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Abstract

Let Y be the subdivided claw, the 7-vertex tree obtained from a claw K; 3 by subdividing each edge
exactly once. We characterize the graphs (finite and infinite) that do not have Y as a subgraph, or,
equivalently, do not have Y as a minor. This work was motivated by a problem involving VCD minors.
A graph H is a vertex contraction-deletion minor, or VCD minor, of a graph G if H can be obtained from
G by a sequence of vertex deletions or contractions of all edges incident with a single vertex. Our result
is a key step in describing K1 3-VCD-minor-free line graphs. We also characterize graphs that forbid
each subtree of Y. We discuss the relevance of our results for Turdn numbers of trees, and pathwidth

and growth constants for graphs without a particular tree as a minor.

1 Introduction

There are several results on the structure of graphs that exclude a tree or forest as a minor. However, there
is little data on what graphs excluding specific small trees look like. Information of this kind can help to
generate new general questions. In this paper we consider the subdivided claw, the 7-vertex graph obtained
by subdividing each edge of K 3, which we denote by Y. We consider the T-minor-free graphs where T'
is either Y or one of its subtrees. These are equivalent to the graphs without T as a subgraph, and we
characterize those graphs in both finite and infinite situations. Our characterizations are relevant to some
general questions that we discuss at the end of the paper, involving Turan numbers for trees, and pathwidth
and growth constants for graphs with a tree as a forbidden minor.

For this paper, all graphs will be simple. Any notation not defined here follows [17]. The size of a largest
matching in a graph is denoted o’ (G). We will consider several well-known graph relations whose definitions
follow. A graph H is a subgraph of a graph G if H can be obtained from G by a sequence of vertex and
edge deletions. A graph H is a minor of a graph G if H can be obtained from G by a sequence of vertex
deletions, edges deletions, and edge contractions. A graph H is a topological minor of a graph G if H is
isomorphic to a subdivision of a subgraph of G.

It is often desirable to relate a particular class of graphs to a set of forbidden substructures. There are a
variety of such results using different graph relations. Bipartite graphs are characterized by forbidding odd

cycles as subgraphs. Kuratowski [13] characterized planar graphs using the forbidden topological minors
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K5 and Ks3. Wagner [16] proved that the same two graphs were forbidden as minors. In [1], Beineke
proved that line graphs can be characterized by nine forbidden induced subgraphs. Chordal graphs are
characterized by having no induced cycles of length 4 or more. In [14], Robertson and Seymour proved that
every minor-closed class has a finite list of forbidden minors.

Since Y is a tree that has only one vertex of degree at least 3, having Y as a subgraph is equivalent
to having Y as a topological minor. Further, since each vertex of Y has degree at most 3, having Y as a
topological minor is equivalent to having Y as a minor. Similarly, for any subtree T" of Y, having T as a
subgraph is equivalent to having T" as a topological minor or minor.

Our initial motivation for studying graphs without Y as a subgraph or minor arose from a question
involving a graph relation called a vertez-contraction-deletion minor. A vertex contraction of a vertex v in
a graph G is the operation of identifying v and all neighbors of v into a single vertex. This is equivalent to
contracting all edges incident with v. A graph H is a vertex-contraction-deletion minor (VCD minor) of a
graph G if H can be obtained from G by a sequence of vertex deletions and vertex contractions. The VCD
minor relation is a slightly weaker relation than the ¢-minor relation [4]. We are interested in characterizing
K 3-VCD-minor free graphs, and an important subclass of this family is the K; 3-VCD-minor free line
graphs. Forbidding a K; 3 as a VCD minor in a line graph G = L(H) where o/ (H) > 4 is equivalent to
forbidding Y as a subgraph of H. The results in this paper will be used in a forthcoming paper on this topic.

We note that forbidding Y as a subgraph has already been used to characterize the class of trees known
as caterpillars, in which there is a path (the spine) such that every edge is incident with a vertex of that

path. This is a special case of our main result.

Theorem 1.1 (West [17, Theorem 2.2.19]; see also [11, p. 172]). A tree does not have Y as a subgraph if

and only if it is a caterpillar.

We will now define some structures necessary to describe Y-subgraph free graphs. A bead is a graph G
with a set V7 of one or two special vertices designated as primary vertices; the other vertices are secondary
vertices. When necessary we describe a bead as an ordered pair (G, V;), but usually we just name the graph
G. The graph of a bead is one of the following: K4, K211, K11, with t; >0, or Ky, with t3 > 2. The
primary vertices in K+, are the parts of size one. The primary vertices in K5+, and K5 ;1 are the vertices
in the part of size two. One vertex of K4 is designated as a primary vertex. Note that for us K311 is not the
same as K 1 2 because each has a different set of primary vertices. The beads are illustrated in Figure 1.1,
where the white (open) vertices are the primary vertices.

Beads can be “strung” together at primary vertices. This means we can identify a primary vertex in one
bead with a primary vertex in a different bead. Each primary vertex can only be identified with one other
primary vertex.

Consider a connected graph G created by stringing beads together. We form a bipartite auxiliary graph
A by taking one black vertex for each bead and one white vertex for each primary vertex, where a bead
vertex is joined to its primary vertices. Then G is a strand if A is a path, and a necklace if A is a cycle. For
a strand, we could have K, with one primary vertex as the first and/or last bead; necklaces do not have K4
as a bead. A necklace with exactly two beads cannot have both beads of the form K ; ¢, because stringing
two beads of this kind would create parallel edges, and we only allow simple graphs. A vertex of degree 1
is a leaf or pendant vertex, and an edge incident with a leaf is a pendant edge. A spiked necklace (strand)
is a necklace (strand) that is allowed to have additional pendant edges called spikes incident with primary

vertices that are in exactly two beads. Figure 1.2 illustrates a spiked strand and a spiked necklace; again,
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Figure 1.1: Beads

the white (open) vertices are the primary vertices.

We now explain some of the restrictions imposed by our definitions. We could allow K5 ; as a bead, but
this can be considered as two K 1,0 beads strung together. We could allow spikes incident with primary
vertices that are in only one bead, which must be a bead at the end of a strand, but then one of those spikes
can be considered as a new K 1 bead. Thus, these restrictions eliminate ambiguity about the number of
beads in a spiked strand. If a necklace has exactly two beads, they cannot both have the form K ; : because
that would create multiple edges, and our graphs are simple. There are still some ambiguities about whether
certain graphs should be regarded as spiked strands or spiked necklaces, which we do not try to eliminate.
These occur for spiked necklaces with at most four beads.
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(a) A spiked strand ) A spiked necklace

Figure 1.2: Structures in B

A graph is a member of the family B if and only if it is a spiked strand or spiked necklace. All graphs in
B are connected.

We say that two nonadjacent vertices u and v in a graph G are clones in G if N(u) = N(v). This is an
equivalence relation and the equivalence classes are calledclone classes. A leaf class is a clone class whose
elements are leaves in G. By cloning a vertex v in G, we mean adding new vertices vy, ..., v to form G’
such that v, vy, ..., v; are pairwise nonadjacent and Ng(v;) = Ng(v) for 1 < i < k.

We can now state the main theorem of this paper.

Theorem 1.2. A connected graph G has no subgraph isomorphic to'Y (is Y -minor-free) if and only if either
(a) G is obtained from a graph with at most six vertices by optionally cloning leaves, or

(b) G belongs to the family B, i.e., G is a spiked strand or spiked necklace.



In Sections 3 to 6, we consider all graphs to be finite. We divide the forwards direction of the proof of
Theorem 1.2 into two cases, depending on whether GG has a long cycle or not. Section 2 proves some basic
structural results that apply in both cases, Section 3 addresses the case where there is no long cycle (giving
spiked strands), and Section 4 addresses the case where there is a long cycle (giving spiked necklaces). We
complete the proof in Section 5. In Section 6, we characterize graphs without 7" as a subgraph (or minor)
for subtrees T' of Y. Infinite analogues of the results in Sections 5 and 6 appear in Section 7. In Section 8,
we make some observations on the number of edges, pathwidth, and growth constant of graphs without a Y,

which raise some larger issues.

2 Basic structural results

In this section, we prove some basic facts about the structure of a connected graph that does not have Y as
a subgraph. Throughout Sections 2 to 4 G denotes such a graph. We derive the structure by starting with
a longest path, which if possible has ends that are leaves of G.

The pointiness of a path P in G is the number of endpoints of P that are leaves of G (namely 0, 1, or
2). A path with no edges has only one endpoint, hence pointiness 0 or 1. We talk about one path being
pointier than another if the pointiness of the first path is higher, and a pointiest path in a collection is one
of maximum pointiness.

For us, P, means a path with k vertices. A star is a graph K, ; for some ¢ > 0, which includes K; =2 K o
and Ko = Kj 1. A double star is a graph obtained from P, by optionally cloning leaves. A triangle is
K3 = Cs.

For this section and the next, we fix a pointiest longest path P = vgv; ... vp of G. (The first few results
below are valid for any longest path P; we do not use pointiness until Lemma 2.7.) By a chord we mean a
chord of P, i.e., e = vju, € E(G) with k > j+2; we call e an i-chord if k— j = i. The vertices vj41,..., V51
are the enclosed vertices of e, and we say that e covers the edges of the path v;v;41...v;. Two chords v;v;
and vpv,, with ¢ < j and p < ¢, are said to cross if either i <p < j < gorp <i < g <j. By a vee we mean
a path v;wv; 1o where w ¢ V(P). The vertex v;11 is the enclosed vertex of the vee, and we say that the vee
covers the edges of the path v;v;11v;12. A vee v;wv;42 is said to cross another vee or a chord if v;41 is an
endpoint of the other vee or chord.

A subgraph H of G is edge-dominating if every edge of G is incident with a vertex of H (i.e., V(H) is a
vertex cover). Let L; = Ng(v;) — V(P) for 0 < ¢ </, and L = Uf:o L;. The following is a key part of our

argument.
Lemma 2.1. The path P is edge-dominating. Thus, V(G) — V(P) = L, and L is an independent set in G.

Proof. Suppose there is an edge e = wax with w, z ¢ V(P). Then there is a path @ with first edge e, at least
two edges, no internal vertices in P, and ending at v; on P. We cannot have ¢ < 1, otherwise QUuv;v;41 ... v¢
would be a longer path than P. Similarly, we cannot have ¢ > ¢ — 1. Therefore, 2 < i < /¢ —2, and QU P
contains a Y subgraph, which is a contradiction, so no such e exists. The claims about £ follow easily. [J

When G is a tree, Lemma 2.1 implies Theorem 1.1.

Our analysis focuses on the relationships between the sets L;, including whether vees are created, and
on the existence of particular chords of the path P. We first prove some lemmas based on P being a longest
path.



Lemma 2.2. Ly and Ly are empty.

Proof. If either Ly or Ly is nonempty, then P would not be the longest path in G. The conclusion follows. [
Next we consider intersections between the sets L.

Lemma 2.3. Forie€ {0,1,...,£—1}, Ly N Liy1 = 0.

Proof. If w € L; N L;11, then replacing v;v;11 by v;wv, 1 gives a path longer than P. Thus, L; N L1 = 0,
as required. O

Lemma 2.4. If L; N L; # 0 wherei < j, thenj=i+2, ori=1and j=0—1.

Proof. By Lemmas 2.2 and 2.3 we have i > 1, j —i > 2, and j < ¢ — 1. Therefore, £ > 4. If { = 4 we must
have ¢ = 1 and j = 3, which satisfies the conclusion. So we may assume that ¢ > 5.

Let w € L; N L; and suppose that j > ¢+ 2. If 4 > 2, then the paths v;v;_1v;—2, ViVit+1vVi42 and v;wv;
form a Y subgraph. If j < ¢ — 2, there is a symmetric Y subgraph. The only remaining case is ¢ = 1 and
j =4{—1, so either this holds or j =i+ 2. O

The following lemma means that an edge in E(G) — E(P) belongs to at most one vee, and a vertex of
V(G) — V(P) = L has degree at most 2.

Lemma 2.5. Ifi, j, and k are distinct, then L; N L; N Ly, = 0.

Proof. Suppose that L; N L; N Ly # 0, where ¢ < j < k. Lemmas 2.2 and 2.4 imply that i > 1, j > i + 2,
and j +2<k</l—1 Ifwe L;NL;N Ly, then the paths wv;v;41, WYV 41, WULVE1 form a Y subgraph.
Thus, L; N L; N Ly = 0, as required. O

Lemma 2.6. A vee does not cross a 2-chord or another vee.

Proof. Suppose the vee v;wv;yo crosses a 2-chord v;y1v;. We assume that j = ¢ — 1; the case j = ¢ + 3 is
symmetric. We have a path vgvy ... v;—10;410;WV;42V;4+3 . .. v which is longer than P, a contradiction. We

can similarly find a path longer than P when two vees cross. O

While a vee cannot cross a 2-chord or another vee, we will see that it is possible to have multiple vees
that cover the same pair of edges, or vees that cover the same pair of edges as a 2-chord.

Pointiness is used to prove the following result.

Lemma 2.7. If vgv; is a chord, then L;_1 = (), and L;_5 contains no leaves of G. Similarly, if ve_;ve is a

chord, then Ly_;11 =0, and Ly_; 12 contains no leaves of G.

Proof. The two statements are symmetric, so we prove only the first. Note that ¢ > 2. If w € L;_; then
WU;—1Vi—2 ... VUVt - .. Vg is a longer path than P. If L; o contains a leaf w of G then wv; _sv;_3...

VoUVi41 - - - Ug is a longest path that is pointier than P. O

We now deal with the situations where ¢ < 4, so that we can focus on the general case where ¢ > 5. If
¢ =0 or 1 then G is either K; or K9 = Kj 1, and hence satisfies both conclusions of Theorem 1.2. The
cases where 2 < ¢ < 4 are handled by Lemmas 2.8 to 2.10.

Lemma 2.8. If{ =2, then G is a triangle or a star. Hence, G satisfies Theorem 1.2(a).



Proof. By Lemma 2.2, Lo = Ly = 0, so V(G) — V(P) = L;. If vovy ¢ E(G), then G is a star, and if
vovz € E(G), then L1 = () by Lemma 2.7, so G is a triangle. O

Lemma 2.9. If ¢ =3, then G is a double star, a graph of order at most 4, or a graph obtained by attaching

pendant edges to exactly one vertex of a triangle. Hence, G satisfies Theorem 1.2(a).

Proof. By Lemma 2.2, Ly = Lz = (), and by Lemma 2.3, L1 N Ly = (). Therefore, if P has no chords then P
is a double star. If either vovs € E(G), or vgua, v1v3 € E(QG), then L1 = Ly = () by Lemma 2.7, and G has
order at most 4. So we may assume that there is exactly one chord, either vyvy or vivs. Since these cases
are symmetric, we may suppose that the only chord is vgvs. Then L; = () by Lemma 2.7, and the vertices

in Ly are clones of vs, so G is a triangle with pendant edges at one vertex. O

Lemma 2.10. If ¢ = 4, then G satisfies Theorem 1.2(a), or G is a spiked strand and satisfies Theo-
rem 1.2(b).

Proof. Lemma 2.2 implies that Ly = Ly = (), and Lemma 2.3 implies that L; N Ly = Ly N Ly = (.

Claim 1. We may assume that vgvy ¢ E(G). Otherwise, vovy € E(G), and there is a cycle C with V(C) =
V(P). If Ly U Ly U Ly # (), there is a path longer than P, which is impossible. So, G has five vertices, and
Theorem 1.2(a) holds.

Claim 2. By Lemma 2.7, none of the following happen: (a) L; # ( and vove € E(G), (b) L1 contains a leaf
and vovs € E(G), (¢) Ly # 0 and either vgvs € E(G) or vivy € E(G), (d) Ls # 0 and vovy € E(G), (e) Ls
contains a leaf and v1v4 € E(G).

Suppose first that Ly N Lz # 0. If Ly, # () then there is a path longer than P, which is impossible, so
Ly = (). By Claims 1 and 2 wvgvg, vove, vavs ¢ E(G), so the only possible chords are vovs, vivz and vivy.
If vyvs € E(G) there is a Ky 1, bead, t > 2, with primary vertices v1,v3 and secondary vertices including
vg, L1 N L3 and possibly vy (if vovs € E(G)) or vy (if viv4 € E(G)); the remaining edges form at most two
K110 beads and spikes. If vjv3 ¢ E(G) we have a similar situation but with a K5, bead, ¢ > 2. In either
case (G is a spiked strand.

Now suppose that L1 N L3z = (). So all vertices in L; U LoU L3 are leaves. If Ly # () then by Claims 1 and 2
there are no chords incident with vg. So whether L; = () or not, all elements of L; are clones of vy. Similarly,

all elements of L3 are clones of vy. All elements of Ly are clones. Therefore, Theorem 1.2(a) holds. O
The results for small ¢ can be summarized as follows.

Proposition 2.11. Suppose G is a connected graph with no Y subgraph and P = wvgvy ...vy is a longest
path in G, where £ < 4. Then G either satisfies Theorem 1.2(a), or G is a spiked strand and satisfies
Theorem 1.2(b).

We now prove some results that apply when ¢ > 5.
We first consider neighbors of the vertex enclosed by a vee: they must lie on P.

Lemma 2.12. Suppose that £ >5 and 1 <i < {—1. Then we do not have L; # (0 and L;_1 N L;y1 # 0.

Proof. Suppose that L; # (0 and L;_1 N L;31 # 0. Then 2 <7 <[ —2 because Lo = Ly = (). Let w € L; and
w € Li_1NLiy1. Then w # u by Lemma 2.3. If 4 > 3 then the paths v;_1v;_ov;_3, v;_1v;w, vV;_1uv;;11 form
a Y subgraph, which is a contradiction. If i < ¢ — 3 there is a symmetric Y subgraph. Since ¢ > 5, these

cases cover all values of i. O



Similarly, neighbors of the vertex enclosed by a 2-chord must lie on P.
Lemma 2.13. If ¢ > 5 and v;—1v,11 € E(G) where 1 <i<{—1, then L; = 0.

Proof. Suppose that v;_jv;y1 € E(G), and assume that L; # (. Then ¢ # 1,£/ — 1 by Lemma 2.7. If
3<i¢< /-2 then G has a Y subgraph centered at v;_1 because ¢ > 5. If i = 2, then G has a Y subgraph
centered at v; 11 = v3. In all cases we reach a contradiction, so L; = 0. O

To conclude this section, we characterize the possible chords of P.

Lemma 2.14. If¢ > 5, then every chord of P is one of the following: v;v,1o for 0 <i < £—2, vgvs, ve_3vy,

VgUs—1, Vo, V1Ve—1, and vivg.

Proof. Suppose we have a chord v;v; with j —¢ > 3. If i > 1 and j < £ — 2 the paths vjv;v;_1, vjvj—1vj-2,
VVj4+1Vj42 form a Y subgraph. There is a symmetric Y subgraph if ¢ > 2 and j < ¢ — 1. These cover all
cases except i =0, j = £, and (4,7) = (1, —1). If i = 0 and 4 < j < £ — 2 the paths vjvov1, vjv;_1Vj_2,
V;Vj4+1Vj42 form a Y subgraph. There is a symmetric Y subgraph if 2 <i < —4 and j = £. These cover
all cases with i = 0 or j = ¢ except (4,5) = (0,3), (0,£—1), (0,¢), (1,¢), and (¢ — 3,¢). Thus, we must have
j —1 =2 or one of the six listed cases. O

3 No long cycle

In this section, we consider the case where (roughly) G does not have a long cycle. Specifically, we consider
a pointiest longest path P, and we assume throughout this section that ¢ > 5, P does not have a chord from
Vg or v to vg_1 or vy, and L1 N Ly_1 = (. Thus, the only chords allowed are vovs, vy_3vs, OF v;v;12 for some
i, and if L; N L; # 0 for i < j, then we must have j = i + 2. We will address the other cases for £ > 5 in
Section 4.

Except in some situations covered by Theorem 1.2(a), P does not have three consecutive 2-chords.

Lemma 3.1. If P has three 2-chords v;v;12, Vi41V;13, and v;y2vV;14, where 0 < ¢ < ¢ —4, then £ =5 and
G satisfies Theorem 1.2(a).

Proof. Assume that the three given 2-chords exist.

Suppose first that £ > 6. If ¢ = 0, then the paths vyvsvg, vV4V3V1, V4v2vy form a Y subgraph. If i = ¢ —4
there is a symmetric Y subgraph. If i € {1,...,¢— 5}, then the paths v;12v;V;_1, Vj12V;11Vi+3, Vit2VitaVits
form a Y subgraph.

Suppose now that £ = 5. Either i = 0 or i = ¢ — 4 = 1. These cases are symmetric. Without loss of
generality, suppose i = 0. Then L; = Ly = L3 = () by Lemma 2.13. If Ly = () then Theorem 1.2(a) holds. So
suppose Ly # (. Then all elements of L4 are leaves. By the assumptions of this section vovs, v1vs ¢ E(G),
and vovs,v3vs ¢ E(G) by Lemma 2.7. So vs is a leaf, all elements of L4 are clones of vs, and Theorem 1.2(a)
holds. O

Except in some situations covered by Theorem 1.2(a), a 3-chord does not cross 2-chords or the other

possible 3-chord.

Lemma 3.2. If the two 3-chords vgvs and ve_zve cross, then £ =5 and G satisfies Theorem 1.2(a).



Proof. Suppose that vgvs and vy_3vy cross. This does not happen if £ > 6, so £ = 5 and the second chord is
vovs. Then Lo = Lz = () by Lemma 2.7. If there is w € L; then the paths voviw, vov3vg, Vov5v4 form a Y.
The case w € L4 gives a Y subgraph by symmetric arguments. Hence £ = () and Theorem 1.2(a) holds. [

Lemma 3.3. If a 2-chord of P crosses a 3-chord vyvs or ve_sve of P, then £ = 5 and G satisfies Theo-
rem 1.2(a).

Proof. Suppose the 3-chord is vgvs; the argument for vy_sv, is symmetric. Then the 2-chord is vovy. If
¢ > 6, then G has a Y centered at vy, so we may assume that ¢ = 5. Then vovs,v1v5 ¢ E(G) by the
assumptions of this section. If vovs € E(G), then Theorem 1.2(a) holds by Lemma 3.2, so we may assume
that vavs ¢ E(G). Lemmas 2.7 and 2.13 imply that Ly = L = (. If w € Ly, then vaviw, vav3vg, and vavavs
form a Y subgraph, so Ly = 0. If Ly = (), then Theorem 1.2(a) applies. If Ly # 0 then vsvs ¢ E(G) by

Lemma 2.7, so all elements of Ly are clones of the leaf vs, and Theorem 1.2(a) also applies. O
A 3-chord and a vee do not cross.
Lemma 3.4. A 3-chord vgvs or ve_sve of P does not cross a vee of P.

Proof. Suppose the 3-chord vgvs crosses a vee; the argument for vy_svy is symmetric. The vee must have

the form vowwvy. Then the paths vsvgvy, vsvow, v3vavs form a Y, which is a contradiction. O
We can now complete the case where G does not have a long cycle.

Proposition 3.5. Suppose G is a connected graph with no 'Y subgraph and P = vgvy ...ve s a pointiest
longest path in G. Suppose also that £ > 5, G has no chord from {vg,v1} to {ve—1,v¢}, and Ly N Ly—1 = 0.
Then G either satisfies Theorem 1.2(a), or G is a spiked strand and satisfies Theorem 1.2(b).

Proof. By the assumptions of this theorem and Lemmas 2.1 to 2.5, every edge of G is one of the following:
an edge of P, a chord of P, a pendant edge incident with v; where 1 <7 < /¢ — 1, or an edge of a unique vee
vywu; with 1 <4 < j <{¢—1. By Lemma 2.14, every chord is a 2-chord or a 3-chord (specifically vovs or
Vg—30y).

If G has order 6, then G satisfies Theorem 1.2(a). If G has three consecutive 2-chords, or a 3-chord that
crosses a 2-chord or another 3-chord, then by Lemmas 3.1 to 3.3, G also satisfies Theorem 1.2(a). We may
therefore assume that G has order at least 7, no three consecutive 2-chords, and no 3-chord that crosses a
2-chord or another 3-chord. By Lemma 3.4, no 3-chord crosses a vee. By Lemma 2.12, (x) all neighbors
of vertices enclosed by vees lie on P, which includes the fact that vees do not cross. By Lemma 2.13, (k)
all neighbors of vertices enclosed by 2-chords lie on P, which includes the fact that a vee does not cross a
2-chord.

Facts () and (xx) will be used later in the proof, and will be replaced by similar results when we use
the same argument as part of the proof of Proposition 4.12. These facts imply that two vees that cover the
same edge, or a vee and a 2-chord that cover the same edge, have the same endpoints.

Therefore, we can partition the edges of P into subpaths of length at most three as follows. For each
3-chord we take (a) the triple of edges covered by the 3-chord. Some of these edges may be covered by vees
or other 2-chords, but there are no vees or other chords that cross the 3-chord. Edges of P not covered
by a 3-chord can be divided into (b) triples of edges covered by either of a pair of crossing (equivalently,
consecutive) 2-chords, (c) pairs of edges covered by a 2-chord and possibly also by vees, (d) pairs of edges

covered only by one or more vees, and (e) single other edges (not covered by any chords or vees). We show



that all other non-pendant edges of G combine with one of these subpaths to form a bead where the ends of
the subpath are the primary vertices of the bead, except for subpaths of type (a). Moreover, the pendant
edges not in P form spikes, and so we have a spiked strand.

For subpaths v;v;11v;42v;13 of type (b), (%) implies that L;y1 = L;1o = 0. Moreover, no additional
chords cross v;v; 2 Or V;11Vi43, SO N(viy1) = {vi, viyo,virs} and N(v;12) = {v;, vi11,vi43}. The subpath
ViVi+1Vi4+20;43 and the two 2-chords form a K3 ;; bead with primary vertices v; and v; 3.

For subpaths v;v;11v;42 of type (c), Lix1 = 0 by (*). There are also no chords crossing v;v;42, so
N(vit1) = {vi,viy2}. The subpath, the 2-chord, and any vees that also cover the subpath form a Kj 1,
bead where ¢t = |L; N L; 42| + 1 > 1, and v; and v; 42 are primary vertices.

For subpaths v;v;11v;42 of type (d), N(viy1) = {vi, vit2} by (x). This subpath and the vees that cover
it form a Ky, bead where ¢ = |L; N L;yo| + 1 > 2, with primary vertices v; and v;1o.

Subpaths v;v;41 of type (e) form a K71 bead by themselves, with primary vertices v; and v;11.

The most complicated case is subpaths of type (a), which must be vovivovs or ve_gve_svs—1vs. The
situations are symmetric, so we consider only the first, which is covered by the chord vyvs. By Lemmas 2.2
and 2.7, Ly = Ly = () and L; contains no leaves, so Ly C L3. Consider the subgraph H induced by
{vg, v1,v2,v3}, which contains the 4-cycle C' = (vov1v9vs). If H = C then C and all vees of the form vjwvs
form a Ko, bead with t = |L; N L] + 2 > 2 and primary vertices vy and vz. If H = C U {v1v3} then we
similarly have a Kj 1+ bead with primary vertices v; and vs. Suppose now that vovy € E(H). If there is
w € L; = Ly N L3 then the paths vswvy, v3v9vg, V304v5 form a Y subgraph, so we must have L; = (). If
H = CU{wvy} then H is a K511 bead with primary vertices v; and vz, and if H = C' U {vgve, v1v3} then
H is a K4 bead with primary vertex vs. In all situations, since we have accounted for all edges from v; to L;
for 0 < i < 2, and there are no chords crossing vgvs, the bead is joined to the rest of G only at the primary
vertex vs.

The above analysis accounts for all edges of P and non-pendant edges not in P. It shows moreover that
any pendant edges not in P must be adjacent to primary vertices; such primary vertices must belong to two
beads or we could find a path longer than P. Therefore, we have a spiked strand. O

4 Long cycle

We now consider the case that P has a chord, or an intersection between L; and Ly,_;, that creates a long
cycle. As in Section 3, we assume that P is a pointiest longest path vgvy ...v, with £ > 5. But now we
assume that either P has a chord from vy or vy to vy_1 or vy, or L1 N Ly_q # (). We first show that there is
a long cycle that is edge-dominating.

Lemma 4.1. The graph G has an edge-dominating cycle of length at least £ — 1, and hence at least 4.

Proof. By Lemma 2.1, P is an edge-dominating path in G, so if vgvy € E(G), then (vgvy ... v¢) is an edge-
dominating cycle of length £ + 1. If vov, ¢ E(G), then vivy...vp_1 is an edge-dominating path in G, by
Lemmas 2.1 and 2.2. Therefore, any cycle that contains this path is an edge-dominating cycle of length at
least £ — 1. If we have a chord v;v; with (¢,7) = (0,4 —1), (1,£—1), or (1,£), then (v;viy1...v;) is such a
cycle. If we have w € Ly N Ly_1, then (wvjvy...ve—1) is such a cycle. O

Our arguments in the rest of this section rely only on the hypothesis that G is a connected graph

with no subgraph isomorphic to Y and with an edge-dominating cycle of length at least 4. We choose



C = (uouqusg ...ug—1) to be an edge-dominating cycle in G of maximum length k£ > 4. The subscript ¢ of
u; is considered to belong to Zy = {0,1,2,...,k — 1} with operations modulo k. For i,j € Z; we let d(3, j)
denote the cyclic distance between ¢ and j, i.e., if i < j then d(i,7) = min(j — 4,k + 4 — j) and if 4 > j then
d(i,5) = d(j,i). Let N; = Ng(u;) — V(C) and N = =) ;.

We prove a series of lemmas similar to those in Sections 2 and 3. The arguments here are sometimes
simpler since we do not have to worry about “end effects”. Since the arguments are very similar we omit
some details. We focus on the relationships between the sets V; and on the existence of particular chords
of the cycle C. Henceforth (for the rest of this section) an i-chord is an edge w;u,, with d(j,m) =i, and a
vee is a path w;wu,, where d(j,m) =2 and w € N; N N,,,. We say that a chord w;u,, crosses another chord
uplq if j, p, m, q are distinct and occur along C' in either that cyclic order or its reverse. We similarly define
what it means for two vees to cross, or for a vee to cross a chord.

Because C' is edge-dominating we have the following.

Observation 4.2. We have V(G) — V(C) =N, and N is an independent set in G.
Next we consider intersections between the sets IV;.
Lemma 4.3. Fori € Zy, N;N\ N1 = 0.

Proof. If w € N; N N;11, then replacing u;u;11 by w;wu; 1 gives an edge-dominating cycle longer than C.
Thus, N; N N;11 = 0, as required. O

Lemma 4.4. If N; N\ N; # () where i # j then d(i,j) = 2.

Proof. Suppose that N; N N; # (. By Lemma 4.3, d(4,7) > 2 and hence k > 4. If k < 5 we have d(i, j) = 2
as required. We may therefore assume that k > 6. If d(¢,5) > 3 and w € N; N N;, then the paths u;wu;,

UjU;—1Ui—2, UiU;i+1U;+2 form a Y subgraph, a contradiction. The conclusion follows. O
Each edge in E(G) — E(C) belongs to at most one vee.
Lemma 4.5. If i, j, and m are distinct, then N; N N; 0 Ny, = 0.

Proof. Suppose there is w € N; N N; N N,,. By Lemma 4.4, d(i,7) = d(j,m) = d(¢,m) = 2. This can only

happen when k = 6, and then there is a Y subgraph centered at w, which is a contradiction. O
Lemma 4.6. A vee does not cross a 2-chord or another vee.

Proof. If either crossing occurred we would have an edge-dominating cycle longer than C', which is a contra-
diction. O

We deal with the smallest value of k separately.

Lemma 4.7. If k = 4, then G satisfies Theorem 1.2(a), or G is a spiked necklace and satisfies Theo-
rem 1.2(b).

Proof. By Lemma 4.3 we have N; N N;;1 = @ for ¢ € Z;. By Lemma 4.6 none of the following occur:
NoN Ny # 0 and N1 N N3 # 0; NoN Ny # 0 and ujuz € E(G); or Ny N N3 # () and ugus € E(G).

Suppose that G has a vee. By symmetry, we may assume that Ng N Ny # {); then by Lemma 4.6,
NiN N3 =0 and uyusg ¢ E(G). If Ny # () and N3 # (), then G has a Y subgraph. So at least one of Ny, N3 is
empty: without loss of generality assume that N3 = 0. If ugus € E(G) then G may be regarded as a spiked

10



necklace with three beads. Two are Kj 1,0 beads uou1, uius and the other is a Kj 1+ bead with primary
vertices ug and ug, formed by ugusa, uguguz and all vees upwuz, with ¢t = [Ny N Na| + 1 > 2. The edges wu;
for w € Ny are spikes. If ugus ¢ E(G) then in a similar way G may be regarded as a spiked necklace with
two K 1,0 beads and a Ky bead, ¢ > 2. We may therefore assume that G' does not have a vee.

If G has no chords, then G is a cycle with potential pendant edges at each vertex, which is a spiked
necklace. If G has exactly one chord, we may suppose without loss of generality that it is ugus. If G has
pendant edges attached to at most two vertices of C, then G satisfies Theorem 1.2(a). If G has pendant
edges at uq, us, and at least one of ug or us, then G has a Y subgraph, a contradiction. If G has pendant
edges at ug, uz, and one of u; or ug, then it is a spiked necklace with two K ;¢ beads and a Kj ;,; bead.
We may therefore assume that GG has two chords.

Then G has pendant edges attached to at most two vertices in C, otherwise G has a Y. Thus, G satisfies
Theorem 1.2(a). O

We henceforth (for the rest of this section) assume that & > 5. Because k > 5, if we have a vee then
there is a unique subpath of C' of length 2 joining the endpoints of the vee. We say the middle vertex of this
path is enclosed by the vee, and the edges of this path are covered by the vee. We can similarly define the
enclosed vertex and covered edges for a 2-chord. While vees do not cross 2-chords or other vees, there may
be multiple vees that cover the same pair of edges, and vees may cover the same pair of edges as a 2-chord.

We now show that all neighbors of the enclosed vertex of a vee are on C.
Lemma 4.8. Suppose i € Zj. Then we do not have N; # () and N;_1 N N;11 # 0.

Proof. Suppose that w € N; and v € N;—1 N N;y1. Then w # v by Lemma 4.4. Since k > 5, the paths

Uj—1Ui—oUi—3, Ui—1u;w, and u;_1vu;+1 form a Y subgraph, which is a contradiction. O
Except in some situations covered by Theorem 1.2(a), all chords are 2-chords.
Lemma 4.9. If there is an i-chord for i > 3, then k = 6 and G satisfies Theorem 1.2(a).

Proof. Suppose there is an i-chord e for ¢ > 3. If k = 5, this is not possible. If k = 6, then e is a 3-chord. If
V(G) = V(C) then Theorem 1.2(a) holds, so we may assume there is at least one vertex w not on C. Then
in each of the two possible cases (w is or is not adjacent to an end of e) there is a Y subgraph in G, which
is a contradiction. We may therefore assume that £k > 7. Then G has a Y centered at either endpoint of e,

a contradiction. Therefore, there is no such i-chord. O

Except in some situations covered by Theorem 1.2(a), all neighbors of the enclosed vertex of a 2-chord

are on C.
Lemma 4.10. If u;_1u;11 € E(G) and N; # 0, then k =5 and G satisfies Theorem 1.2(a).

Proof. Suppose that u;—1u;+1 € E(G), and assume there is v € N;. Without loss of generality we may
assume that ¢ = 1. If kK > 6, then G contains a Y subgraph centered at ug, a contradiction.

Suppose now that k = 5. All vertices in N; are leaves by Lemma 4.6. If N/ = N; then Theorem 1.2(a)
holds, so we may assume that there is w € N; for some j # 1. There are two possible cases j = 2,3 (up to

symmetry) and in both cases there is a Y subgraph, a contradiction. O

Except in some situations covered by Theorem 1.2(a), C' does not have three consecutive 2-chords.
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Lemma 4.11. If there are three 2-chords u;u;12, Uip1Uitrs and U;pouiys, then k < 6 and G satisfies
Theorem 1.2(a).

Proof. Suppose three such 2-chords exist; without loss of generality we may assume they are ugus, ujus and
uguy. If k> 7, then G has a Y centered at up. If k = 6 then there must be v € IN; for some j, otherwise
G satisfies Theorem 1.2(a). There are four possible cases j = 2,3,4,5 (up to symmetry) and in each case G
has a Y subgraph.

Suppose now that k = 5. If [N] < 1, or N' = Nj; for some j and all elements of N; are leaves, then
Theorem 1.2(a) again holds. So we may assume that [A| > 2, with N; # (), and not all elements of A are
leaves in N;. Thus, if N = Nj, then there is a non-leaf w € N;, and also v € N; — {w}. If N # N, then
there is w € N'— N; and also v € N;. In either case we have v € N; and w € N, for some m # j, with
v # w. The cycle C and the three 2-chords form a wheel centered at us with rim R = (upujusuyg). Thus,
there are three cases up to symmetry: j = 2 and m # 2; u; and u,, are adjacent in R; and u; and u,, are
opposite in R. In each case there is a Y subgraph. O

We can now complete the case where G has a long cycle. Note that we have counterparts for all of the
results in Sections 2 and 3 that deal with the existence and behavior of 2-chords and vees and neighbors of

their enclosed vertices, so we can use the same arguments as in Proposition 3.5.

Proposition 4.12. Suppose G is a connected graph with noY subgraph and with an edge-dominating cycle
C of length at least 4. Then G either satisfies Theorem 1.2(a), or G is a spiked necklace and satisfies
Theorem 1.2(b).

Proof. If k = 4, then the result holds by Lemma 4.7. We may therefore assume that £ > 5. By Lemmas 4.1
and 4.3 to 4.5 and Observation 4.2, every edge of GG is one of the following: an edge of P, a chord of P, a
pendant edge incident with some vertex of P, or an edge of a unique vee.

By Lemma 4.8 (x) all neighbors of vertices enclosed by vees lie on C, which includes the fact that vees do
not cross. If there is a chord that is not a 2-chord, or the enclosed vertex of a 2-chord has a neighbor not on
C, or there are three consecutive 2-chords, then by Lemmas 4.9 to 4.11 G satisfies Theorem 1.2(a). We may
therefore assume that all chords are 2-chords, (%) the neighbors of a vertex enclosed by a 2-chord lie on C,
which includes the fact that a vee does not cross a 2-chord, and there are no three consecutive 2-chords.

Facts () and (s*) imply that two vees that cover the same edge, or a vee and a 2-chord that cover the
same edge, have the same endpoints. These facts will be used below when we apply an argument from the
proof of Proposition 3.5.

Therefore, we can partition the edges of C' into subpaths of length at most three in a way similar to the
proof of Proposition 3.5. We no longer have subpaths of type (a), since we no longer have 3-chords. So we
have the following: (b) triples of edges covered by either of a pair of crossing 2-chords, (c) pairs of edges
covered by a 2-chord and possibly also by vees, (d) pairs of edges covered only by one or more vees, and
(e) single other edges (not covered by any chords or vees). We apply arguments very similar to the proof of
Proposition 3.5, replacing v; by u; and L; by N;, and using (*) and (x*) from above. We conclude that either
all other non-pendant edges of G combine with one of these subpaths to form a bead whose primary vertices
are the ends of the subpath, and that the pendant edges form spikes, so we have a spiked necklace. O
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5 Main result

We now restate and prove Theorem 1.2.

Theorem 1.2. A connected graph G has no subgraph isomorphic to'Y (is Y -minor-free) if and only if either
(a) G is obtained from a graph with at most six vertices by optionally cloning leaves, or

(b) G belongs to the family B, i.e., G is a spiked strand or spiked necklace.

Proof. First suppose that G is a graph that does not have Y as a subgraph. Let P = vgv; ... vy be a pointiest
longest path in G. If £ < 4 then the result holds by Proposition 2.11. If £ > 5 and P does not have any
chords from {wg,v1} to {ve_1,v¢}, and Ly N Ly_y = (), then the result holds by Proposition 3.5. Otherwise,
the result holds by Lemma 4.1 and Proposition 4.12.

Conversely, suppose that G satisfies Theorem 1.2(a) or Theorem 1.2(b). Assume that G contains Y as
a subgraph. If G satisfies Theorem 1.2(a), then at most one vertex in each leaf class can be used in the Y.
Therefore if we delete all but one vertex in each leaf class to obtain a graph G’, then G’ still contains YV as
a subgraph. This is a contradiction because G’ has at most six vertices.

Now suppose that G satisfies Theorem 1.2(b). Then the Y subgraph may be centered at a primary vertex
or at a secondary vertex of degree at least 3. A secondary vertex v of degree at least 3 occurs only in beads
that are K4 or K3 1,1. In either case, v has degree exactly 3, and a Y cannot be centered at v because once
the three edges incident with v are used, at least one of the paths cannot be further extended.

We may therefore assume that the Y is centered at a primary vertex v. Pendant edges at v cannot be
used in the Y subgraph. In order to obtain a Y subgraph, there would have to be two paths of length 2
beginning at the primary vertex v and disjoint except at v, that are contained in, or pass through, the same

bead containing v. However, no bead allows this. Hence G does not have Y as a subgraph, as required. [

6 Forbidding subtrees of Y

There are seven proper subtrees of Y with at least one edge. The following results characterize graphs that
do not have each of those subtrees. We include some trivial observations for completeness, without proof.

We will fix a subtree T of Y and consider a connected graph G that has no T subgraph. We assume that
P = wvguy ... vy is a pointiest longest path in G. Since G also has no Y subgraph, all results in Section 2 also
apply to G and P, and we adopt the notation and terminology of Section 2. In particular, we often tacitly
use the fact that every edge of G is incident with a vertex of P (P is edge-dominating).

We begin by considering the subtrees T of Y that are paths. For k& < 5, having no P as a subgraph is
equivalent to having no Y as a subgraph and having ¢ < k — 2, so we can just use results from Section 2.

Observation 6.1. A connected graph does not have Py as a subgraph (or minor) if and only if it is K;.

Observation 6.2. A connected graph does not have P3 as a subgraph (or minor) if and only if it is K1 or
K.

Theorem 6.3. A connected graph does not have Py as a subgraph (or minor) if and only if it is a triangle

or a star.

Proof. This follows from Observations 6.1 and 6.2, and Lemma 2.8. O
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Theorem 6.4. A connected graph does not have Ps as a subgraph (or minor) if and only if it is a star, a
double star, a graph of order at most 4, or a graph obtained by attaching pendant edges to exactly one vertex

of a triangle.
Proof. This follows from Observations 6.1 and 6.2, and Lemmas 2.8 and 2.9. O
Now we consider subtrees of Y that have a vertex of degree 3.

Observation 6.5. A connected graph does not contain a claw K13 as a subgraph (or minor) if and only if
it is a path or cycle.

Let Y7 be the graph obtained from P, = xzgx12223 by attaching a pendant edge to z2, as in Figure 6.1.

]

o Iy xTo I3
Figure 6.1: Y

Theorem 6.6. A connected graph does not have Y1 as a subgraph (or minor) if and only if it is one of the

following: a graph of order at most 4, a star, a path, or a cycle.

Proof. The listed graphs obviously do not have Y7 as a subgraph.

Suppose now that G is a connected graph with no Y7 subgraph and order at least 5. If / < 2 then G
is a star, by Observations 6.1 and 6.2, and Lemma 2.8. If / = 3 then G is a double star or a triangle with
pendant edges at one vertex, by Lemma 2.9, but all such graphs with order at least 5 contain a Y7 subgraph.
So we may assume that ¢ > 4.

If £ # 0, then L; # () for some ¢ with 1 <7 < ¢ — 1, and G has a Y; subgraph. So we may assume that
L =1, i.e., that all edges in E(G)— F(P) are chords of P. If G has no chord, or the only chord is vyve, then
G is a path or cycle. So we may assume that there is a chord v;v;, @ < j, with ¢ # 0 or j # .

Suppose that j > i+ 3. If ¢ # 0 then the paths v;_jv;v;41 and v;v;v;—1 form a Y7 subgraph, and a
symmetric argument applies if j # £.

So we may assume that j =i+ 2, where 0 <1i < ¢—2. If i = 0, then vgvav1, vov3vs form a Y7 subgraph,
and a symmetric argument applies if j = £, ie., i =0 —2. If 1 <4i < ¢ — 3 then v;—10;V;41, V;Vi42vV;+3 form
a Y7 subgraph. Thus, we obtain no graphs beyond those in the statement of the theorem. O

Let Y3 be the graph obtained from Ps = zox1z2x324 by attaching a pendant edge to xo, as in Figure 6.2(a).
Let T be the family of graphs obtained by taking a path of length at least 1 and at each endpoint attaching

either a triangle or the center of a star Kj ; with ¢ > 1. An example appears in Figure 6.2(b).

Theorem 6.7. A connected graph does not have Y as a subgraph (or minor) if and only if it is one of the
following: a path, a cycle, a star, a member of T, a K114 (t > 2) or Ko, (t > 2) bead with possibly pendant

edges attached at primary vertices, or a graph obtained from a graph of order at most 5 by cloning leaves.

Proof. The listed graphs do not have Y5 as a subgraph. Cloning leaves does not increase o/, so if G is
obtained from a graph G’ of order at most 5 by cloning leaves, then o/ (G) = o/ (G’) < 2. But &/(Ys2) = 3, so
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(a) Y2 (b) A member of the family 7

Y5 is not a subgraph of G. In the other cases, it is clear that the center vertex of any path @ of length 4 has
no neighbor outside of @), so () cannot be contained in a Y5 subgraph, and hence G has no Y5 subgraph.
Suppose now that G is a connected graph with no Y subgraph and order at least 6. If £ < 2 then G is
a star, by Observations 6.1 and 6.2, and Lemma 2.8. If £ = 3, then G is a double star or a triangle with
pendant edges at one vertex, by Lemma 2.9. Thus, G is obtained from a graph of order at most 4 by cloning

leaves. So we may assume that ¢ > 4. The following general claims hold in this situation.

Claim 1. If L; # @ then i = 1 or £ — 1. By Lemma 2.2 we have Ly = L, = (), and we have a Y5 subgraph if

L #0for2<i</{-2.

Claim 2. By Lemma 2.7, none of the following happen: (a) L1 # 0 and vove € E(G), (b) there is a leaf in

Ly and vouz € E(G), (¢) Le—1 # 0 and vy_ov, € E(G), (d) there is a leaf in Ly_; and v,_zv3 € E(G).
Suppose now that £ = 4, so by Claim 1 Ly = Ly = Ly = (), and Claim 2 puts restrictions on the chords

VoV2, VU3, U104, V204. The following also holds in this case.

Claim 3. When £ = 4 we may assume that vovy ¢ E(G). If vovg € E(G), there is a cycle C with V(C) =
V(P), so if L # 0 there is a path longer than P, which is impossible, and otherwise G has order 5.

Assume first that L; N Lg # (. By Claims 2 and 3, vgvy, vgve, vavg € E(G), so the only possible chords are
vov3, v1v3 and vivg. If vivg € E(G) there is a K7 1, bead, ¢ > 2, with primary vertices v1,vs and secondary
vertices including vy, L1 N L3 and possibly vg (if vovs € E(G)) or vy (if vivg € E(G)); the remaining edges
form at most two K4 1,0 beads and spikes. If viv3 ¢ E(G) we have a similar situation but with a Ky, bead,
t > 2. In either case we have a graph described in the theorem.

Assume now that Ly N Ly = (. Then all vertices in L; U L3 are leaves. If L1 # () then by Claims 2 and 3
there are no chords incident with vg. So whether L; = () or not, all elements of L are clones of vy. Similarly,
all elements of Lz are clones of vy. Therefore, G is obtained from a graph of order 5 by (possibly) cloning
leaves. This concludes the case ¢ = 4.

Suppose now that £ > 5. Claims 1 and 2 apply, and Lemma 2.14 describes the possible chords of P. If
w € Ly N Ly_1, then the paths vyvg, v3veviwve_1 form a Yy subgraph, so Ly N Ly_; = (. Hence all vertices
in Iy and Ly_q are leaves.

If P has the chord vgv, then P U {vgve} is a cycle of length £+ 1 > 6, and we must have L; = () for all i,
otherwise we obtain a path longer than P. Any chord in a cycle of length 6 or more creates a Y5 subgraph,
so G must be a cycle. If P has the chord vjvy then the paths vyvg, vsvovivevy_1 form a Y, subgraph; a
symmetric argument applies for vgvy_1. If P has the chord vivp_; then the paths vivg, v3vovive_1v, form
a Yy subgraph. If P has the chord vyvs then the paths vsvg, vivavsvavs form a Y subgraph; a symmetric
argument applies for ve_gv. If P has a chord v;v; with j =742 and 1 <4 < ¢ —4, then the paths v;;2v;41,
Vi—10;V;420i+3V;+4 form a Y5 subgraph; a symmetric argument applies if 4 < j < /{—1,1ie.,2<i < /¢ - 3.
At this point we have dealt with all possible chords except vgvs and vy_ovy.
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If vovg is a chord then L; = @) by Claim 2, and we have a triangle (vovivs) attached to a path at ve; if
vov2 is not a chord then we have a star with center v; and leaves in the set {vg} U Ly attached to a path
at v1. A similar argument applies at the other end of the path, so we have a graph in the family 7 (which
includes paths of length at least 3). O

7 Infinite versions

In this section, we consider infinite analogues of the results in Sections 5 and 6.

Our previous arguments based on pointiest longest paths and longest edge-dominating cycles still work
in the case of possibly infinite graphs of bounded path length, i.e., where there is some finite number ¢ so
that all paths in G have length at most . The only difference is that in situations where we could have
many vertices that are clones (such as in K; 1, or K5, beads, or with spikes, or with cloning leaves in small
graphs) we can now have infinitely many such vertices. Some of the choices we made in Section 2 were
intended to make the arguments work easily for infinite graphs of bounded path length, including our proof
of Lemma 2.1, and the way in which we defined pointiness.

The results in this section can be proved without using the Axiom of Choice, even in a weak form such
as Konig’s Lemma. We are careful to use arguments that do not require a choice principle. We discuss this
further in Remark 7.11 at the end of this section.

In the infinite case a strand or necklace is built by stringing together a finite number of (possibly infinite)
beads into a necklace or strand, and we get a spiked necklace or strand by adding (possibly infinitely many)
optional spikes incident with primary vertices that are in exactly two beads. A graph is a member of the
family B if and only if it is a spiked strand or spiked necklace. All graphs in BE are connected and have
bounded path length. Theorem 1.2 extends straightforwardly to the following.

Proposition 7.1. A possibly infinite connected graph G with bounded path length has no subgraph isomorphic
to Y if and only if either
(a) G is obtained from a graph with at most siz vertices by adding (possibly infinitely many) optional clones
of leaves, or
(b) G belongs to the family BE,.

The following obvious corollary will be used in the proof of Proposition 7.7.

Corollary 7.2. FEvery possibly infinite graph G with maximum path length £, 6 < ¢ < oo, and no Y subgraph

s a spiked strand or spiked necklace.

Now we consider the case where G has unbounded path length. First we show that every block in a
graph with no Y subgraph has bounded path length.

Observation 7.3. Suppose a path P in a graph G intersects a block B of G. Then PN B is a subpath of P.

Lemma 7.4. Suppose G is an infinite graph with no Y subgraph. Then each block B of G has bounded
path length, i.e., there is some finite { such that every path in B has length at most £. Hence, each union of
finitely many blocks of G has bounded path length.

Proof. If B is K7 or Ko, then B has bounded path length, so we may assume that B is 2-connected. Suppose
for a contradiction that B has unbounded path length.
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Claim 1. If C is a cycle in B, then there exists a path P in G with at least two vertices such that V(C) N
V(P) = (. To prove this, suppose |V (C)| = k, and choose a path @ with at least 2k + 2 vertices. Then
@ — V(C) has at most k + 1 components and at least k + 2 vertices, so one of its components has at least
two vertices, and is the desired P.

We first show that B has a cycle C; of length at least 5. Choose a cycle Cy in B, which exists because
B is 2-connected. If Cy has length at least 5, let C'y = Cy. Otherwise, Cy has length 3 or 4, and so Cj
contains a path of length at least 2 between any two of its vertices. Apply Claim 1 to find a path Py with
at least two vertices that is vertex-disjoint from Cjy. Since B is 2-connected, by Menger’s Theorem there
exist two vertex-disjoint paths Ry, Ry from Py to Cy, with no internal vertices in Py or Cy: say R; goes from
u; € V(Py) to v; € V(C). By combining Ry, Rg, the path in Py between u; and wus, and a path of length at
least 2 in Cjy between v; and vy, we obtain a cycle C; of length at least 5.

So we have a cycle C of length at least 5. Applying Claim 1 again, there is a path P; with at least two
vertices that is vertex-disjoint from C;. There exists a path P, from P; to C, with no internal vertices in Py
or Cy: say Py goes from w € V(P;) to x € V(C1). Let w’ be a neighbor of w in P;. Then {w'w} U P, U Cy
contains a Y subgraph, a contradiction. Therefore B cannot have unbounded path length.

The conclusion for finite unions of blocks follows from Observation 7.3. O

We will show that all blocks are beads, and the following lemma will be used to show that they must be
connected together at primary vertices. A bead graph is a graph that is the underlying graph of a bead, i.e.,
a bead without designated primary vertices.

Lemma 7.5. Suppose B is a (possibly infinite) bead graph. Suppose we take A C V(B) and add a path of
length 2 attached to one vertex of A, and a pendant edge at each remaining vertex of A. If the resulting
graph H has no Y subgraph, then there is Vi with A C V3 C V(B) such that (B, V1) is a bead.

Proof. We show that if there is no V5 with A C V3 C V(B) that can be considered as a set of primary
vertices of B, then H has a Y subgraph. If B is Kj 1, then Vi = V(B) is a set of primary vertices that
contains any A. If B is K; 1, (a triangle) then any two vertices can be a set V; of primary vertices, so we
only need to consider the case where A = V(B), and then H contains a Y subgraph. For the remaining

cases we use the following.

Claim 1. A 4-cycle with a path of length 2 attached to a vertex and a pendant edge attached to an adjacent
vertex has a Y subgraph. This is easy to verify.

If Bis K112 = Ky,1,1 or Kz then B has a unique 4-cycle C, and either pair of opposite vertices of C'
forms a set V; of primary vertices. So the sets A for which there is no V3 must contain a pair of adjacent
vertices of C, and then H contains a Y subgraph by Claim 1.

If Bis K11, or Koy for ¢ > 3 (including ¢ infinite), then the only possible set of primary vertices V4
consists of the two vertices of degree greater than 2. If A is not a subset of this Vi, then H contains either
a path of length 2 attached to a vertex not in Vi, or a path of length 2 attached to a vertex of V; and a
pendant edge attached to a vertex not in V. In either case, H has a Y subgraph by Claim 1.

If B is Ky, let a3 be the vertex of A to which the path of length 2 is attached. If |A| = 1 then V; = A
satisfies the lemma. If |A| > 2 then B contains a 4-cycle C' with a; and another vertex of A adjacent in C,
so H has a Y subgraph by Claim 1. O
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Lemma 7.6. If G is connected and has unbounded path length, and H is a subgraph of G of bounded path
length, then for any positive integer k there is a path that begins at a vertex of H, is otherwise disjoint from
H, and has length k.

Proof. Let £ be the maximum path length of H. Since G has unbounded path length, there is a path @ of
length at least £+ 2k in G. If @ intersects H, then by Observation 7.3 there is a subpath R of @ (before or
after the subpath Q N H) of length at least k that contains a vertex v of H but is otherwise disjoint from H.
If @ does not intersect H, then there is a path Ry from v € V(H) to w € V(Q), with no internal vertices
in H or Q; one of the two subpaths into which w divides @, call it Ro, must have length at least k, and so
R = Ry U Rs is a path of length at least k that contains v but is otherwise disjoint from H. In either case,
the subpath of R containing v and of length & is the desired path. O

Now we introduce some terms to describe graphs with unbounded path length. A ray or one-way-infinite
path is a path vouivs . ... A two-way-infinite path is a path ...v_sv_jv9v1v2.... A one-way-infinite strand
is obtained by stringing together (possibly infinite) beads By, By, Ba,... where B; is strung to B;;q for
¢ > 0. In a one-way-infinite strand the initial bead By may be a K4. A two-way-infinite strand is obtained
by stringing together (possibly infinite) beads ..., B_o, B_1, By, B1, Ba,... where B; is strung to B;;1 for
1 € Z. A two-way-infinite strand does not have K, as a bead. We may also add (possibly infinitely many)
optional spikes incident with primary vertices that are in exactly two beads, to obtain spiked one-way- and
two-way-infinite strands.

The family BY consists of all one-way- and two-way-infinite spiked strands. All graphs in BY are

connected and have unbounded path length.

Proposition 7.7. An infinite connected graph G with unbounded path length has no subgraph isomorphic to
Y if and only if G belongs to the family BY .

Proof. The graphs in BY do not have Y as a subgraph, by arguments similar to those used in the proof of
Theorem 1.2 in Section 5.

Now suppose that G is an infinite graph with unbounded path length that does not have Y as a subgraph.
We first show that each block B of G is a bead graph. By Lemma 7.4, B has bounded path length. Since
G has unbounded path length, by Lemma 7.6 there is a path R that begins at a vertex v of B, is otherwise
disjoint from B, and has length 6. Now B U R is a subgraph of G, and hence Y-free, and it has finite
maximum path length at least 6, and B is one of its blocks. Therefore, by Corollary 7.2 it is a spiked strand
or spiked necklace. Since it has a path of length 6 attached to v, it is not a spiked necklace, so it is a spiked
strand. Since its block-cutvertex tree is a path, it has no spikes, so it is a strand. Thus, B is a block of the
strand B U R, and thus B is a bead graph.

We now show that we can consider B not just as a bead graph, but as a bead where B is only attached
to other blocks of G at its primary vertices. (Note that B might actually be a pendant edge that will end
up as a spike in our final structure.) Let A be the set of cutvertices of G that lie in B, which includes v.
Then v € A and there is a subpath of R of length 2 attached to v. Moreover, G contains at least one edge
not in B incident with each vertex in A — {v}. Together with B this path and these edges form a subgraph
G’ of G which satisfies the conditions of Lemma 7.5, so we may consider B as a bead, and A is a subset of
its primary vertices.

At this point we know that every block of G is a bead and every cutvertex of G is a primary vertex of each

of its incident blocks. However, we need to show that G has a path-like structure. So let G’ be the subgraph

18



of G obtained by deleting all pendant vertices and pendant edges of G. Then G’ is still a connected graph
of unbounded path length with no Y subgraph. We claim that in G’ each cutvertex belongs to at most two
blocks. So suppose that v belongs to blocks By, By, Bs in G'. Let ¢ € {1,2,3}. If B, is not just K; 1,0, then
it contains a path vw;x; beginning at v. If B; is K1 1,0, then it is an edge vw;, and since B; is a block of G’
it was not a pendant edge in G, so there is some edge w;x; € E(G), x; # v. Now we have three paths vw;z;
for i € {1,2,3} in G (although not necessarily in G’), which form a Y in G, which is a contradiction.

Let T be the block-cutvertex tree of G’, with white vertices that are cutvertices of G’ (which are primary
vertices) and black vertices representing blocks of G’ (which are beads). We just showed that each white
vertex has degree at most 2, and each black vertex has degree at most 2 because a bead has at most two
primary vertices. Thus, T is a path, and because each block has bounded path length, 7" must be infinite,
otherwise G’ has bounded path length. Therefore, T is either a one-way- or two-way-infinite path.

If T is a two-way-infinite path then G’ is a two-way-infinite strand, and the pendant edges that we deleted
from G to form G’ are incident with cutvertices, which must be primary vertices in G’, so G is a spiked
two-way-infinite strand. If T is a one-way-infinite path then T' = byv1bivs ..., where b;, i > 0, represents a
block B; and each v;, i > 1, is a cutvertex of G’. Now G’ is a one-way-infinite strand. But we need to be
careful about adding back the pendant edges to form G. If By is a bead with two primary vertices (i.e., not
K,), one primary vertex of By must be v1, so let vg be the other primary vertex of By in G. If we deleted
pendant edges incident with vy in forming G’ from G, we treat one of those pendant edges as an additional
bead B_1, and let G” = B_; U G’; otherwise, let G” = G’. Now G” is a one-way-infinite strand, and G
is obtained from G by adding pendant edges incident with cutvertices of G”, which are primary vertices
belonging to exactly two beads of G”, so G is a one-way-infinite spiked strand. Thus, G € BY . O

Our results can now be summarized as follows.

Theorem 7.8. A possibly infinite connected graph G has no subgraph isomorphic to Y if and only if either

(a) G is obtained from a graph with at most siz vertices by adding (possibly infinitely many) optional clones
of leaves, or

(b) G belongs to the family BS, U BY, i.e., G is a spiked strand, spiked necklace, spiked one-way-infinite

strand, or spiked two-way-infinite strand.

We can now give infinite analogues for the theorems in Section 6. If we forbid a path Py, then the
graphs of interest have bounded path length, so again our previous arguments apply, and the theorems are
unchanged except that when we can have many vertices that are clones we can now have infinitely many.
We therefore do not restate Observations 6.1 and 6.2 or Theorems 6.3 and 6.4.

Observation 6.5, where we forbid a claw K 3, also has an obvious infinite version, where we allow one-way-
and two-way-infinite paths, so we do not restate that either.

Now, we give an infinite analogue of Theorem 6.6.

Theorem 7.9. A possibly infinite connected graph does not have Y1 as a subgraph if and only if it is one of
the following: a graph of order at most 4, a (possibly infinite) star, a path, a cycle, a one-way-infinite path,

or a two-way-infinite path.

Proof. The listed graphs do not have Y7 as a subgraph.
Suppose now that G is a connected graph with no Y; subgraph. If G has bounded path length then the
argument from the proof of Theorem 6.6 applies, and we have a graph of order at most 4, a path, a cycle,

or a (possibly infinite) star. So we may assume that G has unbounded path length. If G has a vertex v of
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degree at least 3, then we apply Lemma 7.6 to find a path of length 2 attached to the subgraph consisting
of v and all its incident edges, which creates a Y7 subgraph. Hence, all vertices of G have degree at most 2,

and G is a one-way- or two-way-infinite path. O

Finally, we have an infinite analogue of Theorem 6.7. Let 72 be the extension of T to possibly infinite
graphs of bounded path length, where the star or stars attached to the end of a finite path may be infinite.
Let T be the family of graphs obtained by attaching a triangle or the center of a (possibly infinite) star to
the initial vertex of a one-way-infinite path.

Theorem 7.10. A possibly infinite connected graph does not have Yo as a subgraph if and only if it is one
of the following: a (possibly infinite) star, a path, a cycle, a one-way- or two-way-infinite path, a member of
TBUTL, a K114 or Koy bead (t > 2 and possibly infinite) with optional (possibly infinitely many) pendant
edges attached at primary vertices, or a graph obtained from a graph of order at most 5 by adding (possibly

infinitely many) clones of leaves.

Proof. By similar arguments to those in the proof of Theorem 6.7, the listed graphs do not have Y5 as a
subgraph.

Suppose now that G is a connected graph with no Y5 subgraph. If G has bounded path length then
the arguments from the proof of Theorem 6.7 apply, and we have (a possibly infinite version of) one of the
graphs in Theorem 6.7. So we may assume that G has unbounded path length.

Assume G has two vertices vy, vy of degree at least 3. Let H be a subgraph of G consisting of a shortest
vive-path P, and two edges not on P incident with each of v; and vs. We can apply Lemma 7.6 to find a
path @ in G of length 5 joined to H only at one of the endpoints of Q, creating a subgraph H’ of G. Now
H' is a finite graph with no Y subgraph, at least two vertices of degree at least 3, and a path of length 5
intersecting the rest of H' only at one of its endpoints. But none of the graphs listed in Theorem 6.7 have
these properties, so this is a contradiction. Hence, G has at most one vertex of degree at least 3.

Suppose G has exactly one vertex v of degree at least 3. Each component C' of G — v is either a finite
path or a one-way-infinite path. If C is finite then it is adjacent to v only at one or both of its endpoints. If
C is infinite then it is adjacent to v only at its endpoint. Since G has unbounded path length, at least one
component C is a one-way-infinite path. Suppose there is a component C5 joined to v at both endpoints, so
Cs # (4 is a finite path of length at least 1. If C5 has length 2 or more, or there is a component C3 # C4, Cs,
then there is a Y5 subgraph. So C5 is a path of length 1, and C; and Cs are the only components. Thus, G
is a triangle attached to a one-way-infinite path. Now suppose that all components are joined to v only at
one endpoint, so there are at least three components. If any component C # C1 is not a single vertex, then
we have a Y5 subgraph. So all C # C} are single vertices, and G is a star attached to a one-way-infinite
path. In both situations G € T1.

If G has no vertices of degree at least 3, then G is a one-way- or two-way-infinite path. O

Remark 7.11. Many results in infinite graph theory require the use of a choice principle: the Axiom of
Choice, or a weak form of it such as Konig’s Lemma. Our results in this section do not require the use of a
choice principle. In some situations we use special cases of results which in full generality do require a choice
principle. When we find an infinite path we do not use Konig’s Lemma, we just use the fact that we have a
tree of maximum degree at most 2. When we use Menger’s Theorem in Lemma 7.4 we are using the version
for infinite graphs with finite connectivity, which was proved by Erdés just by considering a finite subgraph

(see [12, p. 337/391]). In other cases we specifically chose arguments so as not to use a choice principle. For

20



example, we could have proved Lemma 2.1 using an argument based on spanning trees and Theorem 1.1,
but constructing spanning trees in infinite graphs generally requires the Axiom of Choice. We could have
proved the unbounded path length case of Theorem 7.10 by constructing an infinite edge-dominating path
in a one-way- or two-way-infinite spiked strand (provided by Proposition 7.7), but doing so would require

choosing a path in each bead, so we used a different approach.

8 Turan numbers, pathwidth, and growth constants

In this section, we discuss the relevance of our results for larger questions regarding graphs with no tree as
a minor or subgraph. These include Turdn numbers and the Erd&s-Sés conjecture, pathwidth, and growth
constants.

The Erdés-S6s Conjecture [8] involves the Turdn number for trees. The Turdn number ex(n,G) is the
maximum number of edges in an n-vertex graph that does not contain a given graph G as a subgraph. Erdos
and Sés conjectured that for a k-vertex tree T', ex(n,T) < (k — 2)n/2; graphs with all components Kj_1
show that this would be sharp for infinitely many n. A spider is a tree obtained by subdividing edges of a
star, so it consists of edge-disjoint paths joined at a central vertex; if there are p paths of lengths 41, s, ..., ¢,
we denote the spider by Sy, ¢,,....¢

Cp *

Wozniak [18] showed that the conjecture holds when T is a spider of
diameter at most 4, i.e., when ¢; < 2 for all i. Since Y = S5 99, this means that the conjecture is true for
T =Y or any subtree of Y. This also follows from our results.

More recently, Caro, Patkds, and Tuza [5] considered the connected Turdn number ex.(n,G), which is
the maximum number of edges in a connected n-vertex graph that does not have G as a subgraph. They
observe that for 2-edge-connected graphs G, ex.(n,G) = ex(n, G), so considering ex.(n, G) separately from
ex(n,G) is only of interest for graphs that are disconnected or have a cutedge. They determined formulas
for ex.(T,n) for a number of small trees T, including Y and its subtrees. Our results confirm the formulas
for Y and its subtrees. In particular, ex.(n,Y) = (5) for n <6, and 2n — 2 for n > 7.

Caro, Patkds, and Tuza point out that extremal graphs with no Y subgraph are given by K, for n <6,
and for n > 7 by a necklace that we will denote A,,, with two beads, one being K5 ; 1 and the other K 1 ,,—4.
They also claim [5, Remark 3.6] that there are other extremal examples for n > 7. Their examples are
correct for n = 7: there are exactly three 12-edge graphs, namely A7, a strand with two K4 beads, and K5
with two pendant edges at the same vertex. However, their claim is incorrect for n > 8: Theorem 1.2 implies
that the only extremal example is A,. The other examples proposed in [5] actually contain Y subgraphs.

Now we consider pathwidth of graphs with a forbidden tree minor. A sequence V = (Vi,Va,...,V;) is a
path-decomposition of a graph G if V; C V(Q) for 1 < i < t; for every edge e € E(G) there is some V; that
contains both endpoints of e; and for 1 <i < j <k <t, V;NV, CV;. Each set V; is called a bag. The width
of Vis max{|V;| — 1|1 <4 < t}. The pathwidth of G, denoted pw(G), is defined as the smallest width over
all path-decompositions of G.

The notions of path-decompositions and pathwidth were defined by Robertson and Seymour in [15], and
they proved that the class of graphs obtained by forbidding a forest F' as a minor has bounded pathwidth.

This was improved to a sharp bound as follows.

Theorem 8.1 (Bienstock et al. [3], short proof by Diestel [6]). If F is an n-vertex forest, then the pathwidth

of F-minor-free graphs is at most n — 2. Furthermore, K, _1 shows that this bound is sharp.

Below we investigate the pathwidth of Y-minor-free graphs, but we first note that the graph Y shows up
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in another context in the theory of pathwidth. In [11], Kinnersley and Langston observed that the graphs
with pathwidth at most 1 have K3 or Y as a forbidden minor, and are caterpillars (this is Theorem 1.1).
Their main result was a characterization of graphs with pathwidth at most 2 in terms of 110 forbidden
minors.

Theorem 8.1 shows that the sharp upper bound on pathwidth of Y-minor-free graphs is 7 — 2 = 5.
However, there is a stronger upper bound for graphs in the family B. Since K4 € B, this bound cannot be

less than 3, and in fact that is the correct bound.

Proposition 8.2. The pathwidth of a Y -minor-free graph is at most 5, and the pathwidth of a graph in the
family B is at most 3.

Proof. As noted above, the pathwidth of Y-minor-free graphs is at most 5, and there are graphs in B with
pathwidth at least 3. We will now show that the pathwidth of a graph in the family B is at most 3.

For a strand, let By,..., B, be the beads in order along the strand, where B; has primary vertices v;_1
and v; for 1 <i <r. (If By & K4 let vg = vy, and if B, & Ky let v, = v,_1.) At each step we create bags
containing all edges of B;, then bags containing all spikes incident with v;, then bags containing all edges of
B;11, and so on. All bags containing edges of B; contain both v;_; and v;. For a bead B; or B, isomorphic
to K4, we take a bag equal to V(B;). For a bead B; isomorphic to K211 we take two bags {v;—1, w1, w2}
and {ws,ws, v;}, where wy and wy are the secondary vertices. For a bead B; isomorphic to K 1,9 we take
a bag {v;_1,v;}. For a bead B; isomorphic to K71 or Ko, for ¢ > 1, we label the secondary vertices as
wy,Wwa, ..., w; and take bags {v;—1,w1,v;}, {vi—1,wa, v}, ..., {vic1,wy, v}, If v is incident with spikes
Vi1, VT2, . . ., 0;Ts then we take bags {v;, z1}, {vi, x2}, ..., {vi, zs}. Processing beads and spikes in order
along the strand gives the required path decomposition.

For a necklace, let By, B1,...,B,_1 be the beads in cyclic order, where B; again has primary vertices
v;—1 and v; (subscripts now interpreted modulo r). We put vy into every bag of the decomposition, but
otherwise process the beads and spikes in a similar way to a strand, starting with spikes incident with v,
then edges of By, then spikes incident with vy, and so on, finishing with spikes incident to v,_1, and finally
edges of By. Since a necklace has no K, beads, all bags still have at most 4 elements.

In both cases we have a path decomposition where all bags have at most 4 elements, so the pathwidth of
of the graph is at most 3. O

In the proof of the previous lemma, bags of size 4 are required only to deal with K4 beads at the end of
a strand, or to allow us to close up a necklace. Thus, spiked strands with no K4 beads have pathwidth at
most 2, and for every graph in B there is a set of at most two vertices (one secondary vertex in each K4 bead
for a spiked strand, or any primary vertex for a spiked necklace) whose deletion leaves a graph of pathwidth
at most 2.

The graphs in B have a smaller upper bound on pathwidth than the connected graphs obtained from
graphs on at most 6 vertices, which may have an arbitrarily large number of vertices, but have small radius
and diameter. We wonder if this is a general phenomenon.

Question 8.3. Suppose T is a k-vertex tree that is not a path. Do connected T-minor-free graphs with
sufficiently high radius (or perhaps diameter) have a significantly stronger upper bound on pathwidth than
k — 2?2 Can we obtain an even stronger bound by allowing deletion of a small number of vertices?

An answer to this question might help to resolve the following weakening of the Erdés-Sés Conjecture.
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Conjecture 8.4. IfT is a k-vertex tree and n > k > 2, then the number of edges in an n-vertex T-minor-free

graph is at most (k — 2)n/2.
There is also an obvious conjecture intermediate between the Erds-Sés Conjecture and Conjecture 8.4.

Conjecture 8.5. If T is a k-vertex tree and n > k > 2, then the number of edges in an n-vertex graph that
does not have T as a topological minor (i.e., does not contain a subdivision of T as a subgraph) is at most
(k—2)n/2.

Conjectures 8.4 and 8.5 have the same sharpness examples as the Erds-Sés Conjecture, namely graphs
with all components isomorphic to Kj_1. As far as we are aware, the best upper bound on the number of
edges of an n-vertex graph without an arbitrary k-vertex tree T as a subgraph (with n > k > 2) is (k — 2)n,
twice the conjectured bound. If a graph has more edges than this, then it has average degree greater than
2(k — 2), which means it has a subgraph with minimum degree greater than k — 2 (repeatedly delete vertices
of degree at most k — 2), and hence at least kK — 1. A copy of T' can then be found using a greedy argument.
However, Theorem 8.1 gives a slightly better upper bound for Conjecture 8.4. It is well known that an
n-vertex graph with treewidth (or pathwidth) at most w and n > w has at most wn — (w;rl) edges (the
number of edges in a w-tree with n vertices), which with w = k — 2 gives a bound of (k —2)n — (*,') edges
for n > k.

We note that Havet, Reed, Stein, and Wood [10] have proposed a variant of the Erdés-Sés Conjecture,
which also has natural weakenings for minors and topological minors.

In [7], Dujmovié¢ et al. give a result related to Theorem 8.1, showing that every graph forbidding a tree
T as a minor can be represented as a subgraph of a relatively small structure. Fix a tree T" with radius r,
order k, and maximum degree A. Then there exist constants w and ¢ (depending on T') such that for every
T-minor-free graph G there is a graph H of pathwidth at most w such that G is isomorphic to a subgraph
of the strong product H X K (which is also the lexicographic product H[K.]). They show that w = 2r — 1
and ¢ = (A+r —2)(k —1) suffice in general, but for paths smaller values of ¢ and w work, although we must
have w > r — 1.

Question 8.6. Can our characterizations be used to find small values of ¢ and w that work for T-minor-free
graphs where T is Y or one of its subtrees? If so, does this provide insight into values of ¢ and w that will

work in more general situations?

Our characterization of graphs without Y as a subgraph or minor is sufficiently simple that it would not
be too difficult to find explicit generating functions for both labeled and unlabeled graphs in this class. Here
we just consider broad estimates of how quickly the numbers of these objects increase. Using the notation
of [9, p. 243], we write a, b1 o™ for a sequence (a,,) if limsup,, . |a,|"/™ = a.

We first consider growth constants for labeled graphs. Bernardi, Noy, and Welsh [2] say that a family of
graphs with g, labeled elements of order n has growth constant « if g, /n! 4", i.e., limsup,,_, . (gn/n!))"/™ =
~. The growth constant is known to be finite for proper minor-closed classes of graphs. Bernardi, Noy, and
Welsh observe that the growth constant of a minor-closed class of graphs G is the same as for the subset of
G consisting of its connected elements.

If T is a proper subtree of Y then the growth constant of T-minor-free graphs is easily determined.
Bernardi, Noy, and Welsh point out that the growth constant of Py-minor-free graphs is 0 for any fixed k,
so we only need to consider T' = K 3, Y7, or Y. The K; 3-minor-free graphs include paths, of which there

are n!/2 on n vertices, so the growth constant for K g-minor-free graphs is at least 1. By Theorem 6.7 the
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connected Ys-minor-free graphs with n vertices are obtained from a graph of order at most 5 by cloning
leaves (O(5™) graphs), paths (n!/2 graphs), cycles ((n — 1)!/2 graphs), stars (n graphs), or spiked Kj 1,
or spiked Ko+ or T graphs (O(n?n!) graphs). Thus, the total number of connected n-vertex Ya-minor-free
graphs is O(n?n!) and the growth constant is at most 1. Since K3 CY; CY>, the growth constant for all
of K 3-, Yi-, and Ys-minor-free graphs is 1.

For Y-minor-free graphs the results of Bernardi, Noy, and Welsh give a lower bound on the growth
constant. They consider thick caterpillars, which are caterpillars where for each edge of the spine we can
optionally add one vertex adjacent to both of its ends (forming a triangle), and show that their growth
constant § is approximately 2.25159. Thick caterpillars are spiked strands, so the growth constant of Y-

minor-free graphs is at least §. We determine the exact growth constant.

Theorem 8.7. Let a,, be the number of n-vertex labeled Y -minor-free graphs. Then a,/n! > o™ where « is
the reciprocal of the positive solution of 1 — we*(2e® — 1 — x + 2%/2) = 0, so that o ~ 2.490 805.

Proof. As noted above, it suffices to consider only connected graphs. The class of connected Y -free graphs is
the union of three subclasses: A containing graphs covered by Theorem 1.2(a), Bs containing spiked strands,
and By containing spiked necklaces. There is some overlap between these classes, but this will not affect our
analysis. The number of labelings of elements of A is O(n®6™), which has growth constant 0. The growth
constant of By is at most the growth constant of Bg, because every n-vertex spiked necklace can be obtained
from some (n + 1)-vertex spiked strand by identifying two vertices. So we need only consider the growth
constant of Bg.

It is not difficult to show that the exponential generating function for labelings of elements of Bg has the
form a(z) = a1 (x) + az(x)/(1 — az(x)) where ay(x), az(x), az(a) are entire functions (analytic at all complex
values of x). Here aj(x) deals with strands with a small number of beads, az(x) deals with the ends of a
strand, and a3(z) deals with adding one new primary vertex, spikes incident with that vertex, and secondary
vertices of a new bead. The growth constant « is the reciprocal of the radius of convergence of a(z), and this
radius is the smallest positive x with 1 — as(z) = 0 [9, §IV.3.2]. Thus, the exact expressions for a;(z) and
az(z) do not affect the growth constant, so we do not consider them further. Now agz(x) is the product of
three terms: x for adding a new primary vertex, e” for adding spikes to that vertex, and a term representing
secondary vertices of a bead. This third term is the sum of e” for Ky, with t > 0, e* — 1 — x for Ky,
with ¢ > 2, and 22/2 for K 11. Thus, asz(z) = ze®(2¢* — 1 — 2 + 2%/2). The unique positive solution of
1—as(z) =01is 1/a ~ 0.401476 6, so that o ~ 2.490 805. O

We can perform a similar analysis with unlabeled Y-minor-free graphs.

Theorem 8.8. Let b, be the number of n-vertexr unlabeled Y -minor-free graphs. Then b, > 8" where § is
the larger positive solution of x* — 3z + 22 —2x +1 =0, so that 3 ~ 2.852145.

Proof. The proof is very similar to that of Theorem 8.7, except that we compute ordinary generating functions

instead of exponential generating functions, so we omit most details. By [9, proof of Theorem IV.8], it suffices

to consider only connected graphs, because the general graphs are constructed from the connected ones by the

MSET (multiset) operator of [9], which does not change the radius of convergence of the ordinary generating
1

function. The generating function that corresponds to az(x) is z (%= ) (125 + % + z2). O

We obtain a larger constant for unlabeled graphs because Y-minor-free graphs in general have many

automorphisms, and thus a,, < n!b,.
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Question 8.9. Can we find upper and lower bounds that are not too far apart for the growth constant for

graphs without a fized tree T (or fized forest F') as a minor?

The following more general question may be relevant.

Question 8.10. Can we find upper and lower bounds that are not too far apart for the growth constant for

graphs with treewidth or pathwidth at most k?
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