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Abstract

In this paper, we study the maximum spectral radius of outerplanar 3-uniform hypergraphs.
Given a hypergraph H, the shadow of H is a graph G with V(G) = V(#H) and E(G) = {uv :
uv € h for some h € E(H)}. A graph is outerplanar if it can be embedded in the plane such
that all its vertices lie on the outer face. A 3-uniform hypergraph H is called outerplanar if its
shadow has an outerplanar embedding such that every hyperedge of H is the vertex set of an
interior triangular face of the shadow. Cvetkovi¢ and Rowlinson conjectured in 1990 that among
all outerplanar graphs on n vertices, the graph K; + P,_1 attains the maximum spectral radius.
We show a hypergraph analogue of the Cvetkovi¢-Rowlinson conjecture. In particular, we show
that for sufficiently large n, the n-vertex outerplanar 3-uniform hypergraph of maximum spectral
radius is the unique 3-uniform hypergraph whose shadow is K; + P,,_;.

1 Introduction

A graph G is planar if it can be embedded in the plane, i.e., it can be drawn on the plane in such
a way that edges intersect only at their endpoints. A graph is outerplanar if it can be embedded
in the plane so that all vertices lie on the boundary of its outer face. The study of the spectral
radius of (outer)planar graphs has a long history, dating back to Schwenk and Wilson [15]. Given
a graph G, the spectral radius A of G is the largest eigenvalue of the adjacency matrix of G. The
spectral radius of planar graphs is useful in geography as a measure of the overall connectivity of a
planar graph [1, 5]. It is therefore of interest to geographers to find the maximum spectral radius
of a planar graph as a theoretical upper bound for the connectivity of networks. Boots and Royle
[1], and independently Cao and Vince [2] conjectured that the extremal planar graph achieving
the maximum spectral radius is Ko + P,_2 (see Figure 1). Hong [17] first showed that for an
n-vertex plananr graph G, A(G) < +/5n — 11. This was subsequently improved in a series of papers
[2, 18, 8, 19, 6]. Guiduli and Hayes [9] showed in an unpublished preprint that the Boots-Royle-
Cao-Vince conjecture is true for sufficiently large n. For outerplanar graphs, it is conjectured by
Cvetkovié¢ and Rowlinson [5] that among all outerplanar graph on n vertices, K1 + P,_1 attains the
maximum spectral radius (see Figure 1). Partial progress has been made by Rowlinson [14], Cao
and Vince [2], and Guiduli and Hayes [9]. Recently, Tait and Tobin [16] proved the Boots-Royle-
Cao-Vince conjecture and the Cvetkovi¢-Rowlinson conjecture for large enough n. Lin and Ning
[11] showed that the Cvetkovié-Rowlinson conjecture holds for all n > 2 except for n = 6.
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Figure 1: The graphs K; + P, (left) and K + P,,_2 (right).

In this paper, we extend the investigations into the maximum spectral radius of outerplanar
3-uniform hypergraphs. Given a hypergraph H, the shadow of H, denoted by O(H), is a 2-uniform
graph G with V(G) = V(H) and E(G) = {uv : uwv € h for some h € E(H)}.

We adopt Zykov’s [20] definition of hypergraph planarity. In particular, a 3-uniform hypergraph
H is called planarif O(#H) has a planar embedding so that every hyperedge of H is the vertex set of a
triangular face of 9(H). A 3-uniform hypergraph H is called outerplanar if 9(H) has an outerplanar
embedding such that every hyperedge of H is the vertex set of an interior triangular face of O(H).

Now we define the spectral radius of an r-uniform hypergraph. Given positive integers r and
n, an order r and dimension n tensor A = (ai,iy.,) over C is a multidimensional array with
all entries a; i,..;, € C for all iy,i9,---,i, € [n] = {1,2,...,n}. Given a column vector x =
(w1, 29, - ,2,)T € C", Ax"! is defined to be a vector in C" whose ith entry is

n

(.Aa:r_l)z‘ = Z Qjigip Tig * ** L,

i ir=1

In 2005, Qi [12] and Lim [10] independently proposed the definition of eigenvalues of a tensor. In
particular, if there exists a number A € C and a nonzero vector € C” such that

Azt = 2l Y

where "1 = (xg_l,xg_l, <ozt HT then ) is called the eigenvalue of A and @ is called an

eigenvector of A corresponding to A. The spectral radius of A, denoted by A(A), is the maximum
modulus of the eigenvalues of A. It was shown in [13] that

MA) = max xf Az"L,
ll||-=1
xeRY

where |||, := (|z1]" + |2z2|" + -+ + |2,|7)Y/" and R is the set of nonnegative real numbers.

In 2012, Cooper and Dutle [4] defined the adjacency tensor of an r-uniform hypergraph. Given
an r-uniform hypergraph H on n vertices, the adjacency tensor A(H) of H is defined as the order
r dimension n tensor with entries a;,,...;, such that

oo i {ddz, i} € E(H)
QAiyig-ip = .
0 otherwise.

Let A(H) denote the spectral radius of A(H). Given an r-uniform hypergraph H and a vector
x = (z1,22,...,2,) € R" we can define a multi-linear function Py(x) : R™ — R as follows:

Py(x)=r Z Ty Tiy ** T,
{il,’ig,...,ir}EE(H)



Then the spectral radius of H can be also expressed as

A — P =
(M) = max, Pu() = max <,

The Perron-Frobenius theorem [3, 7] for nonnegative tensors implies that there is always a
nonnegative vector x satisfying the maximum at right above. Any such x is called a Perron-
Frobenius eigenvector of A(H) (corresponding to A(#)). If H is connected then a Perron-Frobenius
eigenvector is strictly positive and is unique up to scaling by a positive coefficient; moreover, the
spectral radius A(#) is the unique eigenvalue with a strictly positive eigenvector. By definition, the
spectral radius A(#H) and its eigenvector & = (z1,--- ,xy) also satisfy the following eigenequation
for every x;:

)\(H):U;_l = Z Tiy - -+ i, for m; > 0.
{i,i2,....ir YEE(H)

Now we are ready to state our main theorem. We use F,, to denote the fan hypergraph, i.e., the
unique 3-uniform hypergraph whose shadow is K7 + P,,—1 (see Figure 1).

Theorem 1. For large enough n, the n-vertex outerplanar 3-uniform hypergraph of maximum
spectral radius is the fan hypergraph F,.

The shadow of the extremal hypergraph attaining the maximum spectral radius among all
outerplane 3-uniform hypergraphs is exactly the extremal graph attaining the maximum spectral
radius among all outerplanar graphs. This motivates us to make the following analogous conjecture
for planar 3-uniform hypergraphs:

Conjecture 1. For large enough n, the n-vertex planar 3-uniform hypergraph graph H of mazximum
spectral radius is the unique mazimal hypergraph whose shadow is Ko + P,,_o.

2 Proof of Theorem 1

Let ‘H be an n-vertex outerplanar 3-uniform hypergraph of maximum spectral radius. Let G be the
shadow of H, i.e., V(G) = V(H) and E(G) = {vu : {v,u} C h for some h € E(H)}. It follows by
definition that G is outerplanar, and thus does not contain a K3 minor or a K4 minor. Observe
that 1 must be edge-maximal (while maintaining the outerplanarity). Otherwise, we can obtain an
outerplanar hypergraph H’ such that # C H'. It then follows from the Perron-Frobenius Theorem
that H' attains a larger spectral radius than H, giving us a contradiction. Now since H is edge-
maximal, G must be a maximal outerplanar graph, with 2n — 3 edges. Then G is 2-connected, and
has an outerplanar embedding, unique up to homeomorphisms of the plane, whose outer face is
bounded by a Hamilton cycle. We always assume G has this outerplanar embedding. All interior
faces of G are triangles, and every triangle of G is a facial triangle and a hyperedge of H. The
dual of G (excluding the outer face) is a tree, so the interior faces of G are connected together in
a treelike fashion.

We use N (v) to denote the set of neighbors of v in G, i.e., N(v) = {u : vu € E(G)} and d(v) to
denote the degree of v, i.e., d(v) = |N(v)|. We also use dr(v) to refer to degree in a subgraph F of G.
The closed neighborhood of v, denoted by N{v], is defined as N[v] = N(v)U{v}. More generally, we
let dist(u,v) denote the distance between u and v in G, and Ni(v) = {u € V(G) : dist(v,u) = k}.
Given an edge uw and vertex v define the level of uw relative to v to be (dist(u,v) + dist(w,v))/2,
which is an integer or half-integer.



Let T'(v) = {uw : {v,u,w} € E(H)} be the link of v in H, and dy(v) = [['(v)| be the degree of v
in H. The edges in I'(v) form an induced path in G whose ends are the neighbors of v on the outer
cycle. For each edge e of G, I'"1(e) is the set of vertices forming a triangle with e, and contains
one vertex if e is an outer edge, and two vertices otherwise. We also use ¥ (v) to denote the set of
edges incident with v in G. In our situation the edges in ¥(v) and I'(v) are precisely the edges at
levels % and 1, respectively, relative to v.

Suppose we are given an edge uw and a vertex v not incident with ww. If uw is an outer edge,
define ®(uw,v) to be the empty graph. Otherwise, G\{u,w} has two components; define ®(uw, v)
to be the component not containing v, together with all edges joining that component to u or w.
Loosely, ®(uw,v) is the subgraph of G on the far side of uw from wv.

Lemma 1. A\(H) > {/4(n—1) (1 - ﬁ)

Proof. Let F,, be the fan hypergraph on n vertices, i.e., the unique 3-uniform hypergraph on n
vertices whose shadow is Kj + P,_1. Suppose w is the vertex that is adjacent to all the other

vertices in O(F,) and vy, ve,- -+ ,v,—1 are its neighbors. Clearly F, is outerplanar. Consider the
) 1/3
vector & € R" with z,, = 1/v/3 and z,, = (3(n2—1)) . Note that ||x||; = 1. It follows that

2/3
)\(7{)ZA(Fn)ZP;n(m):3(n_2).\;g. (3(712_1)> Yoy <1_n11).

O

Note that since #H is connected, there exists an eigenvector corresponding to A(?) such that

all its entries are strictly positive. In the rest of this section, for convenience we assume that this
Perron-Frobenius eigenvector z of H is re-normalized so that the maximum eigenvector entry is 1.
Let vy be the vertex with the maximum eigenvector entry, so that z,, = 1. We also define ug to be
a vertex with the second largest eigenvector entry, i.e., ., = max,xy, £,. We abbreviate A(H) to

A, and the eigenequation of H tells us that \z2 = Zuwef‘(v) Ty Ty for every vertex v.
The following lemma says that H is very close to the fan hypergraph F,.

Lemma 2. We have A = (1+0(1))V/4n and dg(ve) > n—O(n*/3). Moreover, for any other vertex
u # vy, T, = O(n~1/3).

We first show a weaker version of Lemma 2. In particular, we show the following claim.
Claim 1. dg(vo) > n — O(n%/%).

Proof of Claim 1. Let x and vy be as described above, so that x,, = 1. Let d = d(vp) and suppose
that I'(vg) forms the path vivs ... vg, where vy, ve, ..., vy are in clockwise order around vg. Now by

the eigenequation for x,,,
d

d—1
— 2 _ 2
A= Axy, = g T Ty < g Ty, s
i=1 i=1

d
using the fact ab < (a® + b?)/2. Set z = in We have A < z. It again follows from the
1=1

eigenequation expansion that

d

d
Az = Zx\xi = Z Z [ o
i=1

=1 vwel(v;)

4
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Figure 2: Neighborhood of vy, and B;

<2 Z Lo Toy; + Z Z LyZLw (1)

1=1 vwel'(v;)\3(vo)

Define B to be the subgraph consisting of the edges in (U?l:1 I'(v;))\X(vp) and their endvertices.
The edges of B are at levels 1% and 2 relative to vg. For i € [d — 1] let F; = ®(vvi41,v0) and
B; = BN F;. Fig. 2 shows B, indicated in bold (and red, if color is visible). From (1), using z,, = 1
and the Cauchy-Schwarz inequality, we have

z<2va+ Z TypTu

vweE(B)
< 2@ + Z Ly - (2)
vweE(B)

For ease of reference, set R =) B(B) Tolw- Dividing both sides of inequality (2) by A, we

2\{\@ Vd

2
have z — < % By completing the square, we have (\/E — T) < % + )\%. Rearranging the

terms of the inequality, we obtain that

2

Vd d R

< | X= oz
Z_<A+ 2T

4d 2R [d R Vd
:)\2+)\_< XA T A) 3

2
N < A2z <4d+ 2)R — (\/d+RA—ﬁ> . (4)

By Lemma 1, we obtain that A3 > 4n — 16 when n is large enough.
Now we find a bound on 2AR. Using ab < (a? + b%)/2 and then the eigenequations, twice, we
have

It follows that

AR = Z ALy T

vweE(B)
< Z M2 + 22 Z dp(u
vweE(B) ueV(B)
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Figure 3: Structure of F; and B;, with edge coefficients

= > dpwil+ D dp(u)

’U,EV(B)ﬂ]\h ('U()) ’LLEV(B)QNQ(’U())
d
<2 Z Azl + Z dp(u) a2
=1 u€eV (B)NN2(vg)

=2z + S dsw) D zeww. (5)

u€V (B)NN2(vo) vwel(u)

If z,x,, appears in the sum above then the level of vw relative to vy is between 1 and 3.

To investigate the sum in (5) we examine the structure of F; and B; more closely. If F; is
nonempty then it contains a common neighbor ¢; of v; and v;+1. The vertices of Na(vg) N F; lie
on a path plp?p? .. .pf", with ¢; = p;* for some a; with 1 < a; < ;. Here pz is adjacent to v; for
1 <j <y, and to v;4q for a; < j < B;. The subgraph B; contains the edges of this path and edges
ViGi, Vi+1q;- We let Fij = @(pgpzﬂ,vg) be the part of F; above p{p{“ for j € [8; — 1]. See Fig. 3,
which illustrates part of F; and the edge coefficients in the sum from (5) (v;v;41 is dashed because
it is not an edge of F;). For u = p} with j ¢ {1, a;, 8;} we have dg(u) = 2; for j € {1, a;, 3;} the
value of dp(u) depends on whether a;; = 1 or «; = f3; or both, but we always have 1 < dp(u) < 4,
and dp(u) > 2 only if j = «;.

Each edge v;vi41 € I'(vg) occurs in the sum in (5) only as part of I'(¢;), when ¢; = p}* exists, so
the coefficient of x,,x,, , is at most 4. Thus, the contribution from I'(vg), using the eigenequation
for xy,, is

d—1
So = Z dp(u) Z TpZy < 4 Z Loy Loy = 4)\ng =4\ (6)
u€V (B)NN2(vo) vwel (u)NI'(vo) =1

Assuming F; is nonempty, the part of the sum in (5) coming from vw € E(F}), i € [d — 1], is
S; = Z dp(u) Z ToTow
u€V (B;)NN2(vo) vwel'(uw)\I'(vo)
We estimate S; by computing the sum of the coefficients, i.e.,

Bi

Si= Y de@[T@\(wo)l = > dr(p]) TR\ (vo)]-

UGV(BZ')ONQ(’U()) 7j=1



Let d_(pz) be the degree of pg in Fij_1 (or 0if 5 = 1), and d+(pg) be its degree in sz (or 0O if
J = Bi). For j ¢ {1,q;,B;} we have

IT(p)\L(vo)| = [T(p])| = d(p]) =1 = (d~(p]) + d*(p]) +3) =1 =d " (p]) +d*(p]) + 2.
For j = o, if j # 1, 8; we have
D)\ (vo)| = [T(p])| = 1 =d(p]) =2 = (d~(p]) + d*(p)) +4) =2 =d"(p]) + d"(p]) + 2.

If 7 = 1 we must reduce the above values by 1 since there is no edge vipg _1, and similarly if j = 5;

we must reduce these values by 1 since there is no edge v;41 pg *1. These reductions are independent,
and do not depend on whether a; = 1 or «; = 3; or both. Therefore,

5 _de ) (4" @) +d* () +2) - ds(}) — ds ().

We are going to compare S; to |E(F;)|. The number of edges in Fj at levels 11 and 2 relative
to v is just 23;. The edges at higher levels belong to some F . J I F; J i nonempty, then it contains
2d+(p7) edges of E(p]) UF(pZ) and 2d~ (pJH) edges of E(p]H) uT'(p J+1) but these two sets overlap
in two edges. Thus, |E(FY)| > 2d*(p}) + 24~ (p} ™) — 2. Hence,

BF) =28+ > (27 +24- (1) -2) =28+ > () -1)

i #0 (5,0):d (p])>0

where in the last sum j € [5;] and 0 € {—, +}.
Therefore, when F; is nonempty,

Bi
AB(F)| = 8 2 Y (4= 2dp@)) +dp(e)) +dp})+ Y ((A-dsD)w]) ~2). (7)
(p

J=1 (4,0):d° g)>0

In the first sum, only terms with j € {1, a;, §;} can be nonzero. In the final sum, only terms with
dB(p’ ) > 2, which requires j = «;, can be negative. (Fig. 3 shows a situation where we have a
negative term in the final sum.) We consider several situations.

(i) If Fy is empty or 1 = a; = f; then S; = 0, so S; < 2|E(F})|.

(ii) Suppose that 1 = «a; < f; or 1 < «; = f;; these situations are symmetric so we may
assume 1 = «; < ;. Then dp(p}) = 3 and dB(piB “) = 1. The only possible negative term
in the final sum of (7) is for (j,0) = (1,+), which is at least (4 — 3)(1) — 2 = —1. Hence
20E(F)|—S;i>(4—-23)+(4—-21)+3+1+(-1) = 3 and so S; < 2|E(F})|.

(iii) Suppose that 1 < «; < B;. Then dg(p}) = dp ( ‘) =1 and dp(p;") = 4. We may have
two negative terms in the final sum of (7), for (j,0) = (az, +). Each negative term is equal to
(4 — 4)d°(pl) — 2 = —2. Therefore 2|E(F})| — §; > 2(4 — 2(1)) + (4 — 2(4)) + 1+ 1 + 2(—2) = —2,

S; < 2|E(F;)| + 2.

In situations (i) and (ii), since each term z,x, in S; is at most z2 , we get S; < gixio <
2|E(F;)|22,. In situation (iii), 2,24, and @y, 24, have coefficient at least 1 in S;, so we have

Si < Ty Tg; + Lvip1Lq; + (Si - 2)$12Lo < Ty; + Loy i1 + 2|E( )’

uo*

Thus, in all cases S; < o, + To,,, + 2|E(F;)|z?

uO



Hence, using our estimates above and the Cauchy-Schwarz inequality,

d—1
2AR<2\z+ S+ ) S
1=1
d—1
<2z + AN+ Y (2o, + oy, +2/E(F)|2l,)
i=1

d
<2z +4N+2) ay, +2(|E(G)| — (2d - 1))a2,
=1
< 2\z + 4\ + 2Vdz + (dn — 4d — 4)22 . (8)

Substituting (8) into (4), it follows that when n is large enough,
dn =16 < NP < M2 < dd+ (222 + 40+ 2Vdz + 4n — 4d — 4) — (VA + BA - \/E>2. (9)
Cancelling terms and rearranging the inequality, we obtain that
(Va+Rx- \/&)2 < OA(2 +2) +2Vdz + 12,

which can be written as
(AR)?
2
(VAT AR+ Vi)

< 2A\(2 +2) +2Vdz + 12. (10)

From here, we want to give an upper bound on AR. Note that from (9), we also have

Mz <d4d+ 20z + 4N+ 2Vdz + 4n — 4d — 4)
<Adn 42Xz 44X+ 2Vdz
< An 4 20z + 4\ + 22V/4d,

since z > A > 1. Thus by the fact that A3 > 4n — 16, we obtain that

An + 4\ A3 416 + 4\
2 < < < (1+o(1) . 11
A2 — 2N —2Vd T A2 —2XA— VA3 +16 ( (1)) (11)

Since A3 < A2z < 4n + 2X\z + 4)\ + 2V/dz, we also have

An > A% — 2X\z — 4\ — 2Vdz
>N =201 4 0o(1)A — 44X — /(A3 +16)(1 + o(1)) A
> A% —3(1 4 0(1))A* — 4\
> (A= (14 0(1)))*.

Thus, we have

A < Van + (14 o(1)). (12)

Combining with Lemma 1, we get an asymptotic estimation of A.

A= (1+o0(1))V4n.



Recall that A < 2. Hence, using (11), we have z = (1 + o(1))A = (1 + o(1))v/4n. Consequently
2
we obtain from (8) that AR = O(n), which implies that (\/d + AR+ Vd) = O(n). Now it follows

from (10) that
AR=0 < nAz + m/%> ~0 (\/nv n n3/2>\1/2) — O(n%/9).

Substituting AR into (4) and using the fact that A3 > 4n — 16, we obtain that
4n — 16 < 4d + O(n°/9),
which implies that d > n — O(n®/6). This completes the proof of Claim 1. O

Proof of Lemma 2. In order to further improve the lower bound on d (as claimed in Lemma 2), we
need to give a non-trivial upper bound on wio = max,t,, z2. We claim x,, = O(n=1/3).

Let d' = dg(ug) and {uy,ug, -+ ,ug} be the neighbors of ug in G. Since G is outerplanar and
has no K> 3 subgraph, vg and ug have at most two common neighbors, so d' <n+2—d = O(n5/6).
Most of the inequalities shown in Claim 1 hold in similar forms. However, we have to treat any
terms that involve z,,, separately from other terms, so our definitions of R’ and B’ will be slightly
different.

By the eigenequation for z,,, allowing for the possibility that some u; is vp, and using ab <

(a® +b?)/2, we have

d'—1
2 2
)\xuO = Z Ty Tugyy < 2T Ty + Z 22 =21, + o
=1 u€N (uo)\{vo}

where we define 2/ = 3" N(uo)\{vo} 22, Let B’ be the subgraph of G consisting of the edges in

uo
(Uuen(uonfuoy I'(@)\E(uo) and their endvertices. Here B’ is similar in structure to B, but B’
is missing the edges in I'(u;) if some wu; is vg. In a similar way to (1) and (2), if we apply the

eigenequations again and Cauchy-Schwartz, we have
N < 2y + 22, Vd'Z + R,

where R’ = ZU'LUEE(B’) ToTo-
It follows from the same logic as in (3) that

z

2
,Ada? 2(R 4 2w,,) dal R 42x., Vdz,
< —F0 - o 4+ :
) ) ) ) X

Then

2
N2 (2 + 2my,) <Ad'z2 + 2M(R' + 214,) — (\/d’xﬁo + AR+ 2xy,) — \/c?xuo) + 2\,
<Ad'zl + 2AR + (207 + ANy,

Hence we have

(4n — 16)z2, < N2l < N2(2 + 22y,) < 4d'zl + 2AR + (202 + 4Nz, (13)



We will use an inequality like (8) to bound 2AR’. Similarly to (5), we have

AR'< Y Azltal)= > dp(u) ]
vweE(B’) ueV(B')

= Y dpri+ Y dp(wald

uEV(B’)ﬂNl(uo) uEV(B)ﬁNz(uo)

&
<2 Z )\xii + Z dpr(u) Az
i=1

u€V (B)NN2(up)

< 2)\ ;1?12,04- Z xi + Z dp(u) Z Ty Top-
w€N (ug)\{vo} u€V (B')NNa(uo) vwel(u)
=2\ 4+ 1) + > dp(u) Y TpTu. (14)

ueV (B’)NN2(uo) vwel (u)

For any vertex v the terms containing x, in the sum above are

Z Z dp (W)xy Ty (15)

uw€N (v)NN2(uo)NV(B’) wel'—1(uv)

For each u there are at most two vertices w € T (uv).

We will break the sum of (14) into four parts: S§ from vw € I'(ug), S§ from vw ¢ I'(ug) but
vw € I'(vg), S5 from vw ¢ T'(up) but vw € X(vp), and S from all remaining terms.

We can bound S, in a similar way to (6), as

S, = Z dp(u) Z Ty < 4)\in.

ue€V (B")NN2(uo) vwel(w)NI (uo)

For 57, 5%, S5 we use the following analysis. If v ¢ N[ug] then (15) has at most two vertices u,
both of which belong to the same subgraph B = B’ N ®(u;u;y1,up). Thus, one u has degree at
most 4 in B’, and the other has degree at most 2. Since there are at most two vertices w for each
u, for v ¢ N[ug] the sum of the coefficients of all terms x,z,, is at most 12. Moreover, if we take
any edge vw at level 1% or higher relative to ug, then one endvertex v satisfies v ¢ N[ug|, and ,z,,
occurs in (15) with a total coefficient of at most 6.

Hence, using the eigenequation for x,,, we can bound S/ as

S = Z dp(u) Z TyTy < 6 Z Ty = 6)\%2)0 — 6.
w€V (B')NN2(uo) vwe (T(w)NC (vo))\[(uo) vwel (vo)

Consider terms in the sum of (14) with vw ¢ I'(ug) and vw € X(vg), ie., v = vg. If v =
vo ¢ Nlup] then the total coefficient of x,z,, is at most 12, as described above. If v = vy € Nug]
then vg = wu; for some i, and the only possible vertices u in (15) are ¢,_, € IY(u;_1u;) and
q: € T7Y(u;ui41), which both have degree at most 2 in B, and for each such u there is only one w
such that vw ¢ I'(ug). Thus, the total coefficient of z,x,, is at most 4. In either case,

S = Z dp(u) Z Ty < 12242y, = O(2y,)-
ueV (B')NNa(ug) vwe (T (w)NE(vo))\I'(uo)
Finally, the terms in the sum of (14) with vw ¢ I'(ug) U T'(vo) U X(vg) give

Sy = Z dpr(u) Z Ty

ueV (B")NN2(uo) vweI (uw)\ (T (uo)UL (vo)UX(v0))

10



< 6|E(G)\(T(vo) US(vo))|z2, = 6(2n — 2d — 2)a%, = O(n®/%)a?

o
Therefore, using the fact that A = O(n'/3),
2AR' < 2X\(2' + 1)+ S)+ 8] + S5+ 54
= 2X\(2' + 1) + 4Xa2 4+ 6) + O(xy,) + O(n*%)2?,
= 202" + 8\ + O(xy,) + O(nf’/ﬁ)xio. (16)
Substituting (16) into (13), and using d’ = O(n%/°), we have
(4n — 16)22 < N2(2/ + 2xy,) < 4d'2%, + 2AR + (237 + 40) 2y,
< 4d'z? + (2)\2' + 8\ + O(z,) + O(n® G)xﬁo) + 2\ 4 4Ny,
<20+ O(n0) 22 48X + (202 + 4N + O(1)) 2y, (17)
Rearranging the inequality in (17), we first obtain an upper bound on 2’:

O(nb/6)z2 AN+ O(1)) Ty, + 8A
(n°®)wy, + (4A + O(1)) 2w, + :O<n1/6$30+4$u0 1>.

A2 —2)\ D

/
<
== PP

Now using the upper bound on 2’ and (17), we have the following inequality:
(4n —16)22 < 202" + O(n®/)a2 + 8\ + (2% + 44X + O(1)) 2y,
=0 <n5/6:z30 + My, + )\> .
It follows from the fact that A = O(n'/3) that
Tuy = O(n~1/3).
Now using the bound z,, = O(n~'/3) in (8), we obtain a better bound on d = dg(vo) in Claim 1:
An —16 < X3 < 4d + 20z 4 4\ + 2V dz 4+ 4(n — d) O(n™%/3),

which gives us

(4n — 4d)(1 — O(n™2/3)) < 16 + 2Xz + 4\ + 2Vdz

= 0(1) + O(n*3) + O(n"/3) + O(V/n - n1/3) = O(n*?)

and thus d > n — O(n?/3). This completes the proof of Lemma 2. O
Lemma 3. dy(vi1) = 1. Moreover, x,, > Ty, .

Proof. Assume for the sake of contradiction that dg(v1) > 2. Recall that H is edge-maximal. It
follows that there must exist a vertex q; # vg such that {v, v2, ¢} is a hyperedge, and ¢; is a vertex
of F1 = ®(vyv2,v0). Let F| be F} but with ve renamed as vg. Then G’ = G—(V (Fy)—{v1,v2})UF] is
outerplanar (we find the outerplanar embedding by flipping F} over, i.e., reflecting it), and G’ is the
shadow of a 3-uniform hypergraph H’ that can be obtained from #H by replacing each hyperedge
{va,u,w} where u,w € V(Fy) by a hyperedge {vg,u,w}. Suppose x is the Perron-Frobenius
eigenvector of H. Since z,, > x,, by Lemma 2, it follows that

E Ty TigTig — Z Liy TinLiy > Loy Ty (Tpy — Tup) > 0.
{i1,i2,i3Y€E(H') {i1,i2,i3Y€E(H)

11



This implies that A(H') > A(H), which contradicts H attaining the maximum spectral radius.

It remains to show that z,, > x,,. If 2, < x,,, then let &’ be obtained from x by setting
Ty = Tuy, T,, = T, and keeping every other entry the same. Since dy(v1) = 1, it follows that
Py (2’) > Py(x), which contradicts & being the Perron-Frobenius eigenvector of H. O

/

Now we are ready to show Theorem 1.

Proof of Theorem 1. Let ‘H be an outerplanar 3-uniform hypergraph on n vertices with maximum
spectral radius. Let G be the shadow of H. Suppose the Perron—Frobenius eigenvector x of the
adjacency tensor of H is normalized so that the maximum eigenvector entry is 1. Let vg be the
vertex with the maximum eigenvector entry and {wvy,va,---,v4} be the neighbors of vy in the
clockwise order of the outerplanar drawing of G.

By Lemma 1, we have that d(vg) > n—0(n?/?) and for every other vertex u # vo, £, = O(n~/3).
Now we claim that z,, = Q(n~/?). By Lemma 3, we have that dy(v1) = 1, i.e., {v1,va, 10} is the
unique hyperedge containing v;. It follows by Lemma 3 and the eigenequation for x,, that

2 _ —
ATy, = TygTyy = Tyy = Ty, -

Together with (12), this implies that
1 _
Ly 2 X = Q(n 1/3)'

Now we claim that for every vertex u € V(G)\{vo}, u is a neighbor of vy in G. Suppose not.
The hyperedges incident with vg form a path in the dual of G and there must be a hyperedge
{w, s,t} that is a leaf of the dual tree (excluding the outer face) but not an end of this path. Then
w, s,t # vg and one of these vertices, say w, has degree 2 in G and degree 1 in H. Now similarly
to Lemma 3, consider the hypergraph H' obtained from H by by removing the hyperedge {w, s, ¢}
and adding the hyperedge {w,vg,v1}. It follows that

E Ty TjgTig — g Tiy TigTiy = TayTogLy, — TwTsTi.
{i1i2,i3}€E(H) {i1,i2,is}€E(H)

Note that xgz; = O(n_2/3) while zy,z,, = Q(n_1/3). It follows that Ty, xy, > TywTse, Which
implies that A(H') > A(H), contradicting H being the extremal hypergraph of maximum spectral
radius. Hence every vertex u € V(G)\{vo} is a neighbor of vg in G.

Again by the fact that H attains the maximum spectral radius, it follows that H is the unique
3-uniform hypergraph F,, with Ky + P,_1 as it shadow. O
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