ORIENTABLE HAMILTON CYCLE EMBEDDINGS OF COMPLETE TRIPARTITE
GRAPHS I: LATIN SQUARE CONSTRUCTIONS

M. N. ELLINGHAM AND JUSTIN Z. SCHROEDER

ABSTRACT. In an earlier paper the authors constructed a hamilton cycle embedding of Ky n,» in a nonori-
entable surface for all n > 1 and then used these embeddings to determine the genus of some large families
of graphs. In this two-part series, we extend those results to orientable surfaces for all n # 2. In part I, we
explore a connection between orthogonal latin squares and embeddings. A product construction is presented
for building pairs of orthogonal latin squares such that one member of the pair has a certain hamiltonian
property. These special squares are then used to construct embeddings of the complete tripartite graph
K, n,n on an orientable surface such that the boundary of every face is a hamilton cycle. This construction
works for all n > 1 such that n # 2 and n # 2p for every prime p. Moreover, it is shown that the latin square
construction utilized to get hamilton cycle embeddings of Ky n,n can also be used to obtain triangulations
of Kn,n,n. Part II of this series covers the case n = 2p for every prime p and applies these embeddings to
obtain some genus results.

1. INTRODUCTION

In [5], the present authors constructed nonorientable hamilton cycle embeddings of K, ,, ,, for all n > 2.
In this paper we extend those results to the orientable case for all n > 3 such that n # 2p for every prime
p. To construct these embeddings, we first establish a connection between hamilton cycle embeddings of
K, n.n and orthogonal latin squares. Namely, it is shown that we can construct an orientable hamilton cycle
embedding of K, 5, such that the vertices in one of the partite sets appear in the same order around each
face from a pair of orthogonal latin squares, one of which satisfies an additional hamiltonian property. Then
we build the desired latin squares by using a new method we call the “step product” construction, which is
a generalization of other known product constructions.

The second part of this series [6] completes the proof that an orientable hamilton cycle embedding of
K nn exists for all n > 1, n # 2 by presenting a voltage graph construction of such embeddings for n = 2p
for every prime p. This complete result is then used to determine the genus of several families of graphs,
including Ky, n.n for ¢ > 2n and, in certain cases, K, + K, form>n—1.

A basic understanding of topological graph theory is assumed. In particular, a surface is a compact
2-manifold without boundary. The orientable surface S}, is obtained by adding h handles to a sphere, and
the genus of a graph G, denoted g(G), is the minimum value of h for which G can be embedded on Sy. It
is well known that a cellular embedding can be characterized, up to homeomorphism, by providing a set
of facial walks that double cover the edges and yield a proper rotation at each vertex. To define a proper
rotation, we must introduce the rotation graph at a vertex v, denoted R,. This graph has as its vertex set
the neighbors of v, and two vertices u; and us are joined by one edge for each occurrence of the subsequence
(---ujvug ---), or its reverse, in one of the facial walks. R, is 2-regular; we say it is proper if R, consists
of a single cycle. This ensures that the neighborhood around each vertex is homeomorphic to a disk. The
embedding is orientable if and only if the faces can be oriented so that each edge appears once in each
direction. For additional details and terminology, see [14]. For further background information on hamilton
cycle embeddings, see [5].

2. PRELIMINARIES

Our terminology agrees with that set forth by Wanless in [17, 18]. A latin square of order n is an n x n
matrix on some n-set E such that every row and every column contain exactly one copy of each element of
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E. Assume the rows and columns of L are labeled using the n-sets R and C', respectively; if the entry in
row r € R and column ¢ € C contains the entry e € E, we say that L contains the ordered triple (r, ¢, e), or
L. = e. A latin square is thus equivalent to a set of ordered triples. Unless otherwise noted, we will assume
R=C =FE =7Z,. Two latin squares L; and Ly on the sets E; and FEs, respectively, are called orthogonal,
denoted Ly L Lo, if the ordered pairs obtained by overlapping the two squares cover every element of £y x Fy
exactly once. If Ly | Lo for some Ly, we say Lq has an orthogonal mate.

Given an n x n latin square L, a transversal is a set of n ordered triples {(r;,c;,e;) € L | i € Z,} such
that {ro,....,7n—1} = {co, .-, cn—1} = {e0, ..., en—1} = Z,. In other words, a transversal is a collection of cells
from L such that every row, column, and entry is covered exactly once. It is well known that a latin square
has an orthogonal mate if and only if it can be decomposed into disjoint transversals.

For this paper, we will utilize a generalization of a transversal known as a k-plex. If L is a latin square
of order n, a k-plex is a set of kn ordered triples {(r;,¢i,e;) € L | i € Zg,} such that the collections
{70y es Tkn—1}, {C0y5-ryChin—1} and {eg,...,exn—1} each cover Z, k times. In other words, a k-plex is a
collection of cells from L such that every row, column, and entry is covered exactly k times. Thus, a
transversal is a 1-plex, and an example of a 2-plex is given in Example 2.1.

Example 2.1. The starred entries in L form a 2-plex.

o1 2 3 4 5
1 2 3 4 5 0
|23 45 01
3 4 5 0 1 2
4 5 0 1 2 &
0 1 2 3 4

If L can be decomposed into disjoint parts K;, K, ..., K4, where each K; is an k;-plex, then we call this
a (ki1, ka, ..., ka)-partition of L. If all the parts have the same size k, then we simply call this a k-partition.
A decomposition into transversals is a 1-partition, so a latin square has an orthogonal mate if and only if it
has a 1-partition.

We use Z,, to denote the addition table for the cyclic group of order m; this latin square will be a key
ingredient in all of the constructions presented in this paper. In particular, the following property will be
useful.

Lemma 2.2. If n is odd, then Z,, admits a 1-partition. If n is even, then Z,, admits a 2-partition.

Proof. For all j € Zy, let T; = {(i,+ 4,2t + j) | ¢ € Zp}. When n is odd, {To,T1,...,Th—1} is a 1-partition
of Zyp; when n is even, {To U Ty, To U T3, ...,T,_2 UT,_1} is a 2-partition of Z,. g

In [5] we used the idea of an induced pair graph to aid in our slope sequence construction. We will use in-
duced pair graphs again in this paper, albeit in a different context. Let P = {(so,%0), ($1,t1), -, (Sn—1,tn-1)}
be a collection of pairs such that sg, s1, ..., Sn—1, to, t1, ..., tn—1 double cover Z,. Form the graph Gp with
vertices {vg, v1, ..., Un—1} and m edges joining distinct vertices v;, and vj,, where m = |{s;,,t;, } N {sj,, tj, }.
We call Gp the induced pair graph for collection of pairs P. This graph is 2-regular, so Gp decomposes into
a union of cycles.

We will denote by ged(m,n) the greatest common divisor of integers m and n; as usual, we say m and n
are relatively prime if gcd(m,n) = 1. We let A = {ag,...,an-1}, B = {bo,...,bp—1} and C = {cg,...,cn-1}
be the vertices of K, so that A, B and C' are the maximal independent sets. A hamilton cycle face of
the form (a;,br,Ceo@jy by Cey -+~ @, 1 Ok 1 e, ) s called an ABC' cycle; when this cycle is the boundary of
a face we will refer to it as an ABC face. We will refer to an orientable face 2-colorable hamilton cycle
embedding as an O2HC-embedding.

3. O2HC-EMBEDDINGS FROM LATIN SQUARES

Lemma 3.1. Let Z be the collection of facial walks obtained from a hamilton cycle embedding of K, ,, ».
Suppose that Z consists of all ABC' faces. The following conditions are equivalent:
(i) There exist collections X,Y C Z such that YUY = Z, X NY = 0, and every edge of G appears in
a face from both X and ).
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(ii) The embedding is orientable.
(iii) The embedding is face 2-colorable.

Proof. (1)=(ii) Since every edge appears once in a X face and once in a ) face, the faces admit a proper
orientation (e.g., orient the X faces forwards as written in ABC' order, and orient the ) faces backwards as
written in ABC order).

(ii)=(i) Let X be the faces oriented forwards as written in ABC order and Y be the faces oriented
backwards as written in ABC order. If any distinct faces X3, Xo € X share an edge, then they cannot both
be oriented forwards. Thus, no two X’ faces share an edge, so each edge is appears in at most one face from
X. An analogous argument shows that each edge appears in at most one face from ), and the result follows.

The equivalence (i)<(iii) is straightforward, so the proof is complete. O

Assume we have a collection C = {Cy, C1, ..., Cp_1} of ABC cycles that cover every edge of K, ., , exactly
once. Moreover, assume that the A vertices appear in the same fixed order in each C;. We can form a latin
square L¢ of order n by taking each subsequence (- --ajbgce---) € C; and letting ¢ be the entry in row j of
column k. The fact that the A vertices appear in the same fixed order in each C; ensures that each entry /¢
appears exactly once in each row j. Following this process, it is readily seen that the entries arising from C}
form a transversal for all 0 <7 < n — 1. Thus, L¢ admits a 1-partition, which is equivalent to L¢ having an
orthogonal mate.

Example 3.2. Consider the following cycle cover of K 5 5:

OO : (aobocoa1b102a2b204a3b301a4b403)
Cl : (a0b1c1a1b203a2b3c0a3b402a4b004)
Cz : (a0b2c2a1b3C4a2b4c1a3b003a4blco)
Cg : (a0b303a1b400a2b062a3b104a4b201)
04 : (a0b404a1b001a2b103a3b200a4b302)
From this we obtain the following latin square L¢, where L, provides the transversals.

01 2 3 4 01 2 3 4
1 2 3 40 4 01 2 3
Le=| 2 3 401 |,Lc=|3401 2
3401 2 2 3 4 01
4 01 2 3 1 2 3 40

Since X and )Y from Lemma 3.1 both satisfy the conditions of the preceeding paragraph, we can form two
pairs of orthogonal latin squares of order n from an O2HC-embedding of K, , ». It is desirable to determine
the conditions under which we can reverse this process and form an O2HC-embedding of K, , ,, from order
n orthogonal latin squares. Theorem 3.5 presents one such set of conditions that enables us to obtain the
desired embeddings from a single pair of orthogonal latin squares; a more general construction appears in
[16]. The following notation is used, where T is a transversal of a latin square L.

E(L,r,¢) = entryin L that appears in row r of column c;
C(L,r,e) = column in L that contains entry e in row r;
E(T,r) = entryin T that appears in row r;
C(T,r) = column in T that contains entry in row r.

In other words, (r, ¢, E(L,r,¢)), (r,C(L,r,e),e) € L and (r,C(T,r),E(T,r)) € T.
Definition 3.3. Let L be a latin square of order n and define the collection of pairs
P ={(C(L,j,0),C(L,j,£—1)) | j €Zy,} for all ¥ € Z,.

If the induced pair graph Gp, is a hamilton cycle for all £ € Z,,, then we say that L is consecutively entry
hamiltonian, or ce-hamiltonian for short.

For each ¢ € Z,,, we can view Gp, as a graph with vertices corresponding to the columns of L and an
edge for each row between the columns in that row that contain ¢ and ¢ — 1.

Example 3.4. The square L below is ce-hamiltonian; we show how to obtain Gp,, the induced pair graph
for the entries 2 and 1. Denoting column £ by ci, we see that row 0 yields the edge cac1, row 1 yields c3cy,
row 2 yields ¢gcq, row 3 yields ¢ics, and row 4 yields cqco; thus, Gp, is given by the cycle (cacicscocy).



4 M. N. ELLINGHAM AND JUSTIN Z. SCHROEDER

01 2 3 4
1 40 2 3
L=]2 0 3 4 1
32 410
4 3 1 0 2

We also note here that the square Z,, is ce-hamiltonian for all n > 2.

Theorem 3.5. If there exists a ce-hamiltonian latin square of order n that admits a 1-partition, then there
exists an O2HC-embedding of K, 5, n.

Proof. Let L be a ce-hamiltonian latin square of order n that admits a 1-partition; label the transversals
Ty, T1,...,T—1 in order as they appear in row 0 of L. In other words, T} is the transversal in L that contains
the entry in row 0 of column k.

Form the following cycles:

Xi: (aobo(r,,0)CE(T, 0) o+ ajbor, 5 CE(T ) o Un—1bo(m 1) CE(T n-1));
Yi: (aobor0)Ce(m 041 0 @bo(r HCE(T )41 T Gn—1b0(Tin—1)CE(T,n—1)+1)-

Note that each X; and Y; corresponds to the transversal T;. If the entry (4, k, ) appears in T;, then the
cycle X; contains the sequence a;bic, and the cycle Y; contains the sequence a;brcei1. Moreover, these
sequences of length 3 are assembled row by row so that the A vertices appear in increasing order. We
will prove that the collections X = {Xo, X1, ..., Xpn—1} and Y = {Yp, Y1, ..., Y,,_1} together form an O2HC-
embedding of K, 5, . It is not hard to show from the properties of latin squares that every AB edge and
every BC' edge is covered once by a cycle from X and once by a cycle from ). The fact that the A vertices
appear in the same fixed order in each cycle implies that every C'A edge is covered once by a cycle from X
and once by a cycle from ) as well. To prove that this cycle double cover is in fact an O2HC-embedding, it
remains to show that the rotation around each vertex is a single cycle of length 2n.

Consider first the vertex a;. For every k € Z,, there exist 7 such that k = C(T}, ). The cycle X; contains
the sequence cea by, where ¢ = E(T;,j — 1). By construction, Y; contains the sequence cgt1a;bg. Thus, the
rotation around a; contains sequences of the form cgbic,11. The endpoints of these sequences clearly match
up to form a single cycle; thus, the rotation around a; is a single cycle of length 2n for every j.

Next, consider the vertex by. For every j € Z,, we know the sequence a;brc, appears in some cycle of X,
where ¢ = E(L, j, k). By construction, the sequence a;byce+1 appears in some cycle of ). Thus, the rotation
around by contains sequences of the form csajcer1. The endpoints of these sequences clearly match up to
form a single cycle; thus, the rotation around by is a single cycle of length 2n for every k.

Finally, consider the vertex ¢,. For every j € Zp, we know the sequence a;bc(r,j ¢)Cea;+1 appears in some
cycle of X. Similarly, the sequence a;bc(r,j,¢—1)Ceaj+1 appears in some cycle of Y. Thus, for each j, the
rotation around ¢, contains the sequence bc(r, ;.0 aj+1bc(r,j,0—1)- Because L is ce-hamiltonian, the endpoints
of this sequence match up to form a single cycle; thus, the rotation around ¢y is a single cycle of length 2n
for every /.

We have shown that the rotation around every vertex is indeed a single cycle of length 2n. Combining
this with Lemma 3.1 proves that X U Y forms an O2HC-embedding of K, 5, ».

|

The following construction for odd n is straightforward and illustrates the usefulness of Theorem 3.5.
This case can also be handled using the slope sequence construction from [5].

Theorem 3.6. If n is odd, then there exists an O2HC-embedding of K, ,, ,, obtained from a latin square.

Proof. Consider the square given by Z,; we know Z, has a 1-partition by Lemma 2.2. It remains to show
that the induced pair graph Gp, is a hamilton cycle for all ¢ € Z,,. We have that

PZ:{(C(Lajvé)vc(Lajvé_1>) |j€Zn}:{(€_ja£_j_1) |j€Zn}:{(T7T_1)|T€Zn}'

The induced pair graph Gp, is clearly a hamilton cycle; thus, Z,, is ce-hamiltonian, and by Theorem 3.5
there exists the desired embedding of K, 5 n. O
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4. STEP PRODUCT CONSTRUCTION

The construction of the required latin squares when n is even is considerably more complicated. In
fact, Euler famously conjectured that for n = 2 (mod 4), no latin square of order n had a 1-partition [10].
Although Euler was wrong, it took nearly two centuries to construct a counterexample of order 4k + 2 for
all k > 2 [1, 2]. We now seek to impose further structure on these squares. To accomplish this goal, we
introduce a new construction called a step product construction that is a modification and generalization of
the turn-square construction utilized by Brown and Parker [3, 4] in their hunt for large families of mutually
orthogonal latin squares.

Let L be a latin square of order n with entries from Z,,. For an integer z € Z,,, denote by x o L the Latin
square obtained by cyclically shifting the rows of L down x rows. Moreover, for an integer a and an integer
be {0,1,...,a — 1}, let aL 4+ b be the latin square obtained by multiplying every entry in L by a and then
adding b to every resulting product, where the arithmetic is done in Z,, not Z,,.

Example 4.1. Let

01 2 3

1 0 3 2

L_2301

3210

Then

3210 2 7 12 17
01 2 3 72 17 12
loL = 10 3 2 and 5L + 2 = 2 17 2 7
2 3 0 1 17 12 7 2

Let L and M be latin squares of order n and m, respectively, with rows, columns, and entries indexed by
Zy, and Z,,, respectively. Let X = (z; ;) be an n X n matrix with entries from Z,,. Define the step product
L x M to be the latin square of order nm given by

x0,0 0 (nM + Lo ) xo,10(nM + Loa) e 20,10 (MM + Lo n—1)
Z1,0© (nM + Ll,O) x1,1© (nM + Ll,l) tee T1,n—10° (nM + Llynfl)
ZTp—1,00 (MM + Lyp_10) | Tn—1i0(mMM +Lp_11) | - | Zn—1n—10(nM + Lyp_1n—1)

To help clarify this construction, we present an example.

Example 4.2. Let L = Zs, M = Zs, and

3 1 4

X=10 0 2

4 1 4

Then

6 9 12 0o 3|13 1 4 7 105 8 11 14 2
9 12 0 3 6|1 4 7 10 13| 8 11 14 2 5
2 0 3 6 9|4 7 10 13 1 |11 14 2 5 8
o 3 6 9 127 10 13 1 4|14 2 5 8 11
3 6 9 12 0|10 13 1 4 7|2 5 8 11 14
1 4 7 10 13| 2 5 8 11 14,9 12 0 3 6
4 7 10 13 1|5 8 11 14 2|12 0 3 6 9
LOx M = 7 10 13 1 4|8 11 14 2 5|0 3 6 9 12
0 13 1 4 7|11 14 2 5 8|3 6 9 12 0
3 1 4 7 1014 2 5 &8 116 9 12 0 3
5 8 11 14 2|12 0 3 6 9|4 7 10 13 1
8 11 14 2 5|0 3 6 9 127 10 13 1 4
1 14 2 5 8|3 6 9 12 0|10 13 1 4 7
4 2 5 8 11|16 9 12 0 3|13 1 4 7 10
2 5 8 11 149 12 0 3 6|1 4 7 10 13
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Remark 4.3. We use the set Z,, X Z,, to label the rows and columns of a step product square, while the
entries are from Z,,,. For example, the starred entry in Example 4.2 corresponds to the ordered triple

((1,4),(0,3),7).

Now that we have our construction, we need to use it to create O2HC-embeddings of complete tripartite
graphs. By Theorem 3.5, we simply need to find ce-hamiltonian latin squares that have a 1-partition. In
Section 5 we develop conditions for the step product of two latin squares to be ce-hamiltonian. In Section
6 we determine when these squares have a 1-partition. Finally, the step product construction is used to
construct ce-hamiltonian latin squares with a 1-partition in Sections 7 and 8.

5. CE-HAMILTONICITY OF STEP PRODUCT SQUARES

Requiring that L and M are ce-hamiltonian is not sufficient to ensure that the step product L [x M
is ce-hamiltonian. The permutations of rows given by the entries in X affect the requisite induced pair
graphs. Thus, to obtain a step product square that is ce-hamiltonian, we need to have some conditions on
X. Let X (k) be the set of cells that contain the entry k in L. In other words, X (k) = {(¢,4) | Li; = k}.
Moreover, set o = Z x;; for all k € Z,, where the addition is done in Z,,. We call the vector

(,4)€X (k)
o(X,L) = (09,01, ...,0n—1) the representative vector for X over L.

Remark 5.1. Let L be a latin square of order n and let X be an n X n matrix with entries from Z,,. We
can permute the rows and columns of L without affecting o (X, L) if we apply the same permutation of the
rows and columns to X. Namely, if A\, and A, are permutations of Z,, applied to the rows and columuns,
respectively, of L and X, then

ArAe(L) Bxan(x) Zm = (Ary Lin) (Ney L ) (L Ex Zy,)
where 1,, is the identity permutation on Z,,, and therefore
(A Ae(X), A A(L)) = o(X, L).
Here and later in this paper we will need the following observation about the square = o Z,,.
Observation 5.2. If M =Z,, = {(r,¢c,7+¢) | r,c € Zp}, thenxo M ={(r,c,r +c—x) | r,c € Zn}.
We now prove sufficient conditions on X for the product L [x Z,, to be ce-hamiltonian.

Theorem 5.3. Let L be a ce-hamiltonian latin square with rows, columns and entries from Z,, let X be
an n X n matrix with entries from Z,,, and let o(X, L) = (00, ..., 0n—1) be the representative vector for X
over L. Define 0y = o —opq1 forall0 <k <n—2and §,—1 = 0,—1 — 09 —n. If (g, m) =1 for all k € Z,,
then the latin square L [x Z,, is ce-hamiltonian.

Proof. Let K = L x Z,,. Define
PlJrl = {(C(Kv (17])764— 1)50(K5 (Za])ag)) | (Zv.]) € Zn X Zm} fOI‘ au é € an

as in Theorem 3.5. We need to show that the induced pair graph Gp,,, is a hamilton cycle for all £ € Zy,.

Write £ = an + b, where 0 < a < m—1and 0 < b < n — 1; we know every occurrence of £ € K
corresponds to the entries a € Z,, and b € L. By Remark 5.1, permuting the rows and columns of L and X
simultaneously does not affect o(X, L). It also does not affect ce-hamiltonicity of the resulting step product
square K. Thus, since L is ce-hamiltonian, we can permute the rows and columns of L and X simultaneously
to obtain the following partial representation of L:

b b+1
b b+1

b+1 b
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For each (4,j) € X (b), write a; = x;;. Similarly for each (¢,5) € X (b + 1), write 3; = z;;. We have the
following partial representation for K:

ag 0 (nZy, +b) Boo (nZm +b+1)
ay 0 (nZpy, +0) B1o(nZy, +b+1)

ﬁn—l o (an +b+ 1) Qp_—1 0 (TLZm + b)

We note here that z o (aM + b) = a(x o M) + b for any latin square M and any integers a and b, and we will
use the latter representation in the following arguments.

Assume first that £ Z —1 (mod n); we know that every occurrence of £+ 1 in L corresponds to the entries
a € Zy and b+ 1 € L. Assume that for some (i,5) we have C(K, (4,75),¢ + 1) = (y,z). Then the entry
a appears in row j and column z of the square §; o Z,; from Observation 5.2 we know a = j + 2z — ;.
We want to determine a column ~ such that a appears in row j and column ~ of square a; o Z,,. We
know that @ = j +~v — a; = j + z — §;, which implies that v = z + o; — ;. From this we learn that
C(K,(i,5),0) = (y—1,z+a; — 3;). Thus, all of the pairs in Ppyq have the form ((y, z), (v — 1,z + o — 5;)).
From this it is clear that we can partition Pp4q into subsets of the form

P(y) = {((y7 Z)? (y -1,z +a; — ﬁio))7
((y = L2+ aig = Bio)s (¥ — 2,2 + g + @iy — Big — Biy))s oo
for all y € Z,. Using our representation of L described earlier, we know b+ 1 occurs in the row above b in
each column of L, so we must have i;41 = 4; — 1 and {io, i1, ..., in—1} = Zy; therefore, E;:Ol a;; = op and
Z;:Ol Bi; = opy1. Since oy — op11 is relatively prime to m, we know z + o — opq1 # z, so the induced pair
graph of each P(y) is a path on n edges. Moreover, the fact that o, — op41 is relatively prime to m implies
that the endpoints of these paths match up to form a single cycle of length nm.

If ¢ =—-1 (modn),then { =an+ (n—1)and £+ 1= (a+ 1)n,so we have b=n —1 and b+ 1 = 0. Let
a; = x;; for all (4,5) € X(n — 1) and let 3; = x;; for all (4,j) € X(0). Assume that for some (7, 7) we have
C(K,(i,7),£4+1) = (y,z). Then the entry a+ 1 appears in row j and column z of the square ; 0 Z,,; again
from Observation 5.2 we know a + 1 = j + z — 3;. We want to determine a column  such that a appears in
row j and column v of square «; o Z,,. We know that a = j +v —a; = j + 2z — 3; — 1, which implies that
v=z+4 a; — i — 1. From this we learn that C(K, (¢,5),¢) = (y — 1,2 + a; — 8; — 1). Thus, all of the pairs
in P41 have the form ((y,z2),(y — 1,24+ o; — 3; — 1)). From this it is clear that we can partition Py into
subsets of the form

P(y>: {((yvz)v(y_laz+aio_ﬁio _1))5
(y—1, 24+ ai, — Biy — 1), (¥ — 2, 2+ @iy + @i, — Biy — Biy —2))5 s
(+ 1,2+ X0y s, =02 By, — (= 1)), (g2 + X0 oy — 300 Bi, — )}

for all y € Z,,. From our representation of L described earlier, it is again clear that ;41 = ¢; — 1, so we
must have {ig,41,...,in_1} = Zy; therefore, E;:Ol @i, = op—1 and E;:Ol Bi; = 0. Since op_1 —0g —n is
relatively prime to m, we know z + 0,1 — 09 — n # 2, so each P(y) induces a path on n edges. Moreover,
the fact that o,-1 — 09 — n is relatively prime to m implies that the endpoints of these paths match up to
form a single cycle of length nm.

Since Gp,,, is a hamilton cycle for all £ € Z;,, the step product square K is ce-hamiltonian. O

6. DECOMPOSING STEP PRODUCT SQUARES INTO TRANSVERSALS

We want to present conditions for lifting k-plexes in L and Z,, to transversals in L Clx Z,,. Before we
proceed, a deeper exploration of the step product construction is required.

Observation 6.1. Let (r1,c1,e1) € L and (g, ¢, €2) € Zyy; furthermore, let ., ., € X be the entry found in
row r1 and column ¢; of the matrix X. Utilizing Observation 5.2, the step product square K = L[x Z,, has
the following form, where here and elsewhere in this chapter we write [f(z)]m to denote that the expression
f(x) is evaluated in Z,, and assume all other arithmetic for K is done in Z,.



8 M. N. ELLINGHAM AND JUSTIN Z. SCHROEDER

(c1,c2)

(r1,r2) . nlea — Try,elm + €1 . ,

where we note that es = ro+co. Thus, each pair of triples (r1,c1,e1) € L and (12, ¢c2, e2) € M defines a unique
triple ((r1,72), (c1,¢2),nle2 — Try ¢y lm + €1) € L. We use this to define a binary operation [x on entries of
L and M such that (r1,c1,e1) Ox (72, c2,e2) = ((r1,72), (c1,¢2), n[ez — Try ey ]m + €1). Furthermore, for any
subset of ordered triples T3 C L and To C M, we define Th Ux To = {(r1,¢1,e1) Ox (r2, ca,e2) | (ri,ci ;) €
T;,i=1,2}. We extend this definition to include (1, ¢1, e1) Ox To and Ty Hx (72, c2, e2) in the obvious way.

Observation 6.2. For every entry ((r1,72),(c1,¢2),e) € L Ex M, there exist unique (r1,c1,e1) € L and
(ro,c2,€2) € Zy, such that (r1,c1,e1) Hx (re, c2,e2) = ((r1,72), (¢1,¢2),€e). Thus, if SNS =0 or TNT' =0,
then (S By T) N (S’ Ex T7) = 0.

The following lemma explains how transversals in L and Z,, are lifted to transversals in L [x Z,,.

Lemma 6.3. Let L be a latin square of order n, and let S be a transversal in L. Furthermore, let T be a
transversal in Z,,. For any n xn matrix X on Z,,, the collection SEx T forms a transversal in K = LU x Z,,.

Proof. Let (r1,72) € Zyp X Zyn, be any row in K. Since S is a transversal in L, there is a unique triple
(ri,c1,e1) € S covering the row r1. Since T is a transversal in Z,,, there is a unique triple (r2,cz,€2) € T
covering the row ro. The element (r1,c1,e1) Hx (re,ca,e2) € SHx T covers the row (r1,72). An analogous
argument shows that S [x T covers every column.

Let e € Zym be any entry in K. Define e; and es to be the unique integers such that e = esn + e, with
0<es<m-—1and 0<e <n-—1. Since S is a transversal in L, there is a unique triple (r1,c1,e1) € S
covering the entry e;. Let x = z,, ., € X be the entry found in row r; and column ¢; of the matrix X; since
T is a transversal in Z,,, there is a unique triple (ro, co, [ea + z|m) € T covering the entry [es + x],,. The
element (71, c1,e1) lx (re,ca, [ea + x]m) € SHx T covers the entry e.

We have shown that every row, column, and entry in K is covered at least once by S [x T. Since
|S Ox T| = nm, it must be true that every row, column, and entry in K is covered ezactly once by S Hx T}
therefore, S [x T is a transversal in K. O

While the preceding lemma shows how to lift transversals in L to transversals in L [x Z,, for any matrix
X, the following results prove only that there exists a matrix X that allows m-plexes in L to be lifted to
transversals in L [lx Z,,.

Before we state and prove this lemma, however, some additional ideas are needed. Given an m-plex S in
L, let m and 7 be maps from all row and column pairs in S to the group Z,,; with a slight abuse of notation,
we write 7,7 : S — Zy,. For convenience we will use 7+ g to denote the map given by (r,¢) — [7(r, ¢) + g]m;
similar conventions will be used for 7. If we also have an n x n matrix X with entries from Z,,, then we

define

TS, m7,X) ={(r,c,e)Ox (w(r,c),7(r,c), [x(r,c) + 7(r,¢)|m) | (r,c,e) € S}
{((r,m(r, ), (c,7(r,0)),n[m(r,c) + T(r,c) — Zp.c)m + €| (r,c,e) € S}

Lemma 6.4. Let L be a latin square of order n, and let S be an m-plex in L. Suppose there exist functions
m,7:8 — Zp, and an n X n matrix X with entries from Z,, such that:

(i) for every fixed row r of L, U(mw,7) = {n(r,c) | (r,c,e) € S} = Zyy;

(ii) for every fixed column ¢ of L, ¥(7,c) = {7(r,c) | (r,c,e) € S} = Z;
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(ili) for every fixed entry e of L, ¥(m,7,e) = {[w(r,c) + 7(r,¢) — Zyc|m | (r,c,€) € S} = Zy,.
Then T =T(S,7,7,X) is a transversal in K = L Ox Z,,.

Proof. For each row r of L, condition (1) implies that the set {(r,7(r,¢)) | (r,c,e) € S} covers every row of
K with first coordinate r exactly once; since this holds for all r, T' covers every row of K exactly once. An
analogous argument based on condition (2) implies that T covers every column of K exactly once. Finally,
for each entry e of L, condition (3) implies that the set {n[r(r,c) + 7(r,¢) — rcJm + €| (r,c,€) € S} covers
every entry of K that is congruent to e modulo n exactly once; since this holds for all e, T" covers every entry
of K exactly once. Thus, T is a set of triples that covers every row, column and entry of K exactly once;
we simply need to show all of these triples are actually in K. Note that the triples in T are of the form
described in Observation 6.1, so T is indeed a transversal in K. g

Corollary 6.5. Let L be a latin square of order n, and let S be an m-plex in L. Suppose the conditions of
Lemma 6.4 hold for some functions 7 and 7 and some matrix X. Then there exists a family of m? disjoint
transversals in K = L [dx Z,, covering all of S Ex Z,,.

Proof. Define T, 5, =T(S,m+ g, 7+ h,X) and set T = {Ty 1 | (9,h) € Zy, X Zy, }. Assume (g, h) # (¢',1');
without loss of generality we can assume g # ¢’. Since 7 + ¢ differs from 7 + ¢’ on all of S, it is clear that
Ty n and Ty s are disjoint. It remains to show that T, is a transversal for any (g,h) € Zp, X Zp,. By
Lemma 6.4, it will suffice to show that m + ¢g and 7 + h satisfy conditions (1), (2) and (3). We obtain the
sets U(m + g,7), U(7 + h,c) and U(w + g, 7 + h,e) by adding the fixed amounts g, h and g + h to the sets
U(m,r), U(r,c) and ¥(m,1,e), respectively, and reducing modulo m. It is clear that these three sets also
cover the entire group Z,, so each Ty is a transversal. Thus, the collection 7 forms a collection of m?

disjoint transversals contained in S Hx Z,,; since 7 and S Hx Z,, both cover nm?> entries, we must have
that 7 covers all of S Hx Z,,. O

We now want to show that for any = and 7 satisfying conditions (1) and (2) of the previous lemma, we
can always find a matrix X such that condition (3) is satisfied as well.

Lemma 6.6. Let L be a latin square of order n, and let S be an m-plex in L. Suppose there exist functions
7w, T :S — Zy, such that:

(i) for every row r of S, U(m,r) = {n(r,c) | (r,c,e) € S} = Zp;

(ii) for every column c of S, ¥(7,¢c) = {r(r,c) | (r,c,e) € S} = Zy,.
Then we can assign values to the cells in an n x n matrix X that correspond to S such that for every entry
eof S, ¥(m,1,e) ={[r(r,c) + 7(r,c) — Tyclm | (r,c,e) € S} =Zp,.

Proof. Since any distinct (r, ¢, e), (', ¢, €’) € S must satisty (r,c) # (', '), we can define x,. . independently
for each (r,c,e) € S such that ¥(w,7,e) = Z,, for every entry e of S. O

If 7 is simply the projection of each pair (r,¢) € S to its order by column amongst all pairs in row 7 of .S,
then we say 7 is the canonical row projection. Similarly, if 7 is simply the projection of each pair (r,¢) € S
to its order by row amongst all pairs in column c of S, then we say 7 is the canonical column projection. If
7 or T is the projection of each pair to its reverse order by row or column, then we say 7 or 7 is the reverse
canonical row projection or reverse canonical column projection, respectively.

Remark 6.7. The canonical projections and reverse canonical projections both satisfy the conditions of
Lemma 6.6.

Finally, we put the previous lemmas together to get two decomposition theorems. Theorems 6.8 and 6.9
allow us to build latin squares with a 1-partition from two smaller latin squares that do not necessarily admit
such a partition.

Theorem 6.8. Let n and m be integers with m odd, and let L be a latin square of order n that admits
an (m,m,...,m,1,1,...1)-partition. Then there exists an n x n matrix X on Z,, such that K = L Ox Z,,
admits a 1-partition.

Proof. Because m is odd, we know Z,, has a 1-partition by Lemma 2.2. Assume L can be decomposed into
p transversals and ¢ labeled m-plexes, all of which are mutually disjoint. By counting the number of entries
covered by each transversal or m-plex, we know p + ¢gm = n. By Lemma 6.3, each of the p transversals in L
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combines with each of the m transversals in Z,, to yield a transversal in K for any matrix X, providing pm
total disjoint transversals in K. For each m-plex S, let # and 7 be any maps that satisfy the conditions of
Lemma 6.6. By that result, we can assign values to the cells in an n x n matrix X that correspond to each
m-plex S such that the conditions of Corollary 6.5 are satisfied. Thus, each of the ¢ m-plexes in L yields
m? disjoint transversals in K, providing gm? total disjoint transversals in K. Because all of the underlying
transversals and m-plexes in L are mutually disjoint, we know from Observation 6.2 that the pm + gm?
transversals in K are all mutually disjoint. Moreover, pm + ¢m? = (p+ gm)m = nm, so we have the desired
1-partition of K. O

We can relax the restriction that m is odd if L has a complete decomposition into m-plexes.

Theorem 6.9. Let L be a latin square of order n that admits an m-partition. Then there exists an n X n
matrix X on Z,, such that K = L [lx Z,, admits a 1-partition.

Proof. For each m-plex S, let m and 7 be any maps that satisfy the conditions of Lemma 6.6. By that result
and Corollary 6.5, there exists an n x n matrix X such that each of the > m-plexes in L yields m? disjoint
transversals in K, providing nm total disjoint transversals in K. O

7. CONSTRUCTION FOR n =2 (MOD 4)

Our goal is to build ce-hamiltonian latin squares that admit a 1-partition. In Section 6, we proved the
existence of a matrix X so that for an appropriate choice of L and M the step product L [lx M has a
1-partition. Moreover, we showed in Section 5 that if X satisfies certain properties, this step product square
will be ce-hamiltonian. In this section, we determine some squares L and M for which the X from Theorem
6.8 can be modified to also meet the conditions of Theorem 5.3. The result will be a family of latin squares
that correspond to O2HC-embeddings of complete tripartite graphs.

To accomplish this goal, we need to use the step product on two different levels. First, we are going to
find a matrix X so that K, = Z, [x Z has the desired properties of L. In particular, we want Ko, to be
ce-hamiltonian and to have a (g, ¢, 1,1, ..., 1)-partition for any fixed odd ¢, 3 < ¢ < p. Then, we are going to
find a matrix Y so that Ko, Oy Z, = (Z, Hx Zs) Oy Z, is a ce-hamiltonian latin square of order 2pg that
admits a 1-partition.

Lemma 7.1. Let p and ¢ be odd integers with ¢ prime and p > ¢ > 3. There exists a p X p matrix X on
Zy such that Ko, = Z, Lx Zs is ce-hamiltonian and admits a (¢, ¢, 1,1, ..., 1)-partition.

Proof. Let X initially be the p X p matrix of all 0’s; we will modify X to get appropriate values. Since the
union of two disjoint transversals is a 2-plex, Lemma 2.2 implies that we can find %(p — ¢) disjoint 2-plexes
in Zp; call them S, ..., 5 L(p—q)—1- Using the canonical row and column projections together with Lemma
6.6 and Corollary 6.5, we can assign values to X so that the collection S = {Sy Hx Za, ..., S%_l Ux Za}

can be partitioned into 2(p — ¢q) disjoint transversals. Note that we only assigned values to the cells in X
corresponding to the cells of Z,, covered by the S;’s.

The previous paragraph required combining p — ¢ disjoint transversals in Z, to get %(p — q) disjoint
2-plexes. Thus, there are g disjoint transversals in Z, remaining; call them Ty, ...,T,—1. We need to assign
values to X so the collection {Tp Lx Za, ..., Ty—1 Bx Za} can be partitioned into 2 disjoint g-plexes. For all
(r,c,e) € Ty, we keep xr = 0 and form the collection

Wy ={(r,c,e) Jx (0,0,0), (r,c,e) Ox (0,1,1), (r,¢c,e) Ox (1,0,1) | (r,e,e) € To}
= {((’r‘7 0)7 (07 0)7 6)7 ((T7 0)7 (C7 1)7p + 6)7 ((T7 1)7 (C7 0)7p + e) | (T7 C7 e) e TO}'
Note that W7 covers every row of the form (r,0) twice and every row of the form (r, 1) once, every column of
the form (¢, 0) twice and every column of the form (¢, 1) once, and every entry of the form e once and every
entry of the form p + e twice, where 7, ¢,e € Z,. For all (r,c,e) € T1 we set z, . = 1 and form the collection

Wy ={(r,c,e)Ox (1,1,0) | (r,c,e) € Ty}
= {((Ta 1)7 (Ca 1)7p + 8) | (Ta ) 6) € Tl}'
Note that Ws covers every row of the form (r, 1) once, every column of the form (¢, 1) once, and every entry
of the form p + e once, where r,c,e € Z,. The collection W; U W; covers every row and column of Ky,
exactly twice, covers every entry of the form e once, and covers every entry of the form p + e three times,
where e € Zy,.
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Thus far, we have assigned values to all entries =, . € X except if (r, ¢, e) € T; for some i = 2,3,...,q — 1.
Let 0(X, L) = (09,01, ...,0p—1) be the representative vector for X over L as defined in Section 5. Enumerate
Ty as {(ro,c0,0), (r1,¢1,1), ..., (Tp—1,¢p—1,p — 1)}. We will assign values to z,, ¢, for all i € Z, such that
o(X, L) satisfies the conditions of Theorem 5.3. Since every z,, ., and o; is simply 0 or 1, we assign values
to @y, ., so that o; = 1 if { is even, and o; = 0 otherwise. Thus, for alli =0,1,...,p—2 we have 0; —0;41 =1
(mod 2), and op—1 —op—p=1—1—p=1 (mod 2) as well, so the conditions of Theorem 5.3 are satisfied.
It remains to show that we can find the partition into 2 disjoint ¢g-plexes without changing any more entries
in X.

Let Ey = {(0,0,0),(1,1,0)} C Zy and Fy = {(0,1,1),(1,0,1)} C Zz. Form the collection W5 =
{(r,c,e) Ox By, . | (r,¢c,e) € To}; elements of W3 can take two forms depending on the value of ... For
all (r,c,e) € Ty, if . = 0 then ((r,0), (c,0),¢e),((r,1),(c,1),e) € W3, and if z, . = 1, then ((r,0), (¢, 1), e),
((r,1),(c,0),e) € W3. Note that in either case the rows (r,0) and (r,1) and the columns (c,0) and (¢, 1)
are covered once, while the entry e is covered twice. Thus, W3 covers every row and column in K, exactly
once and every entry e exactly twice, where e € Z;,. Therefore, the collection W7 U W, U W3 forms a 3-plex.
We now have g — 3 remaining unused transversals, which are T3,...,7,_;. Recalling that z,. = 0 for any
(r,c,e) € T; with 1 =3, ...,g — 1, let

We’uen = {111 DX Eo | 7 even}
={((r,0),(¢,0),e), ((r,1),(c,1),€) | (r,c,e) € T;,i even}

and
Weada = {Tl Cx E; | 7 Odd}
={((r,0),(¢,1),p+e),((r,1),(c,0),p+¢) | (r,c,e) € T;,i odd}.

Note that Weyen covers every row and column of K», exactly %(q — 3) times. Additionally, Weyen covers
every entry e exactly ¢ — 3 times, where e € Z,,. Similarly, W,4q covers every row and column of K», exactly
%(q —3) times. Additionally, Wy4q covers every entry p+ e exactly ¢ — 3 times. Thus, Weyen U W44 forms a
(¢ — 3)-plex, and the collection W = W1 U Wa U W3 U Weyen, U Wogq forms a g-plex. Let V = Ka, \ (SUW);
since S and W together cover every row, column, and entry of Ks), exactly 2(p — ¢) + ¢ = 2p — ¢ times, V
must cover every row, column, and entry of K, exactly 2p — (2p — ¢) = ¢ times. Therefore, V is also a
g-plex, and we have our desired partition of K, into 2(p — ¢) transversals and 2 g-plexes, all of which are
mutually disjoint. As mentioned before, the matrix X we constructed satisfies the conditions of Theorem
5.3, so Ky, is also ce-hamiltonian. O

We want to use Kp, as the first ingredient of a step product construction with Z,; in this step product
we use a matrix Y to form the product Ky, [y Z,;. We need to show that the matrix ¥ that we obtain
from Theorem 6.8 can be modified to satisfy the conditions of Theorem 5.3 without destroying the partition
into transversals. To do so, we will apply Theorem 6.8 to Ky, and Z, with one g-plex labeled with the
canonical projections and the other g-plex labeled with the reverse canonical projections. This will yield
a matrix Y such that Ky, [y Z4 has a 1-partition. We will then alter 7 and 7 for each g-plex and show
that making appropriate changes in Y yields a matrix such that Ky, [y Z, still admits a 1-partition, but is
ce-hamiltonian as well.

Before we accomplish this goal, it will now be helpful to identify some properties of the g-plexes created
in Lemma 7.1. Observe that when (r,c,e) € Ty, 3 of the 4 entries of K5, obtained from (r, ¢, e) Hx Za are in
W. Similarly when (r,c,e) € Th, 1 of the 4 entries of Ky, obtained from (r,c, e) lx Zs is in W. We assume
for the sake of presentation that Ty and 7 are found along the first two diagonals of Z,. We then have the
following representation for K»,, where the superscript denotes whether each entry is in the ¢g-plex W or V:

OW pW p+1V 1V
pW OV 1V p+1W
2V pp2W  p+3V 3V
p+2W 2V 3V. p+3%
2p—1V p—-1V p—2W 9p—2W
p—1V 2p—1W 2p -2 p—2V
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Assume that W is labeled with the canonical projections 7y = 7w and 7w = 7. The triple (r,¢,e) € Ty
gives rise to the triples ((r,0), (c,0),e), ((r,0),(c,1),p+€),((r,1),(c,0),p + ) € W. Assume 7 and 7 take

the following values:
ﬂ-((’ra 0),(0, O)) P1, T((Ta 0),(0, O)) = 7
ﬂ-((’ra 0),(0,1)) = P2 T((Ta 0),(0,1)) = 72, .
ﬂ-((’ra 1)7 (Ca O)) = pP3 T((Ta 1)7 (Ca O)) = 73

From the way m and 7 are defined, we know po = p1+1 and v3 = 1 +1. We want to switch the values of 7w
and 7 for these triples while preserving condition (3) of Lemma 6.4. To do so, we will simultaneously need to
change the matrix Y. First, consider the elements a1 = [p1 +71 —Z(r0),(c,0)lq and a2 = [p2 +72 = Z(r,0),(c,1)]¢-
If we switch p; and po, then we obtain the elements @} = [p2+71 —T(r,0),(c,0)lq and a5y = [p1+72 =2 (r0),(c,1)] -
To ensure {a},ab} = {a1,as}, we also need to increase x(, ), (c,0) by one and decrease ;. ¢y, (c,1) by one. This
increases 0. by one while decreasing 0,4 by one. Such a switch is called a W-row switch on e. Now consider
az = [p3+ 73 — T(r,1),(c,0)lq- If we switch v, and 3, then we obtain the elements ai = [p1 +73 — Z(r,0),(c,0)lq
and a3 = [p3 + 71 — T(r1),(c,0)lq- To ensure {a7, a5} = {a1,a3}, we also need to increase z(; gy, (c,0) by one
and decrease T (,,1),(c,0) by one. This again increases o, by one while decreasing o, by one. Such a switch
is called a W -column switch on e.

Given any e € Z,, we can perform just a W-row switch on e or we can independently perform both a
W-row switch and a W-column switch on e. Thus, we can increase g, by either one or two, respectively,
while decreasing 0,4, by that same amount. We want to define similar switches for the triples in V' that
are obtained from 77; however, if we want the switches to affect o, and 0,4, in the same way, we need
to assume that V' is initially labeled with the reverse canonical projections 7wy and 7y. It is not hard to
show that V-row and V-column switches on e also increase o, by one or two while decreasing 0,1, by that
same amount. Thus, we can increase o, by up to four while decreasing 0,4, by that same amount without
affecting the transversals that W and V yield through Corollary 6.5.

The following lemma supplies a special case in the proof of Theorem 7.3 below, while also providing an
example of both Lemma 7.1 and switches.

Lemma 7.2. There exists a ce-hamiltonian latin square of order 18 that admits a 1-partition.

Proof. A matrix X' guaranteed by Lemma 7.1 so that K¢ = Zs [x/ Zo is ce-hamiltonian and can be
partitioned into 2 disjoint 3-plexes is shown below. Let my and 7 be the canonical projections for W,
and let my and 7y be the reverse canonical projections for V; a matrix X guaranteed by Theorem 6.8 so
that K¢ lx Zs has a 1-partition is shown below, along with Kg. For each (r,c,e) € Kg, the superscript
denotes whether that entry is in the 3-plex W or V and provides the ordered pair mw (r,¢), 7w (r,¢) or
wy (r,¢), v (r, ¢), and the subscript provides ;..

w,0,0 W,1,0 V,2,2 V,1,2 Ww,2,0 V,0,2
OO 30 42 1O 20 50

w,0,1 V,2,2 V,1,1 Ww,1,0 V,0,2 Ww,2,0
35 0y 1 4 5 2}

0

V,2,2 W,0,1 | oW,1,0 W,2,1 | oV,1,1 V,0,1
4 Iy 20 59 30 0p

w,0,2 V2,1 w,1,1 V,1,1 V,0,0 w,2,1
1O 40 50 22 O0 30

XI

7K6

I
——_= O
o O =
o = O

V,2,1 V,1,0 W,0,2 4V,0,0 W11 W,2,2
9 2 0o 30 1y 49

V,2,0 w,0,2 V,1,0 w,1,2 w,2,2 V,0,0
2O 51 30 02 42 12

At this point, we have o(X, Kg) = (1,1,1,2,2,2). This does not satisfy the conditions of Theorem 5.3,
so we perform the following W-row switch on 1. The notation below is similar to that used above; however,
we only label the entries involved in the switch.

)
2
0
3

W O N Ot

KGZ

w,2,1  ,W,1,2
0 0

N U= W O
TN [ HO W
N U= W O
TN [ HO W
= =[O WOt N

W O (U DN
S W (N U =

W O (U DN
S W (N U =
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This switch increases 1 by one while decreasing o4 by one; we now have o(X, Ks) = (1,2,1,2,1,2). This
satisfies the conditions of Theorem 5.3, so the square K¢ [x Z3 is ce-hamiltonian and has a 1-partition. [

We are now ready to provide the main construction for most values of n such that n =2 (mod 4).

Theorem 7.3. Let p and g be odd integers with ¢ prime and p > ¢ > 3. There exists a 2p x 2p matrix X
such that Ky, x Z, is a ce-hamiltonian latin square of order 2pg that admits a 1-partition.

Proof. Lemma 7.1 gives us a partition of K, into 2(p — ¢) transversals and 2 g-plexes W and V; we can
assume W is labeled with the canonical projections and V is labeled with the inverse of the canonical
projections. By Theorem 6.8, there exists a 2p x 2p matrix X such that Ky, [lx Z, has a 1-partition. We
need to show that this X can be altered to meet the conditions of Theorem 5.3.

If p > g, then our partition of K, contains at least one transversal, call it T'. Since ¢ is prime, ged(y, ¢) =1
for all 0 # y € Zq. Moreover, since ¢ > 3, there exists some vy € Z4 such that 1 —~+ and v — 1 — 2p are
both nonzero. Since Lemma 6.3 works for any X, and Theorem 6.8 allows arbitrary values in entries of X
corresponding to transversals in Ks,, we can assign arbitrary values to x, . when (r,¢,e) € T. Enumerate
T as {(ro,¢0,0), ..., (rep—1, c2p—1,2p — 1) }; just as in the proof of Lemma 7.1, both z,, ., and o; are integers
modulo ¢, so we simply assign values to x,, ., so that o; = 1if i is even, o; =0if i =1,3,...,2p — 3, and
oap—1 = . Thus, for i = 0,2,...,2p — 4 we have 0; — 0,41 = 1 (mod ¢q), for i = 1,3,...,2p — 3 we have
0i — 0it1 = —1 (mod q), o2p—2 —02p—1 =1 — 7, and 09,1 — 09 —2p =7y — 1 —2p. Since —1,1,1 — v and
v — 1 — 2p are all relatively prime to ¢, the conditions of Theorem 5.3 are satisfied.

Now assume p = ¢ > 5, and define d; = o, — op41 for 0 < k < 2p—2 and 621 = 02p—1 — 09 — 2p just as
in Theorem 5.3. Set D = {d¢, 01, ..., 02p—1}; our goal is to ensure (d,q) =1 for all d € D. Since ¢ is assumed
to be prime, we simply need to ensure that every element in D is nonzero.

Choose any 0 < e < p — 1 such that at least one member of D(e) = {0¢—1,0¢,detp—1,0e+p} is zero. Since
q > 5, there exists some A € {1,2,3,4} C Z, such that dc—1 — A, dc + A, deqp—1 + A, and deqp — A are all
nonzero. Now, we simply perform enough W- and V-row and column switches on e so that o, is increased
by A and 0,4, is decreased by A. Since switching on e in this way will never affect any d & D(e), we can
repeat this process until every element in D is nonzero and o (X, Kap) satisfies the conditions of Theorem
5.3.

The final case p = ¢ = 3 is covered by Lemma 7.2. g

8. CONSTRUCTION FOR n =0 (MOD 4)

In the case when n = 0 (mod 4), we will use L = Zz and M = Zy. Before we provide the general
constructions, we modify the switching procedure described for Ks, to work on the square Zz. In the
2-partition guaranteed by Lemma 2.2, every row r of each 2-plex S contains two entries (r,¢,e) and (r,c +
1,e+ 1), where e = r + ¢ is even. Let mg = 7 be defined so that m(r,¢) = 0 and 7(r,c+ 1) = 1 for each row
r; this is equivalent to the canonical row projection except when ¢ = § — 1. We again want to switch the
values of 7 for these triples without changing the entries they yield in S[x Zo. As before, this switch results
in increasing , . by one and decreasing z, .+1 by one; in Zy this is equivalent to flipping the values o. and
Oet1 from 0 to 1 or from 1 to 0. This will similarly be called a S-row switch on e. In an analogous fashion,
we note that every column of S contains two entries (r,¢,e — 1) and (r + 1, ¢, €), where again e = r+c+ 1
is even. Let 75 = 7 be defined so that 7(r,¢) = 0 and 7(r + 1, ¢) = 1 for each column c¢; this is equivalent to
the canonical column projection except when r = § — 1. By switching the 7 values of these triples, we flip
the values o.—1 and o, in Zs; this is a S-column switch on e. By performing both a S-row switch on e and
a S-column switch on e, we leave the value of ¢, unchanged while flipping both 0.1 and o.41 in Zg. The
following lemma will be needed.

Lemma 8.1. Let p be even, and let S be a 2-plex in Z,,. If m7g = m,7¢ = 7 and X satisfy the conditions of
Lemma 6.4, then the set {z,. | (r,c,e) € S,z . = 1} contains an even number of elements.

Proof. For each entry e € Zp, let (r1,c1,€), (r2,c2,€) € S be the two triples of S containing e; condition (3)
of Lemma 6.4 implies that we must have

{m(r1,e1) +7(r1,e1) = Ty ey, (12, €2) + T(12,C2) = Ty e } = {0, 1}
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Thus, since p is even,
Z (w(r,c) + 7(r,¢) — xrc) =0,
(r,c,e)€S
where the addition is taken in Zjy. Again since p is even,

Z m(r,c) = Z 7(r,c) =0

(r,c,e)€S (r,c,e)€S
in Zsy, so we must have
Z Tre=10
(r,c,e)€eS
as well. Tt follows that the set {x,. | (r,c,e) € S,z = 1} has even order. O

We are now ready to prove the main construction for n = 0 (mod 8).

Theorem 8.2. Let n = 0 (mod 8). There exists an § x § matrix X such that Z=» [y Zy is a ce-hamiltonian
latin square that admits a 1-partition.

Proof. Set b = 7; note that b is even. By Lemma 2.2 there exists a 2-partition § of Zg,. For each 2-plex S
we use g and 7s as defined at the beginning of this section; by Theorem 6.9 there exists a 2b x 2b matrix X
such that Zop, [lx Zo has a 1-partition. We need to show that this X can be modified to meet the conditions
of Theorem 5.3. According to Lemma 8.1, each 2-plex S € S has an even number of corresponding 1’s in X.

Thus, if U(X, Zgb) = (00,01, ...,0’21,_1), then

2b—1
g 0; = § Lrc = E § Ly | = 0,
i=0 Trc€X SeS \ (r,c,e)eS

and the representative vector o(X,Zsp) has an even number of 1’s. Let v(i) be the vector of length 2b
with 1’s in position ¢ and ¢ + 1 and 0’s everywhere else; the set {v(i) | 0 < i < 2b — 2} forms a basis over
Zo for all length 2b vectors with an even number of 1’s. Furthermore, any S-row or S-column switch on
e will simply add v(e) or v(e — 1), respectively, to o(X,Zsp). Since b is even, the vector (0,1,0,1,...,0,1)
contains an even number of 1’s; we now perform the required S-row and S-column switches to ensure that
o(X,Zs) = (0,1,0,1,...,0,1). It is now clear that o(X, Zsp) meets the conditions of Theorem 5.3. |

When n = 4 (mod 8), we require a special construction. Again set b = %, where b is now odd, and
let X be the 2b x 2b matrix with x9p—1 . = 1 for all even ¢, and z, . = 0 otherwise. We form the square
Jn = Zop [x Zo and show that it has the required properties.

Theorem 8.3. Let n = 4 (mod 8) with n > 12. The latin square J, is ce-hamiltonian and admits a
1-partition.

Proof. Tt is readily seen that o(X,Zs) = (0,1,0,1,...,0,1); thus, J, is ce-hamiltonian by Theorem 5.3. Tt
remains to show that J,, admits a 1-partition.

For a 2-plex S in Zgp and any maps ng = m and 7¢ = 7, we say (r,c,e) € S has a uniform label if
m(r,c) = 7(r, ¢); otherwise we say (r,c,e) € S has a mized label. Let S be the following 2-plex in Zgp, where
the superscript on each entry (r, ¢, e) defines 7wg(r,c¢), 7s(r, ¢).

00.,0 11,1

30:0 (b+2)L0

(2b —1)00 . (b—2)1.0

bO,l (b—I— 1)1.,0

(b +3)%! 2h1

(b—1)%1 @
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Set Ty n = T(S,7s + g,7s + h, X); we will show that the conditions of Lemma 6.4 are met. It is readily
seen from their definition that wg takes both values 0 and 1 in every row of S and 7g takes both values 0
and 1 in every column of S, so conditions (1) and (2) are met for any g,h € Zy. Finally, x, . = 0 for all
(r,c,e) € S, and each entry in S has one uniform label and one mixed label, so (g + g, 75 + h,e) = {0,1}
for each entry e € S, and condition (3) is met for any g, h € Z2 as well. By Lemma 6.4, Tp o is a transversal
in J,. As in the proof of Corollary 6.5, Ty 1 is also a transversal in J,. Additionally, let S + y be the
2-plex with the same labels as S that is obtained by shifting the cells of S y columns to the right, and let
Ton+y=T(S+y,ms+g,7s +h,X). If y is even, then the entries in row 2b—1 of S+ y are all even, so the
corresponding entries in X are 0 and it is readily seen that Ty o + y and Tp,; + y are also transversals. We
claim the collection § = {T0.0,To,0 + 2, .., To,0 + (20 — 2),To.1, To.1 + 2, ..., To,1 + (20 — 2)} forms 2b mutually
disjoint transversals in J,. Indeed, the 2-plexes S + y and S + z are disjoint unless z = y + b — 1 (or
y=2z+b—1). In that case, the 2-plexes S+ y and S + (y + b — 1) overlap in every row except row 0 and
b. However, for every overlapped entry, the transversals Ty o + v and Ty 1 + y use the entries in row 0 of the
corresponding subsquare Zsg, while the transversals Tp o + (y + b — 1) and T 1 + (y + b — 1) use the entries
in row 1 of the corresponding subsquare Zs. Thus, the members of S are mutually disjoint, and |S| = 20.

We now present a similar 2-plex that we can use to cover the remaining entries in Zsg,. Let S’ be the
following 2-plex, with superscripts again defining 7g, 7s/.

10,0 21,1

40,0 (b+ 3)1,0

(2b — 2)0:0 (b—3)"0
(b _ 1)1,0 00,0

(b+1)0,1 (b+2)1’0

(b+4)01 3b1

(b —2)01 (2b—3)1!
(2b—1)01 plil

Note that b has two uniform labels and 20— 1 has two mixed labels; these correspond to nonzero entries in the
last row of X. Every other entry has both a uniform and a mixed label, and the corresponding entries in X
are 0. Lemma 6.4 again implies that 7" = T'(S’, 7s/, 7, X) is a transversal. By defining S’ +y and 7, ,, +y
in a manner similar to S + y and Ty, + v in the previous paragraph and using an analogous argument, we
learn that S = {717 o, Tp o + 2,.., Tp 0 + (20 — 2), T 1, T4 1 + 2, ..., Ty 1 + (20 — 2)} forms 2b mutually disjoint
transversals in J,,. ' ' ' ' '

It remains to show that the transversals in S are disjoint from the transversals in S’. For even y and z, it
is clear that each 2-plex S +y is disjoint from each 2-plex S’ + z in every row except row 0 or b, because S+y
and S’ + z use columns of different parity in all rows except 0 and b. But for any even overlapped entry in
row 0, To,0 +y and Ty 1 + y use the entries found in row 0 of the corresponding subsquare Zy, while T¢ o + 2
and Tj 1 + 2 use the entries found in row 1 of the corresponding subsquare Zz. In a similar fashion for any
odd overlapped entry in row 0, Tp o + y and Ty 1 + y use the entries found in row 1 of the corresponding
subsquare Zs, while Té,o + z and Té)l + z use the entries found in row 0 of the corresponding subsquare Z,.
It is similarly shown that Ty o +y, To1 +y, Tp o + 2z and Tj | + 2 are disjoint in row b. The collection SU S’
contains 4b = n mutually disjoint transversals and is the desired 1-partition of .J,,. |

9. SUMMARY OF RESULTS

We finish this paper by summarizing our results; the following theorem unifies the latin square construc-
tions.

Theorem 9.1. If n > 1 such that n # 2 and n # 2p for every prime p, then there exists a ce-hamiltonian
latin square of order n that admits a 1-partition.

Proof. If n is odd, then the required square is given by Theorem 3.6. If n = 2 (mod 4) such that n > 18 and
n # 2p for every prime p, then we can write n = pg where p and q are odd, ¢ is prime, and p > ¢ > 3; the
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required square is given by Theorem 7.3. If n = 0 (mod 4) and n > 8, then either n = 0 (mod 8) or n =4
(mod 8), so the required square is given by Theorem 8.2 or 8.3, respectively. 0

From this we obtain the desired embeddings of K, ,, »; the following corollary will be used in [6].

Corollary 9.2. If n > 1 such that n # 2 and n # 2p for every prime p, then there exists an orientable face
2-colorable hamilton cycle embedding of K, ,, » in which every face is an ABC face.

Proof. The desired embedding is derived from Theorem 9.1 by way of Theorem 3.5. O

10. EXTENSION TO TRIANGULATIONS

We have shown a correspondence between orientable hamilton cycle embeddings of K, ,, », and orthogonal
latin squares; there is a well-known correspondence between orientable triangulations of K, , , and latin
squares. An orientable triangulation of K, ,, , — equivalently an orientable hamilton cycle embedding of K, ,,
— yields a pair of latin squares, and this process can be reversed if the pair of latin squares satisfies certain
conditions; this is known as a biembedding of latin squares. In fact, Grannell, Griggs and Knor proved that
biembeddings of latin squares comprise all orientable triangulations of K, ,, » [12, Proposition 1].

The following definition is a reformulation of Definition 2.1 in [11].

Definition 10.1. Let L be a latin square of order n and define the collection of pairs
P, ={(E(L,j,0),E(L,j+1,¢)) | £ € Z,} for all j € Z,.

If the induced pair graph Gp; is a hamilton cycle for all j € Z,, then we say that L is consecutively row
hamiltonian, or cr-hamiltonian for short.

A latin square L is conjugate to L’ if L’ can be obtained from L by permuting the roles of the rows, columns
and entries. It is not hard to show that a ce-hamiltonian latin square is conjugate to a cr-hamiltonian latin
square. Therefore, the squares constructed in this paper — and the many additional ce-hamiltonian squares
that can be obtained via the step product construction — can be used in conjunction with the following
theorem to obtain orientable triangulations of K, ,, p.

Theorem 10.2 (Grannell and Griggs, Lemma 2.1 [11]). If L is cr-hamiltonian, then there exists a biem-
bedding of L with a copy of itself.
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