
(X0, Y0) is the (w, A)-bipartition of Cy, then all vertices of Yo have mazimum degree in G, and Yy
is an independent set in G.

Proof. If Cy is a path, then both ends of Cy have degree less than A(G) in G. Therefore, Cy is a
good even (w, A)-tree, which contradicts the choice of T. If Cy is an odd cycle, then wtCow is a
good even (w,0)-tree, and wTtCow™ is a good even (w, 1)-tree. Therefore, there is a good even
(w, \)-tree, which contradicts the choice of T. Thus, Cy must be an even cycle.

If there is u € Yy that has degree less than A(G) in G, then T = utCyu is a good weakly even
(w, \)-tree (since u™ € X is the only leaf of T' that possibly has degree A(G) in G), contradicting
the choice of T'. Therefore, all vertices of Yy have degree A(G) in G.

Suppose that G has an edge uv joining u,v € Yy. Consider Ty = u"Cou~ U {uv} and Ty =
vTCov™ U {uv}. If w # u then T} is a good even (w, \)-tree, and if w = u then T3 is a good even
(w, \)-tree. Either situation contradicts the choice of T'. Thus, Y} is an independent set in G.  [J

If T is null, let Cp be the component (even cycle) of F' that contains w, and let (X, Yp) be the
(w, A)-bipartition of Cy. If T' is nonnull, let (X, Yy) be the (w, \)-bipartition of T

Claim 3. Suppose that T is nonnull.

(8) Then Eg(Xo,V(G)\ V(T)) = 0 and Ea(Yo, V(G)\ V(T)) # 0.

(b) Suppose that yoz € E(G) with yo € Yy and z ¢ V(T). Then the component C of F containing
z is an even cycle. If (X,Y) is the (z,0)-bipartition of C' (so that z € X ), then all vertices of
Y have mazimum degree in G, and Y is an independent set in G.

Proof. (a) If Eg(Xo,V(G) \ V(T)) # 0, then there exists oz € E(G) such that zy € Xy and
z ¢ V(T). Let C be the component of F' containing z. If C is a path, then 77 =T U {zoz} UC is a
good weakly even (w, A)-tree. Indeed, each leaf of 7" that is not a leaf of T" has degree less than A(G)
in G (since F is a weak 2-factor). If C is an odd cycle, then T'U {zgz} U 2T+TCz" is a good weakly
even (w, \)-tree. If C'is an even cycle, then T'U{x¢z}U27Cz is a good weakly even (w, \)-tree. All
three situations contradict the maximality of T', and therefore Eg(Xo, V(G)\ V(T)) = 0.

If Eq(Yo,V(G)\ V(T)) = 0 then Eq(V(T),V(G)\ V(T)) = 0, which (since V(T') # ( and
V(T) # V(G)) contradicts the fact that G is connected. Hence, Eq (Yo, V(G)\ V(1)) # 0.

(b) If C is a path, then each leaf of 77 = T U {ypz} U C that is not a leaf of T is an endvertex
of C and so has degree less than A(G) in G. Thus, T” is a good weakly even (w, A)-tree. If C' is an
odd cycle, then T U {ygz} UzTCz is a good weakly even (w, \)-tree. In both cases we contradict the
maximality of T. Hence, C' is an even cycle.

If there is u € Y that has degree less than A(G) in G, then T" = T U {yoz} UutCu is a good
weakly even (w, A)-tree (since u is the only vertex of Y that is a leaf of T’ but not of T'), contradicting
the maximality of T. Therefore, all vertices of Y have degree A(G) in G.

Suppose that G has an edge uv joining u,v € Y. Let T" = T U {yoz,uv} UuTCu~. Then T" is
a good weakly even (w, \)-tree because every vertex that is not a leaf of T but possibly a leaf of T"
(namely v, u, u™) is type-0. This contradicts the maximality of 7. Thus, Y is an independent set
in G. O

Since T is a good tree, F/ = F — V(T) is a union of components of F. Let Ceyen be the set of all
even cycles of F', and Fe ., = Ugee,.., C- If T is null then Cy C F{,.,, and we say a bipartition
(X,Y) of F. ., is consistent if Xg C X and Yy C Y. If T is nonnull, every bipartition of F/ . is
considered to be consistent. Let C7,Co, ...,y be a sequence of £ > 1 distinct cycles in Coyen. Given
such a sequence, we define X; = XNV(C;) and Y; = YNV(C;) for i € [¢]. The sequence is admissible
with respect to a consistent bipartition (X,Y") of F ., if (1) either T is null and C; = Cp, or T is

even



nonnull and E(Yy, X1) # 0, and (2) E(Y;, X;41) # 0 for i € [ — 1]. A cycle C € Coyen is admissible
if it is the final (equivalently, any) cycle of an admissible sequence.
Choose a consistent bipartition (X,Y") of F.

vven Such that the number of admissible cycles with

respect to (X,Y) is as large as possible, and let Coqm be the set of admissible cycles with respect to
(X Y). If T is null then Cy € Cagm, and if T is nonnull, then Cnqy is nonempty by Claim 3. Let
=Ucec i C5 Xagm = XN V(F! ), and Yaam = Y NV(F.,,). By the maximality of Caam, if

YNY,V(C)) # 0 for a component C of F’ that is vertex-disjoint from F;_, then C' must

adm?

adm

E(V(F!

adm

be an odd cycle or a path.

Claim 4. All vertices in Yaqm have mazimum degree in G.

Proof. Suppose that the claim is false and let C1, Ca, ..., Cy be a shortest admissible sequence with
respect to (X,Y") for which some vertex z in Y NC does not have maximum degree in G. Note that,
by Claims 2 and 3, all vertices of Y7 have maximum degree in G, so £ > 2. There is y;x;41 € E(G)
with y; € Y; and 2,41 € X;41 for i € [ —1], and for ¢ = 0 if T is nonnull. Let 7* be null if T is null,
and T'U {yoz1} if T is nonnull. Define

£7
T =T*U (Uz:ll Y Ciyimigr) Uzt Coz.

Then T is a good weakly even (w,\)-tree since z, which has degree less than A(G), is the only
vertex in Y that is a leaf of 7" and not a leaf of T. This contradicts the maximality of T O

We now consider two cases.

Case 1. Suppose Y4, is an independent set in G.

In this case, Lemma 7 implies that there is an edge uz of G joining u € Yyam and z € V(G) \
V(F!4,)- Then there is an admissible sequence C1,Cy,...,C; with v € V(C;). There is y;xzi41 €
E(G) with y; € Y; and 2,41 € X; 11 for i € [¢ — 1], and for ¢ = 0 if T is nonnull. Let 7% be null if T
is null, and T'U {yoz1 } if T is nonnull.

If z ¢ V(T), let C be the component of F’ that contains z. Then C' is an odd cycle or a path,

by the maximality of Caqm. Let Q@ = 27Cz if C is an odd cycle and Q = C if C is a path. Define
T =T*U (Uf;ll v Ciyizin1) UutCouz U Q.

Then T is a good weakly even (w, \)-tree. This contradicts the maximality of T
If z € V(T), this implies that T is nonnull. Since u is a neighbor of z not in V(T'), by Claim 3,
z € Yy. Define
T =T U{yow1,uz} U (UZ LY Ciyizigr) UutCou™.

Then T is a good weakly even (w, A)-tree because every vertex that is not a leaf of T' but possibly
a leaf of 7" (including u) is type-0. This contradicts the maximality of T.

Case 2. Suppose Yaqm is not an independent set in G.

Then there is an edge yz where y, z € Yadm Suppose that y is a vertex of C' € Coqy and z is
a vertex of C € Cadm, where possibly C' = C. Let Cy,Cs,...,Cy be an admissible sequence with
C = C,. There is Yitip1 € E(G) with y; € Y; and z;41 € X1+1 fori € [¢ — 1], and for i = 0 if T
is nonnull. Let C’l, CQ, .. C’k be an admissible sequence with C = C’k, and let X =XnN V(C ),
Y Yyn V(C ) for j € [k] There is ;741 € E(G) with y; € Y and T;11 € XJH for j € [k — 1],
and for j = 0 if T is nonnull. Let T* be null if T is null, and T U {ygz1 } if T is nonnull.

Suppose first that C' and C belong to a common admissible sequence. Without loss of generality
we may suppose that Ce {C1,C4,...,Cy}. Define

T"=T*"U{yz}U (U 1 v Ciyiziz) Uyt Coy.



Then T is a good weakly even (w, \)-tree because every vertex that is not a leaf of T' but possibly
a leaf of T’ (including y) is type-0. This contradicts the maximality of 7.
Next, suppose that {C1,Ca,...,Ce} N{C1,Ca,...,Cx} = 0. Then T is nonnull. Let

T' =T U {yoz1, JoF1,y2} U (UiZ] v Coyimigr) U (Us=) 0 Ci0Fj11) Uyt Coy™ U 2+ Cirz.

Again T" is a good weakly even (w, \)-tree because every vertex that is not a leaf of T' but possibly
a leaf of T’ (including y) is type-0. This contradicts the maximality of T.

Finally, suppose that {C1, Cs, . .. ,Cg}ﬁ{él, Co, ..., ék} #D0,but C=Cy ¢ {5’1, Co,. .., 5k} and
C =Cy ¢ {C1,Cq,...,Cy}. Let b € [k — 1] be the largest integer such that Cy € {C4,Cs,...,C}.
Then C, = C,, for some a € [¢ —1] and {C,Cy,...,Ce} N {6’b+1,C~’b+2, .. .,ék} = (. Let

o~ 01 k=1 o~ ~ ~ _ =
T =T U {G@p1,92} U (Ui 2y 4 Ciitrinn) U (UjZp i1 9 Ci05T541) Uy Coy™ U 2 Cyz.

Once more T" is a good weakly even (w, A)-tree because every vertex that is not a leaf of T but
possibly a leaf of 7" (including y) is type-0. This contradicts the maximality of T.

In all situations we reach a contradiction, so we conclude that V(T') = V(G), as required. O

References

[1] J. Ai, Z. Gao, X. Liu, and J. Yue. A short note on spanning even trees, 2024. arXiv:2408.07056.

[2] F. Bébler. Uber die Zerlegung reguliirer Streckencomplexe ungerader Ordnung. Comment. Math.
Helv., 10:275-287, 1937.

[3] M. N. Ellingham, Y. Huang, S. Shan, and S. Spacapan. Spanning weakly even trees of graphs,
2024. arXiv:2409.15522v1.

[4] D. Hanson, C. O. M. Loten, and B. Toft. On interval colourings of bi-regular bipartite graphs.
Ars Combin., 50:23-32, 1998.

[5] B. Jackson and K. Yoshimoto. Spanning even trees of graphs. J. Graph Theory, 107(1):95-106,
2024.

[6] J. Petersen. Die Theorie der reguldren Graphs. Acta Math., 15:193-220, 1891.


https://arxiv.org/abs/2408.07056
https://arxiv.org/abs/2409.15522v1

	Introduction
	Proof of Theorem 4

