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Abstract

We give a density condition for when, subject to a necessary parity condition, an eulerian
graph or digraph may be cellularly embedded in an orientable surface so that it has exactly
two faces, each bounded by an euler circuit, one of which may be specified in advance. More
generally, suppose that every vertex in an m-vertex eulerian digraph (loops and multiple
arcs allowed) has at least (4n + 2)/5 neighbors, and specify any decomposition of the arcs
into disjoint directed circuits (closed trails). We show that such a digraph has an orientable
embedding in which the given circuits are facial walks and there are exactly one or two
other faces. This embedding then has maximum genus relative to the given circuits being
facial walks. When there is only one other face, it is necessarily bounded by an euler circuit.
Consequently, if the numbers of vertices and edges have the same parity, a sufficiently dense
digraph D with a given directed euler circuit 7' has an orientable embedding with exactly
two faces, each bounded by an euler circuit, one of which is 7. These results for digraphs
give analogous results for graphs as immediate corollaries. The main theorem encompasses
several special cases in the literature, such as when the digraph is a tournament.
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1. Introduction

When does a graph or digraph have an orientable bi-eulerian embedding? This is, when
can it be cellularly embedded in a orientable surface so that it has exactly two faces, each
bounded by an euler circuit, such as shown in Figure 17 Is it possible to specify one of the
euler circuits in advance?
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(a) A digraph with a specified directed culer cir-
cuit.

(b) A directed embedding of the digraph with two faces.

Figure 1: A bi-eulerian orientable embedding of a digraph, with the specified euler circuit
as one face (red), and one other euler circuit face (blue). The embedding is represented as
a ribbon graph, while sewing a disc into each facial walk gives the surface.

More generally, when is it possible to specify an arbitrary circuit decomposition of the
edges or arcs and complete it to an embedding with just one more face, necessarily bounded
by an euler circuit? Finding such a face achieves a maximum genus orientable embedding
having the circuits in a given decomposition as facial walks. This leads to the general
question of determining the maximum genus of an embedding relative to a given circuit
decomposition. Beyond topological graph theory, these questions arise in surprisingly diverse
settings, including DNA self-assembly, Steiner triple systems, and latin squares.

Our main result, given in Theorem 4.1, answers these questions for sufficiently dense
graphs and digraphs. We prove that if every vertex of an n-vertex digraph has at least
(4n+2)/5 neighbors, and a necessary parity condition holds, then it is indeed always possible
to achieve these special embeddings of maximum orientable genus. Our proof is constructive,
so gives an algorithmic process for finding the desired embedding. Since the edges of an
eulerian graph can always be directed to give an eulerian digraph, the stronger digraph
results lead immediately to corollaries with analogous results for graphs.

Such consequences include Corollary 4.5, which says that if G is a sufficiently dense eu-
lerian graph with euler circuit 7', then there is a 2-face-colorable orientable embedding of
G with T as the unique face of one color and with exactly one or two faces of the other
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color, depending on whether |V(G)| 4+ |E(G)| is even or odd, respectively. This embed-
ding has maximum genus among all 2-face-colorable orientable embeddings of G. When
[V(G)| + |E(G)| is even, then this is an orientable bi-eulerian embedding of G with 7" as a
specified face, and the embedding has maximum genus among all orientable embeddings of
G. However, in general not every maximum genus embedding of such a G is bi-eulerian.

Our original motivation for studying bi-eulerian embeddings came from an applied prob-
lem in DNA self-assembly posed by Jonoska, Seeman and Wu [22], which required a special
closed walk in a graph for a DNA strand to follow. The presence of such walks corresponds
to the existence of an orientable edge-outer embedding, namely an embedding with a special
outer face whose boundary uses every edge at least once. The paper [22] proves the existence
of orientable edge-outer embeddings, while [11] provides a short algorithm to find them and
shows that finding an optimal embedding (with shortest outer face) is NP-hard. Neither
[22] nor [11], however, provides any control over the number or sizes of the non-outer faces.

The startlingly simple (to state!) and intriguing questions in the first paragraph emerged
from this application. Although determining the size of optimal edge-outer faces is hard in
general, for eulerian graphs any optimal edge-outer face is necessarily bounded by an euler
circuit. Thus, we seek to control the remaining faces in an optimal edge-outer embedding
of an eulerian graph by specifying them in advance with a circuit decomposition. Of partic-
ular interest are bi-eulerian orientable embeddings, particularly when one of the circuits is
specified in advance.

While our original motivation was DNA self-assembly, these and some closely related
questions have also received considerable attention in various other special settings.

In [9], Edmonds proved that every eulerian graph has an bi-eulerian embedding in some
surface, but noted that his main theorem was not sufficient to determine the orientability
of the embedding. A result of Kotzig [23] implies that in a 4-regular graph every euler
circuit, or more generally every circuit decomposition, can be extended to an embedding
by adding an additional face bounded by an euler circuit; again the orientability is not
determined. In [10, Section 6] we generalized both of these results to characterize when a
circuit decomposition of an eulerian graph can be extended to a nonorientable embedding
by adding an additional euler circuit face.

In this paper we focus on the more challenging orientable situation. Conditions for the
existence of an orientable bi-culerian embedding where one culer circuit face is specified in
advance were given by Bonnington, Conder, Morton, and McKenna [3] for regular tourna-
ments, and by the current authors [10], based on the degrees of vertices modulo 4. A series of
papers, [15, 18, 19, 20] authored by Griggs and Sirén and sometimes also Erskine, Grannell,
McCourt, or Psomas, discusses completing a triangular decomposition to an embedding by
adding an euler circuit, for situations arising from a structures in design theory (Steiner
triple systems, latin squares or symmetric 3-configurations).

More details of these, and other, prior results are given in Section 3, after reviewing
necessary definitions and basic results in Section 2. We then state our main result and its
various consequences and related results in Section 4, deferring the rather technical proof of
the main result until Section 6. Section 5 contains the lemmas, some of independent interest,
used for the proof of the main theorem. We conclude in Section 7 with some closing remarks.

3



An overview of some of the results in this paper has appeared in [12].

2. Terminology

We briefly recall some definitions and terminology from [10].

2.1. Representation of graphs and digraphs

Our graphs and digraphs allow multiple edge or arcs, and loops, and we often need to
specify a particular end of an edge or arc. Therefore we define graphs and digraphs using
half-edges and half-arcs, similarly to Fleischner [17].

A graph is a quadruple G = (V, E*;1,w) where V (vertices) and E* (half-edges) are
disjoint sets, ¢ : E* — V describes the incidence of each half-edge with a vertex, and
w: F* — E* is a fixed-point-free involution that maps each half-edge to another half-edge.
An edge is an unordered pair {h,w(h)} where h € E* and we let E denote the set of
edges. We use E*(v) to represent ¢~ (v), the set of half-edges incident with a given vertex
v. To specify a particular graph G we write V(G), E*(G), ¥g, we, E(G), and Ef(v). The
minimum degree of G is denoted 0(G).

Similarly, a digraph is a quintuple D = (V, At A~ ¢, w) where V' (vertices), A* (out-
going half-arcs) and A~ (incoming half-arcs) are disjoint sets, and if A* = AT U A~ then
¥ A* — V describes incidences of half-arcs with vertices, and w : A* — A* is an involution
that maps each element of AT to an element of A~ and vice versa. An arc of D is an ordered
pair (g,w(g)) where g € A", and we let A denote the set of arcs. We use AT (v), A~ (v),
and A*(v) to represent the set of elements of AT, A~ and A*, respectively, incident with
a vertex v. To specify a particular digraph D we write V(D), AT (D), A=(D), v¥p, A*(D),
wp, A(D), A} (v), Ap(v), and A% (v). Two distinct vertices u, v of D are adjacent if there
is an arc (in either direction) with endvertices u and wv.

We warn the reader that we will use either the framework just described or standard
definitions as convenient. We follow the terminology of [28] unless otherwise noted.

A graph, walk, digraph, or directed walk is nontrivial if it has at least one edge or arc.

A walk of length ¢ in a graph G is a sequence W = vyg1h1v192havs . .. vy_1g9shev, Where
v; € V(Q), gi, hi € E*(G), ¥(g;) = vi_1, ¥(h;) = v; and w(g;) = h; for all ¢ with 1 <14 < /.
A directed walk in a digraph D is similar to a walk, but with conditions g; € AT(D) and
h; € A=(D) for all ¢ with 1 < ¢ < ¢. Special types of walks include closed walks (vy = vp),
paths (no repeated vertices), cycles (closed walks that use every edge of a 2-regular subgraph
exactly once), trails (no repeated edges), and circuits (closed trails). When it does not cause
confusion, we do not distinguish between a closed (directed) walk and an equivalence class
of closed (directed) walks under cyclic shifts, and we indicate such an equivalence class
with parentheses, as (vog1hivy ... ve—1gohe). W = w91 ... v and W = v}g] ... v, are two
(directed) walks with vy = v, then the (directed) walk vog; ... (v, = v{)g} ... v} obtained
by concatenating W and W' is denoted by W-W".

An euler circuit in a graph is a circuit that contains all the edges and vertices. A graph
with an euler circuit is eulerian, which is equivalent to being connected with every vertex of
even degree. Directed euler circuits and eulerian digraphs are defined similarly; an eulerian
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digraph is connected with every vertex having indegree equal to its outdegree. Every eulerian
graph has at least one circuit decomposition, a collection of circuits using every edge exactly
once. Similarly, every eulerian digraph has at least one directed circuit decomposition, using
every arc exactly once.

2.2. Embeddings and directed embeddings

All graph embeddings in this paper are cellular. We assume that the reader is familiar
with cellular embeddings of graphs in surfaces and their various combinatorial represen-
tations; standard references are [14, 21, 24]. An embedding can represented by giving its
collection of facial boundary walks, and we often do not distinguish between a face of an
embedding and the corresponding facial walk. An oriented embedding is an embedding in an
orientable surface with a specific global clockwise orientation. Our embeddings will mostly
be oriented and represented combinatorially by rotation systems specifying the clockwise or-
der of half-edges or half-arcs around each vertex, and we use standard tracing procedures to
determine the faces. The Euler genus v of a surface X is the genus if X is nonorientable and
twice the genus if X is orientable, and Euler’s formula for a connected graph G embedded
inXis |V|—|E|+|F|=2—7.

If we embed a digraph D so that every face is bounded by a directed closed walk of
D (respecting the directions of the arcs in D), we call this a directed embedding of D.
In an oriented directed embedding, each face is either a proface, with facial walk directed
clockwise, or an antiface, with facial walk directed anticlockwise. Directed embeddings have
the following basic properties.

Observation 2.1 (Bonnington, Conder, Morton and McKenna [3]).

(a) An embedding of a digraph is a directed embedding if and only if at each vertex the
half-arcs, taken in rotational order, alternate between entering and leaving the vertex.

(b) Therefore, a connected digraph with a directed embedding must be eulerian, because
at each vertex the numbers of entering and leaving half-arcs are equal.

(¢) An eulerian digraph always has at least one oriented directed embedding, given by any
rotation system in which the half-arcs alternate in direction around each vertex.

(d) An orientable directed embedding is always 2-face-colorable, where (for a specific ori-
entation of the surface) the profaces and the antifaces form the two color classes.

Part (d) above can be strengthened, as follows.

Lemma 2.2 ([10, Lemma 2.2]). A directed embedding is orientable if and only if it is 2-
face-colorable.

An embedding (directed embedding) of a graph (digraph) is bi-eulerian if it has two
faces, each bounded by an euler circuit (directed euler circuit). Bi-eulerian embeddings of
graphs may be orientable or nonorientable, but bi-eulerian directed embeddings of digraphs
are always orientable, by Lemma 2.2.

The term bi-eulerian or bieulerian has occasionally been used in the literature, with a
variety of meanings. For example, Xuong [29, p. 218] used it for embeddings with a single
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face covering every edge twice, Fleischner [17, p. VI.17] used it for special eulerian digraphs,
and Chen and Fang [4] used it for embeddings of bipartite eulerian graphs. We trust that
our reuse of this term will cause no confusion.

2.3. Relative embeddings and upper relative embeddings

Suppose G is a connected graph and WV is a collection of closed walks in G. If W is
another collection of closed walks in G' such that W and W' together form the facial walks
of an embedding ®, then we say ® is an embedding of G relative to VV. We say the faces
bounded by elements of W and of W' are specified and new faces, respectively. If & is
orientable, W is a circuit decomposition C of (G, and there are only one or two new faces,
then we say that ® is an upper embedding of G relative to C. (We require W to be a circuit
decomposition to avoid complications that arise in more general situations.) In particular,
if we complete C to an orientable embedding by adding an euler circuit, then we have an
upper relative embedding. If an upper embedding of G relative to C exists, it has maximum
genus over all orientable embeddings of G relative to C.

We can also apply these concepts to collections of directed walks, directed circuit decom-
positions, and directed embeddings of digraphs. The following observation relies on Lemma
2.2 for (a) and on evenness of the Euler genus of an orientable embedding for (b). Part (b)
tells us whether an upper relative embedding will have just one new face or two new faces.

Observation 2.3. Suppose C is a directed circuit decomposition of an eulerian digraph D
and @ is a directed embedding of D relative to C.
(a) Then @ is orientable, and the surface can be oriented so that C is the collection of

profaces.
(b) The number of new faces of ® has the same parity as |V (D)| + |A(D)| + |C|.

We will use the following result on the existence of oriented directed embeddings relative
to a directed circuit decomposition.

Lemma 2.4. Suppose C is a directed circuit decomposition of an eulerian digraph D. Then
there exists an oriented directed embedding of D in which the profaces are precisely the
elements of C.

Proof. Since C is a directed circuit decomposition of D, every half-arc occurs exactly once
in C. For each I € Ay, let y(h) € A}, be the half-arc that follows A in some element of C.
Then v(A~(v)) = AT (v) for all v € V(D).

We construct a rotation at each vertex v. Suppose v has indeg(v) = outdeg(v) = d,
and A~ (v) = {ho,h1,...,hg1}. Let g; = ~v(h;) for 0 < i < d — 1, and define the clockwise
rotation at v to be (gohogih1 - .. ga—1ha—1). Since the half-arcs alternate in direction at each
v, these rotations specify an orientable directed embedding of D. Each proface that enters
v on h; leaves on g; = y(h;), so the profaces join the arcs together in the same way that the
circuits in C do. Thus, the profaces are exactly the elements of C. O

This lemma was used implicitly by Bonnington et al. [3, p. 13] in the case where C
consists of a directed euler circuit.



3. Previous results

Graph embeddings with euler circuit faces have been a subject of interest for nearly sixty
years. In this section we discuss relevant prior results. We focus on orientable embeddings
relative to a circuit decomposition, but briefly discuss more general results first.

Edmonds [9, p. 123] showed that every eulerian graph has a bi-eulerian embedding. A
result of Kotzig [23, Theorem 3] can be interpreted as saying that every circuit decompo-
sition of a 4-regular graph can be extended to an embedding by adding an euler circuit.
In both Edmonds’ and Kotzig’s results nothing is specified about the orientability of the
resulting embedding. We showed [10, Theorem 6.5] that a circuit decomposition of an arbi-
trary eulerian graph can be extended to an embedding by adding an euler circuit, and the
embedding can be guaranteed to be nonorientable unless every block of the graph is a cycle
and the circuit decomposition is the collection of cycles. This extends some special cases in
the literature, such as the nonorientable parts of Theorems 3.2 and 3.3 below. In particular,
every eulerian graph that is not a cycle has a nonorientable bi-eulerian embedding where
one of the euler circuit faces can be specified in advance.

We turn now to orientable embeddings. If we have a circuit decomposition C of an
eulerian graph, then we can find an upper embedding relative to C if we can complete C to
an orientable embedding using just one face (which is necessarily an euler circuit) or two
faces. Similarly, if we have a directed circuit decomposition C of an eulerian digraph, then
we can find an upper directed embedding relative to C if we can complete C to a directed
embedding using just one face (which must be a directed euler circuit) or two faces. By
Observation 2.3 the embedding is necessarily orientable, and we can assume that C forms
the profaces and the added face or faces form the antifaces.

General formulas for relative oriented maximum genus were given by Bonnington [2]
and Archdeacon, Bonnington, and Sirdn [1], which generalize maximum orientable genus
formulas due to Xuong [29] and Nebesky [26], respectively. For a relative oriented embedding
of a graph, each specified face has a specified direction that should be clockwise in the
surface. If we have a directed circuit decomposition C of an eulerian digraph D, we can
consider this as a collection of oriented circuits in the underlying graph GG, and the formulas
from [1, 2] can be applied to find the maximum genus of a (necessarily orientable) directed
embedding relative to C. However, it seems to be difficult to use these formulas to derive
easily applicable conditions for the existence of a relative upper embedding (although we do
know of one situation where we can do this, as we discuss at the end of this section).

The first result that we are aware of giving a specific condition for finding a relative
upper embedding of some type of circuit decomposition is the following.

Theorem 3.1 (Bonnington, Conder, Morton, and McKenna, [3]). Let T" be a directed euler
circuit in a regular (equivalently, eulerian) tournament D. Then there is an orientable
directed embedding of D with T as the only proface and with at most two antifaces, i.e., an
upper directed embedding of D relative to {T'}.

There is a series of papers [15, 18, 19, 20] involving Griggs and Sirén as authors, and
also Erskine, Grannell, McCourt, and Psomas, which discuss upper embeddings relative to
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a triangular decomposition of a graph or digraph, and more specifically completing such a
decomposition to an embedding by adding an euler circuit. They are interested in triangular
decompositions that arise from structures in design theory such as Steiner triple systems,
symmetric 3-configurations, and latin squares. Their first results were for undirected situa-
tions.

Theorem 3.2 (Granell, Griggs and Sirdn [18]). Let C be a Steiner triple system of order
n > 7, i.e., a decomposition of the complete graph G = K, into triangles. Then there
are both orientable and nonorientable embeddings of G with the elements of C as faces and
exactly one additional euler circuit face.

Theorem 3.3 (Griggs, Psomas, and Siran [20]). Let C be a latin square of order p, i.c., a
decomposition of the balanced complete tripartite graph G = K, into triangles. If p > 2
then there is a nonorientable embedding of G with the elements of C as faces and with exactly
one additional euler circuit face. If p is odd then there is an orientable embedding of G with
the elements of C as faces and with exactly one additional euler circuit face.

Griggs, McCourt and Siran strengthened Theorems 3.2 and 3.3 by adding specified di-
rections to the triangle decompositions. This effectively changes the setting from undirected
graphs to digraphs, and their results can be stated as follows.

Theorem 3.4 (Griggs, McCourt, and Siran [19, Theorem 1.1]). Let C be an oriented Steiner
triple system, i.e., a decomposition of a reqular tournament D into directed triangles. Then
there is an orientable directed embedding of D with the elements of C as the profaces and
with exactly one directed euler circuit antiface.

Theorem 3.5 (Griggs, McCourt, and Sirdi [19, Theorem 1.2]). Let C be an oriented latin
square of odd order, i.e., a decomposition of an eulerian orientation D of a balanced complete
tripartite graph K, ,, into directed triangles. Then there is an orientable directed embedding
of D with the elements of C as the profaces and with exactly one directed euler circuit
antiface.

Erskine, Griggs, and Sirdii also investigated the situation for graphs and digraphs ob-
tained from symmetric 3-configurations, obtaining a positive result for small cases but a
negative result in general.

Theorem 3.6 (Erskine, Griggs, and Sirdn [15, Theorems 2.1 and 3.2]). Suppose G is the
associated graph of a symmetric configuration ns, i.e., G is a 6-reqular n-vertex simple graph
with a decomposition T into triangles. Let C be a collection of directed triangles obtained by
directing the elements of T, and let D be the digraph obtained from G by directing the edges
as specified by C.

If nis odd and 7 < n < 19, then every for every such D and C there is an orientable
directed embedding of D with the elements of C as the profaces and with exactly one directed
euler circuit antiface.

If n is odd and n > 21 then there exists such a graph G = Go with decomposition T = Ty
such that there is no orientable embedding of Gy with the elements of To as faces and exactly
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one additional face. Thus, for every D and C derived as above from Go and Ty there is no
orientable directed embedding of D with the elements of C as the profaces and with exactly
one antiface.

The proofs of Theorems 3.2 through 3.6 use arguments that are specific to triangle
decompositions.

The current authors investigated maximum genus of embeddings relative to an euler
circuit, and of directed embeddings relative to a directed euler circuit, in [10]. We showed
[10] that in every eulerian graph or digraph where every vertex has degree 2 mod 4, every
(directed) euler circuit can be extended to an orientable (directed) embedding by adding
a second (directed) euler circuit, giving a relative upper embedding. One way to derive
this result is by applying Bonnington’s formula for maximum genus of a relative oriented
embedding [2], although that is not the approach used in [10]. Theorem 3.6 above from [15]
shows that our result unfortunately does not generalize to extending an arbitrary circuit
decomposition; see [10, Section 5] for further discussion.

The main results of this paper (Theorem 4.1 and its corollaries) encompass a number of
the results mentioned above, specifically Theorem 3.1, the orientable part of Theorem 3.2,
and Theorem 3.4. Our main results are not, however, strong enough to imply the orientable
part of Theorem 3.3, or Theorem 3.5, because balanced complete tripartite graphs do not
satisfy our density condition.

4. Statement of results

In this section we state our results for ‘dense’ eulerian graphs and digraphs. We also
provide results for all eulerian graphs and digraphs with only one or two vertices (but
arbitrarily many edges or arcs).

4.1. The main result and some consequences

In this subsection we consider ‘dense’ eulerian digraphs, where ‘dense’ means that each
vertex is adjacent to at least roughly 4/5 of the other vertices. We show that given a
collection C of edge-disjoint directed circuits in a dense eulerian digraph, we can find a
directed orientable embedding in which all elements of C are profaces, and there are at
most two antifaces. This means that we can determine the maximum genus of an orientable
directed embedding in which the elements of C are required to be profaces. As a special case,
and subject to a necessary parity condition we can find an orientable bi-eulerian directed
embedding where one of the euler circuit faces may be specified in advance.

Our main result, and many of our arguments, rely only on information about whether two
vertices are adjacent in a digraph, and not how many arcs are between them or directions of
the arcs. Thus, it is often convenient to work with the undirected simple graph underlying
a digraph D, which we denote by D,s. The graph D, has the same vertex set as D, and
distinct vertices u and v are adjacent in D, if and only if they are adjacent in D. Moreover,
if W is a directed walk (such as a facial walk of a directed embedding) in D, then W, is the
corresponding walk in D, we take the sequence of vertices in W, eliminating consecutive
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repetitions of a vertex (created by following loops). We also treat W, as a subgraph of D;
whether we are thinking of it as a walk or a subgraph should be clear from context.
The main result of this paper is the following.

Theorem 4.1. Let D be an n-vertex eulerian digraph where §(Dys), the minimum degree
of the underlying simple undirected graph of D, is at least (4n + 2)/5. Let C be a directed
circuit decomposition of D. Then there is a directed embedding of D in an oriented surface
(i.e., an orientable surface with a specific orientation) with the elements of C as the profaces
and with exactly one or two antifaces, depending on whether |V (D)| + |A(D)| + |C| is odd
or even, respectively.

This embedding has maximum genus among all orientable directed embeddings of D in
which all elements of C are faces.

As mentioned in Section 3, Theorem 4.1 generalizes Theorems 3.1 and 3.4, but not
Theorem 3.5, because K, ,, is not dense enough. Because the proof of Theorem 4.1 is
rather long and technical, we defer it to Sections 5 and 6, in order to state here some
immediate corollaries that illustrate its impact and application.

If C consists of a single directed euler circuit, then we have the following.

Corollary 4.2. Let D be an n-vertex eulerian digraph where 6(Dys) > (4n+2)/5. Let T be a
directed euler circuit in D. Then there is an oriented directed embedding of D with T as the
only proface, and with exactly one or two antifaces, depending on whether |V (D)| + |A(D)]
1s even or odd, respectively.

This embedding has maximum genus among all orientable directed embeddings of D.
When |V (D)|+]A(D)| is even this embedding is an orientable bi-eulerian directed embedding
of D with T as a specified face.

When |V (D)| 4+ |A(D)] is even in Corollary 4.2, we can also apply Observation 2.1(d) to
conclude that every maximum genus orientable directed embedding of D is bi-eulerian.

By extending a set C of arc-disjoint directed circuits to a circuit decomposition using an
euler circuit in each component of the subgraph induced by the unused arcs, we also obtain
the following corollary.

Corollary 4.3. Let D be an n-vertex eulerian digraph where 6(Dys) > (4n+2)/5. Let C be
a set of arc-disjoint directed circuits in D, let A(C) be the set of arcs used by elements of C,
and let a(C) be the number of components of D — A(C) with at least one edge. Then there
is an oriented directed embedding of D with |C| + «(C) profaces and with exactly one or two
antifaces, depending on whether |V (D)| + |A(D)| + |C| + «(C) is odd or even, respectively.

This embedding has maximum genus among all orientable directed embeddings of D in
which all elements of C are faces.

We also have corollaries for undirected graphs. Let Gg denote the underlying simple
graph of a graph G. We state the undirected counterparts of Theorem 4.1 and Corollary
4.2. In each case the first paragraph is obtained by applying the digraph result to an eulerian
orientation of the graph G that makes each element of C into a directed circuit, and the
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conclusions about maximum genus in the second paragraph are easily verified. There is also
an undirected version of Corollary 4.3, whose statement we leave to the reader.

Corollary 4.4. Let G be an n-vertex eulerian graph where 0(Gy), the minimum degree of
the underlying simple graph of G, is at least (4n + 2)/5. Let C be a circuit decomposition
of G. Then there is a 2-face-colorable orientable embedding of G with the elements of C as
one of the color classes and with exactly one or two faces of the other color, depending on
whether |V (G)| + |E(G)| + |C| is odd or even, respectively.

This embedding has mazimum genus among all orientable embeddings of G in which all
elements of C are faces.

Corollary 4.5. Let G be an n-vertex eulerian graph where 6(Gs) > (4n +2)/5. Let T be
an euler circuit in G. Then there is a 2-face-colorable orientable embedding of G with T as
the unique face of one color and with exactly one or two faces of the other color, depending
on whether |V (G)| + |E(G)| is even or odd, respectively.

This embedding has mazximum genus among all 2-face-colorable orientable embeddings of
G. When |V(G)| + |E(G)| is even this embedding is an orientable bi-eulerian embedding of
G with T as a specified face, and the embedding has maximum genus among all orientable

embeddings of G.

When |V(D)|+|A(D)| is even in Corollary 4.2, all maximum genus directed embeddings
are bi-eulerian. However, when |V(G)| 4+ |E(G)| is even in Corollary 4.5, the embeddings
provided by the corollary are bi-eulerian maximum genus embeddings, but there may be
other maximum genus embeddings that are not bi-eulerian, as the following example shows.

Example 4.6. Suppose we have an eulerian graph G satisfying our density condition, with
a decomposition into three circuits C1, Cy, C3, all of which contain the same vertex v. (Such
situations are not hard to construct.) Apply Corollary 4.4 to complete {C}, Cs, C3} to an
embedding ® using an euler circuit 7. By applying an undirected version of part (a) of the
Three Face Lemma (Lemma 5.1 below) to ® at v we can merge C7, Cy, and Cj into a single
face, giving a bi-eulerian embedding, or alternatively merge C, C5 and T into a single face,
giving a two-face orientable embedding that is not bi-eulerian.

Our results can be combined with known results on the existence of triangular decom-
positions in dense graphs, to give maximum genus embeddings using these decompositions.
We say a graph is triangle-divisible if its number of edges is divisible by 3 and every vertex
has even degree. In [25], Nash-Williams conjectured that there is some constant ¢ such that
for sufficiently large n, every n-vertex triangle-divisible simple graph G with 6(G) > cn has
a decomposition into edge-disjoint triangles, and Graham pointed out that ¢ must be at
least 3/4. The current best result on Nash-Williams’ conjecture is as follows.

Theorem 4.7 (Delcourt and Postle [5]). For every = > 0 there is N(g) such that every
n-vertex triangle-divisible simple graph G with n > N(2) and 6(G) > (7 +v/21)/14 + e)n
has a decomposition into edge-disjoint triangles.
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The value of (74 1/21)/14 is about 0.827327 > 4/5, and triangle-divisible simple graphs
G with §(G) > n/2 are eulerian, so applying Corollary 4.4 gives the following.

Corollary 4.8. For every € > 0 there is N'(g) with the following properties. FEvery n-
vertex triangle-divisible simple graph G with n > N'(g) and 6(G) > ((7 + v/21)/14 4 )n
has a triangular decomposition C. For every such decomposition C there is a 2-face-colorable
orientable embedding where all faces of one color are bounded by the elements of C and there
are exactly one or two faces of the other color, depending on whether |V (G)| is odd or even,
respectively. This embedding has mazimum genus among all orientable embeddings in which
all elements of C are faces.

This may be regarded as a strengthening of the orientable part of Theorem 3.2, since a
complete graph has a triangular decomposition, corresponding to a Steiner triple system, if
and only if it is triangle-divisible.

Corollary 4.8 also tells us that a sufficiently large sufficiently dense triangle-divisible
simple graph G always has an edge-outer embedding that is optimal in three respects: it
has an outer face of minimum possible length (the euler circuit face), the maximum possible
number of faces other than the outer face (the triangular faces), and hence it attains the
minimum genus numerically possible for an edge-outer embedding of a simple graph with
|V (G)] vertices and |E(G)| edges.

Future strengthenings of Theorem 4.7 may also provide improvements to Corollary 4.8.

4.2. Graphs and digraphs with one or two vertices

Since D, is simple, the degree condition in Theorem 4.1 gives n—1 > 6(D,s) > (4n+2)/5,
which requires that n > 7. However, our techniques can also give results covering all eulerian
graphs and digraphs with just one or two vertices (but arbitrarily many edges or arcs).

An edge-cut S in a digraph D is the set of all arcs with one end U and other end in
U = V(D) —U for some proper nonempty subset U of V (D), and a k-edge-cut is an edge-cut
of cardinality k. In an eulerian digraph D every edge-cut has even cardinality. Recall that
for an integer a, a mod 2 is equal to 0 if a is even and 1 if a is odd.

Proposition 4.9. Let D be an eulerian digraph with |V (D)| < 2 and let C be a directed
circuit decomposition of D.

(a) If |[V(D)| = 1, orif [V(D)| = 2 and D has no 2-edge-cut, then there is an oriented
directed embedding of D with the elements of C as the profaces and with exactly one or
two antifaces, depending on whether |V (D)|+|A(D)|+|C| is odd or even, respectively.

(b) Suppose that |V (D)| = 2 and D has a 2-edge-cut. Let V(D) = {v1,ve}, for each
i € {1,2} let a; be the number of directed loops incident with v; in D, and let ~y; be the
number of elements of C that are incident only with v;, not with vs_;. Then there is
an oriented directed embedding of D with the elements of C as the profaces and with
ezactly ((aq + 1) mod 2) + ((a2 + 12) mod 2) + 1 antifaces.

In both cases the embedding described has mazximum genus among all orientable directed
embeddings of D in which all elements of C are faces.
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Proposition 4.9 is proved below, after Lemma 5.2. Immediate corollaries of Proposition
4.9 can also be stated for bi-eulerian embeddings, partial circuit decompositions (collections
of arc-disjoint circuits), and undirected graphs. We leave the formulation of these to the
reader.

5. Supporting lemmas

The proof of our main theorem, Theorem 4.1, depends on the lemmas of this section.
These lemmas facilitate combining antifaces in an oriented directed embedding without
changing the profaces. While we developed these lemmas to prove Theorem 4.1, they are
also of generic utility for manipulating embedded (di)graphs.

Our proof of Theorem 4.1 was inspired by the approach used to prove Theorem 3.1 in
Bonnington et al. [3, Section 3] . However, since we treat general dense graphs instead of the
special case of tournaments, we necessarily develop a number of new ideas. Our Three Face
Lemma (5.1) and Interlaced Faces Lemma (5.2) simplify and generalize some arguments
from [3, Lemma 3.1 and proof of Lemma 3.4]. Our Three Neighbor Lemma (5.3) generalizes
[3, Lemma 3.3] and our Diamond Lemma (5.4) summarizes and generalizes some reasoning
from [3, proof of Theorem 3.1].

Since we address digraphs here that are not orientations of complete graphs or even simple
graphs, we need new sufficient conditions for when the results above can be applied. We
provide these in the Three Neighbor Corollary (5.6), Big and Moderate Faces Corollary (5.7),
and Diamond Corollary (5.9). We also introduce a number of new ideas in the Bipartite
Degeneracy Lemma (5.8), Division Lemma (5.10), Blow Up Lemma (5.11), and how we
use touch graphs in Section 6 for the proof of the main result. Our more general setting
also requires a significantly more complicated analysis. Moreover, since our approach only
manipulates antifaces, and does not depend on the profaces, it can be applied to situations
where the profaces form an arbitrary directed circuit decomposition, not just a directed euler
circuit.

5.1. General lemmas for merging antifaces

We begin with some general results. The Three Face Lemma, Lemma 5.1 below, is our
main tool for merging or rearranging faces. We follow it with a useful consequence, Lemma
5.2.

The Three Face Lemma (5.1) describes what happens if we modify the rotation at a
vertex v by breaking it in three places and reassembling it. The places where we break it
correspond to faces A, B, and C'. The lemma covers the cases where the three faces are
distinct, or where B is distinct from A = C. (We can also investigate what happens when
A = B = (), although we do not need this for our results. There are two situations: one
is the inverse of part (a), where one antiface splits into three antifaces, and in the other
situation the antiface has its boundary rearranged but remains a single antiface.)

Lemma 5.1 (Three Face Lemma). Let ® be an oriented directed embedding of an eulerian
digraph D, and v € V(D).
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(a) Suppose A, B, and C are distinct antifaces that each contain v. Then there is an
oriented directed embedding ® of D that has the same profaces and antifaces as ® except
that A, B and C' are merged into a single antiface.

(b) Suppose A and B are distinct antifaces that each contain v. Suppose further that A
can be written as A = A;-Ay where Ay and Ay are nontrivial vv-walks. Also consider B as
a vv-walk. Then there is an oriented directed embedding ® of D that has the same profaces
and antifaces as @, except that A and B are replaced by two new antifaces A’ = A;- B and
B' = Az _; for some i € {1,2}.

(b) Two initial antifaces.

Figure 2: Cases for the Three Face Lemma.

Proof. Suppose the clockwise rotation at v in ® is (gohogihi - .. ga_1ha_1) where A~ (v) =
{9:; | i € Zg} and AT(v) = {h; | i € Z4}. Given a,b,c in (increasing) cyclic order in
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Zq = {0,1,...,d — 1}, let @' be the oriented directed embedding obtained from ® by
changing the rotation at v from

(h'aga-i-lha-i-l o 9 hegorihosr - ge hegesihesr - - ga)

to
(haga-l—lha—l—l - 0b hcgc+1hc+1 - Ya hbgb+1hb+1 o g6>

(a) We may assume that our three distinct faces are represented as vo-walks with the first
outgoing half-arc at v of A denoted by h,, of B by hy, and of C by h.. Thus, A = vh, ... g.v,
B = vhy...gw, and C' = vh,...g.v. Construct ® as above. Faces other than A, B, C are
unchanged, and by tracing the antiface starting vh, ... we see that A, B, C are merged into
a single antiface A-B-C. See Figure 2(a).

(b) We may assume (by swapping A; and A, if necessary) that A; = vh,...g.v,
Ay = vh,...g.v, and B = vhy...qgw. Construct ® as above. Faces other than A and

B are unchanged, and by tracing faces we see that A and B are replaced by new antifaces
Vhe ... gaVhy . .. gyv = Ag-B and vh, ... g.v = Ay. See Figure 2(b). O

In part (b) of the statement of Lemma 5.1, A; is whichever of A; or A, the proof relabels
as A,, which is the one that has its initial and final half-arcs further from g, and h;, in the
rotation around v. In general we cannot choose the value of 7.

There is an undirected version of Lemma 5.1(a), which allows us to combine three distinct
faces incident with the same vertex into a single face by adding a handle to an orientable
embedding of a graph. Ellingham and Weaver [13] explain how this idea can be regarded as
a special case of an operation that merges two pairs of faces incident with a given vertex.
Similar ideas and special cases involving local modification of an embedding around a single
vertex or single face have been used for a long time, for example by Ringel [27, p. 120] in
one of the papers proving the Map Color Theorem, by Duke [8, Theorem 3.2] in showing
that the orientable genus range of a graph is an interval, and by Xuong [29, Figure 4] in
finding maximum genus embeddings.

The operation in Lemma 5.1 does not change the profaces of the embedding at all. In
our arguments the profaces will be specified in advance and never modified. However, if
desired, by switching the roles of profaces and antifaces, we could also apply Lemma 5.1 to
merge or rearrange profaces without changing antifaces.

We say distinct vertices x, y are interlaced on a closed walk (or face) W' if (possibly after
cyclic shifting) W can be written as z...y...z...y.... Many of the following lemmas give
conditions that assure the existence of, or allow us to create, at least one pair of interlaced
vertices. We eventually use interlaced pairs of vertices to merge antifaces, thus helping us
reach the ultimate goal of only one or two antifaces.

Lemma 5.2 (Interlaced Faces Lemma). Let ® be an oriented directed embedding of an
eulerian digraph D, and x,y € V(D). Suppose that there are three distinct antifaces A, B, C
such that x and y are interlaced on A, while x occurs on B and y occurs on C'. Then there
is an oriented directed embedding ' of D that has the same profaces and antifaces as P
except that A, B and C are replaced by a single antiface.
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Proof. Write A = A;- Ay where A; and A, are nontrivial walks of the form z...y...x.
By Lemma 5.1(b) we may modify ® so as to replace A and B by two antifaces A;-B and
As_;. Now A;-B, As_;, and C are three distinct antifaces at y, so by Lemma 5.1(a) we may
combine them into a single antiface. O

Now we consider the situation of Theorem 4.1 or Proposition 4.9. We suppose D is an
n-vertex eulerian digraph, and C is a directed circuit decomposition of D. By Lemma 2.4
there exists an oriented directed embedding ® of D in which the profaces are exactly the
elements of C. Let A be the set of antifaces of ®. Our overall goal now is to show that we
can decrease |A| to 1 or 2 without changing the profaces. If there is a vertex that belongs to
three antifaces, we will apply Lemma 5.1(a) to reduce the number of antifaces. Otherwise,
each vertex belongs to at most two antifaces, and we say the embedding is locally irreducible.
In our arguments the profaces of the embedding never change.

At this point we have developed the tools necessary to prove Proposition 4.9, which
covers graphs with one or two vertices.

Proof of Proposition 4.9. (a) By Lemma 2.4 there is an oriented directed embedding &y of D
with C as the set of profaces. By repeatedly applying the Three Face Lemma (5.1) beginning
with ®(, we can obtain a locally irreducible embedding ®; with C as the set of profaces. We
show that we can obtain ®, with at most two antifaces and with C as the set of profaces.

If ®; has at most two antifaces, which holds if |[V(D)| = 1, then we can take ®5 = ;.
So we may suppose that V(D) = {v;,v2} and ®; has at least three antifaces. Some antiface
A must appear at both v; and vy. Let B and C be two other antifaces. If there is a fourth
antiface, or if either of B or C' is incident with both v; and v,, or if B and C are incident
with the same vertex v;, then @4 is not locally irreducible. So there are only three antifaces
A, B,C, and we may assume without loss of generality that B is only incident with v; and
C' is only incident with vy. Thus, A uses all arcs between v; and wv,, and since there are at
least four such arcs, v; and vy are interlaced on A. We can therefore apply the Interlaced
Faces Lemma (5.2) to obtain ®5 with exactly one antiface.

The precise number of antifaces in @5 follows from Observation 2.3(b). The maximum
genus conclusion follows because the number of antifaces is minimum.

(b) For this case we just provide an outline of the proof, as the details are straightforward but
tedious to give in full. A 2-vertex eulerian digraph D with a 2-edge-cut can be decomposed
into two 1-vertex eulerian digraphs D; and D, using a 2-edge-cut reduction. There is a
bijection between oriented directed embeddings ® of D and ordered pairs (®1, ®5) of oriented
directed embeddings of D; and D,. (This generalizes [10, Observation 3.3].) Applying this
idea and part (a) gives the result. O

For Theorem 4.1 we try to create situations in locally irreducible embeddings where we
have interlacing, so that we can use the Interlaced Faces Lemma (5.2). We wish to concisely
describe sets of vertices that belong to specific antifaces. For distinct antifaces A and B
we define AB = V(A)NV(B) and AB = V(A) — V(B). For i € {0,1} we let Ai denote
the set of vertices that belong to A and exactly 7 other antifaces. If u € AB or u € A0 we
also say u is of type AB or A0, respectively. If u € AB or u € Al we say u is of general
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type AB or Al, respectively. If the embedding is locally irreducible, then V(A) = A0 U Al,
Al = Upe apza AP, and each vertex u has a unique type which specifies exactly which
antifaces u belongs to. In that case, for u € AB and v € AC where A, B, C are distinct
antifaces, every arc of D between u and v must belong to A.

We have two results that allow us to find interlacing in locally irreducible embeddings.

For both proofs, note that two vertices are interlaced on W if and only if they are interlaced
on the walk W.

Lemma 5.3 (Three Neighbor Lemma). Assume we have a locally irreducible embedding
with antiface A. Suppose there is nonempty S C Al such that each v € S is adjacent to at
least three other vertices of S of types different from v. Then there are vertices x,y € S of
different types that are interlaced on A.

Proof. The hypothesis means that |S| > 4. Two adjacent vertices of S of different types
must be joined by an arc of A, so the hypothesis also means that each vertex of S is incident
with at least three edges of A, (the walk in D, corresponding to A), and so occurs at least
twice on Ags.

Therefore, we may choose an interval (sequence of consecutive vertices) I = vy ...,
along A, such that v and v, are occurrences of some vertex x € S, some v; with 1 <1i < p—1
is a vertex y € S of type different from x, and p is as small as possible over all choices of I,
x, and y.

If y appears on A, outside of I, then z and y are interlaced on A,s and hence on A
as desired. So suppose that all occurrences of y on A, are in the interval I. Let v, and
v, be the first and last occurrences of y, so that 1 < m < n < p — 1. No vertex v; with
m+1<i<n-—1can be a vertex of S with type different from ¥, or we could replace = by
y and reduce p. But then y is adjacent to at most two vertices in S of type different from
itself, namely v,,_; and v,,1, which contradicts our hypothesis. O

Lemma 5.4 (Diamond Lemma). Assume we have a locally irreducible embedding with dis-
tinct antifaces A, B, C'. Suppose that we have three distinct type AC vertices t,u,v and one
type AB vertex x, such that tu,uv € F(Ay) and xt, zu,zv € E(Dys). Then x is interlaced
on A with at least one of t, u or v.

Proof. Since x is of type AB and t, u, and v are of type AC with B # C, the arcs of D
joining x to t, u, and v must belong to A, so xt, xu,xv € E(Ays). Therefore, possibly after
reversing A,s, we may choose an interval I = vyv;...v, along A, where vy = v, = =,
vy =u, and no v;, 1 <i <p-—1,isequal to z. At most one of zt or zv belongs to I, so
we may assume without loss of generality that zt, and hence ¢, occurs on A, outside of 1.
If tu is an edge of I then ¢t and x are interlaced on A,s and hence on A, and if tu is not an
edge of I then v and x are interlaced on A, and hence on A. O

5.2. Lemmas using density

Now we give some consequences of the above results that depend on various degree
conditions. To state these results we define k to be the maximum degree of the complement
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of Dy, or equivalently k =n — 1 — 6(D,s). In other words, for each v € V(D) there are at
most k vertices different from v that are not adjacent to v in D. The parameter k£ will have
this meaning for the rest of this subsection and in Section 6. Thus, if S is a set of at least
k + 1 vertices, any vertex v not in S is adjacent to, and hence shares an antiface with each
of, at least |S| —k > 1 elements of S. Moreover, the induced subgraph Dy[S] has minimum
degree at least |S| —k — 1.

We will use the following observation frequently, often without explicit reference.

Observation 5.5. If A € A has A0 # () then [V(A4)] > n — k.

Proof. If v € A0 then v and all its neighbors are in A. Thus, at most k vertices are not in
A ie, [V(A)| >n—k. O

The next four results give conditions under which we can employ the Three Neighbor
Lemma (5.3) or the Diamond Lemma (5.4) to find interlacing.

Corollary 5.6 (Three Neighbor Corollary). Suppose we have a locally irreducible embedding
with at least three antifaces. Suppose that for some antiface A we have |Al| — |AP| > k+3
for all antifaces P # A. Then there are vertices x,y both of general type Al but of different
types that are interlaced on A.

Proof. Let S = Al. Consider an arbitrary v € S, of type AP. Since |Al| — |[AP| > k+3
there are at least k + 3 vertices of type different from v in S. Since v is nonadjacent to at
most k of these, v is adjacent to at least three of them. The result then follows from the
Three Neighbor Lemma (5.3). O

Corollary 5.7 (Big and Moderate Faces Corollary). Suppose we have a locally irreducible
embedding with three distinct antifaces A, B, C' where |V (A)| > n—k (for ezample, if AO # ()
and |V (B)|,|[V(C)| > 2k + 3. Then there are a vertex of type AB and a vertex of type AC
that are interlaced on A.

Proof. Since |V(A)| > n — k, at most k vertices of B are not also vertices of A, so |AB| >
k + 3. Similarly, |AC| > k + 3. Each vertex of AB is therefore adjacent to at least three

vertices of AC', and vice versa, so we may apply the Three Neighbor Lemma (5.3) with
S=ABUAC. O

We will use the following general lemma to apply the Three Neighbor Lemma (5.3) in
one particular situation. A graph is d-degenerate if every subgraph has minimum degree at
most d.

Lemma 5.8 (Bipartite Degeneracy Lemma). Let d be a nonnegative integer. If a simple
bipartite graph G of order n > 2d is d-degenerate then it has at most d(n — d) edges. Thus,
a simple bipartite graph of order n > 2d with more than d(n — d) edges has a subgraph with
mainimum degree at least d 4 1.
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Proof. Construct a sequence of graphs Gy, G1,Ga, ..., G, 24, where Go = G and for ¢ > 1,
G; = G;_1 — v; where v; has degree at most d in G;_;. Since G, _94 is a bipartite simple
graph of order 2d, it follows that |F (G, _24)| < d?, and |E(G)| < |E(Gp24)| + d(n — 2d) <
d* +d(n —2d) = d(n —d). O

This lemma is sharp: if n > 2d, then K;,_4 is a d-degenerate bipartite graph with
exactly d(n — d) edges.

Corollary 5.9 (Diamond Corollary). Suppose that we have a locally irreducible embedding
with distinct antifaces A and B. Suppose that either k = 0 and |AB| > 3, or |AB| > 3k+4,
and that there exist vertices of types AP and BQ with P,Q ¢ {A, B} (possibly P = Q).
Then there is a vertex of type AB that is either interlaced on A with a vertex of type AP or
interlaced on B with a vertex of type BQ.

Proof. Let x be a vertex of type AP, and 7’ a vertex of type BQ, and let S be the set
of vertices of type AB adjacent to both x and 2’. Then |S| > |AB| — 2k. Let H be the
subgraph of Dy induced by S. Then §(H) > |S|—k—1> |AB| — 3k — 1. Every edge of H
is an edge of A, or By or both.

If £ =0 and |[AB| > 3, then D, is complete, which means that |S| = |[AB| > 3 and H
has a triangle. If |AB| > 3k 4 4 then 0(H) > 3 so H has a vertex of degree at least 3. In
either case H has three edges that pairwise have a vertex in common. At least two of these
edges, say tu and uwv, belong to the same one of A, or By.

If tu,uv € E(Ay) then we apply the Diamond Lemma (5.4) to ¢,u,v and x to get =
interlaced with one of ¢,u,v on A. If tu,uv € E(B,s) then we apply the Diamond Lemma
(5.4) to t,u,v and 2’ to get 2’ interlaced with one of ¢,u,v on B. O

We could also try to improve the above result by finding a triangle in H when k£ > 1.
To do this we could use Mantel’s Theorem (an n-vertex simple graph with average degree
greater than n/2 has a triangle) for H. However, this would require |AB| > 4k + 3, which
is at least as strong a condition as |[AB| > 3k + 4 when k > 1.

In our arguments we need the antifaces to be reasonably large (have many vertices) so
that we can force interlacing to occur using the Three Neighbor Lemma (5.3) or the Diamond
Lemma (5.4) or their consequences. The next result will be applied to use large antifaces
to help ‘blow up’ smaller antifaces in an embedding, to obtain situations where we can
make progress. It involves a cyclically ordered finite set of points with some possible break
points (black), some reasonably uniformly distributed points (white) and some arbitrarily
distributed points (red). It allows us to split the order at two black points so that we obtain
something close to a desired division of the white and red points.

For this result we need to work with cyclic orders, both of a finite set of points and of
the points of a circle. In both cases, for distinct points a and b, we denote by (a, b) the set
of points encountered moving forward from a until we reach b (excluding a and b); we can
then define [a,b] = (a,b) U {a,b}. We define (a,a) = 0 and [a,a] = {a}. For ¢ € R we let
cZ =A{ci|i € Z}. We treat a circle of circumference ¢ as the additive group R/cZ of reals
modulo ¢, and identify its points with the interval [0,c¢) C R.
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Lemma 5.10 (Division Lemma). Suppose C' is a finite cyclic order where each point of C' is
colored black, white, or red. Let the black points be by, by, bs, ..., bx_1 in cyclic order (indexed
by elements of Zy ), and let W and R be the sets of white and red points, respectively. Let m
be a positive integer. Suppose that |W N [b;, biy1]| < m for every i € Zy, and that |W| > |R|.
Then for every p € R with m < p < |W U R| —m there are b; and b;, i # j, such that
p—m < |(WUR)NI[b,bi]| <p+m.

Proof. Let w; = |[W N [bi, biv1]] < m and p; = |RN [b;, big1]| for i € Zy. Let £ = |W UR| =
W[+ |R| = > ey, (wi + pi). Because m < p < £ —m, we have £ > 2m. Since |[W| > |R|, we
have [W| > m+1, and so k > 2. Define (not necessarily distinct) real numbers xg, z1, . .., Ty
by

zo =0, and Tiyn =z +w; +p; forie{0,1,2,... . k—1}.

Then z = ¢, so we may identify zq = 0 with x;, = £ in [0,¢] C R and treat the resulting set
C" simultaneously as the group R/(Z, as a cyclic order, and as a circle of circumference /.
We use A to denote the length measure on C”.

We now color each point of C’ black, white, or red. All points x; are black. For each i € Zj,
the interval (z;, z;41) is empty if w; = p; = 0, but otherwise we color it as follows. If w; = 0
and p; > 0 we color all of (z;, z;41) red. If w; > 0 then we color (z;, azi+%w1)u(:ci+1—%wi, Tiv1)
white and [z; + %wi, Tiy1 — %wz] red (even if p; = 0, the point halfway between x; and x;,; is
red, which we need for (iii) below). Let B’, W', and R’ be the sets of black, white, and red

points in C’; respectively. We note the following properties.
(i) B’ is a set of measure zero.

(11) )\([$i,$i+1]) = w; + Pi = |(W U R) N [bi7bi+l]|> with )\(W’ N [Ii,$i+1]) = W, and
AMB N [zi, 2i11]) = pi-

(iii) If y € B'U W then there exists ¢ with z; € (y — 3m,y + 3m).

From (i) and (ii) it follows that ¢ = A(C") = |R| + |W|, with A\(W’) = |[W|, and A\(R') =
|R| < [W|. Hence A(R') < 3A(C"). Therefore, letting R” be R’ translated by —p in
C" = R/VZ, we have A(R'U R") < AMR') + AMR") = 2X(R') < X"), so there exists
y ¢ R'UR", which means that y,y +p ¢ R'. By (iii) there is some z; € (y — sm,y + im)
and some z; € (y+p— %m, y+p+ %m), these intervals are disjoint because m < p < ¢ —m,
so z; # xj. Now A\([z;, z;]) differs by less than m from A([y,y + p]) = p. Again from (i) and
(ii) we get A([z;, x;]) = |(W U R) N [by, bj]|, so our result follows. O

We will apply the Division Lemma (5.10) with p either an integer or a half-integer. In
these cases the bounds on ¢ = [(W U R) N [b;, b;]|, which say that |¢ — p| < m, cannot be
improved. When p is an integer, the bound becomes |¢ — p| < m — 1, and when p is a half-
integer it becomes |¢ — p| < m — 3. Consider Zyy41, with m > 1, where B = {by = 0,b; =
m+1}, and suppose [by, b1| contains m white points, and [b1, by] contains m white and 2m—1
red points. For p = 2m — 1 we must use |(W U R) N by, b1]| = m = p— (m —1) to satisfy the
conclusion, and for p = 2m we must use |(WUR)N[by, by]| = 3m—1 = p+m—1. These show
that the bound |¢ — p| < m —1 cannot be improved when p is an integer. For p = 2m — % we
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must use either [(WUR)N[bo, bi1]| = m = p—(m—1) or [WUR)N[by, bo]| = 3m—1 = p+m—1.
This shows that the bound |¢ — p| < m — % cannot be improved when p is a half-integer.

We also cannot relax the condition |W| > |R| to |W| > |R|. Consider Zgy43, m > 1,
with B = {by = 0,b; = 2m + 1,by = 4m + 2}, where each interval [b;, b; ;1] contains m white
and m red points, so that |W| = |R| = 3m. If we let p = 3m, then we cannot achieve
2m=p—m < |(WUR)N[b;,b]| <p+m=4m.

We now use the Division Lemma (5.10) to show that we can use a large face A to increase
the size of a smaller face B.

Lemma 5.11 (Blow Up Lemma). Suppose we have a locally irreducible embedding ® with
distinct antifaces A and B, and there exists a vertex x of type AB. Suppose that |V (A)| > 5
and n > k + 3. Then there is an embedding " (possibly ® = &) that has the same
profaces and antifaces as ® except that A and B are replaced by antifaces A" and B’ where
V(A |V(B)] > min(5|V(A)| = 1,4(n — k — 1)) and = has type A'B’.

Proof. Let a = |[V(A)| and b = |V(B)|. Suppose that the sequence of vertices along A is
(vo, v1, V9, ..., V1), with indexing by elements of Z;. Let Y = {y # x | y = v;_; or v;4; for
some i € Z; with v; = x}; in other words, Y C V(A) is the set of vertices joined to = by at
least one arc of A. We know x has at least n — k — 1 neighbors, each of which must be joined
to z by an arc of A or B (or both). A vertex joined to x by an arc of B must be a vertex of B,
and z has at most b— 1 neighbors in V/(B)—{z}. Thus, |Y| > (n—k—1)—(b—1) = n—k—b.
Let Z =V(A) — ({z}UY).

We will color some of the elements of Z; as follows. If v, = x then h is black. For
cach y € Y choose one arc e, of A joining x and y, let v; be the occurrence of y on A as
an end of e,, and color ¢ white. For each z € Z choose one occurrence v; of z on A and
color j red. So there are |Y'| white points and |Z| red points. There are at most two arcs
e, between consecutive occurrences of z on A, and hence at most two white points of Z,
between consecutive black points.

Suppose first that |Y| > |Z|. Discard all uncolored points of Z;, creating a cyclic order C'
with some black points, £ = a — 1 > 4 white or red points, and more white than red. Apply
the Division Lemma (5.10) with m = 2 and p = %E: since £ > 4 we have 2 < p </ — 2.
We obtain distinct black points h,j € C' so that the interval [k, j] of C' contains ¢; white
or red points where p — 2 < ¢; < p + 2. The number of white or red points in [j, k] is
g = ¢ — q1 = 2p — q1, which also satisfies p — 2 < ¢u < p+ 2. Since p,q1,q2 € %Z we
get q1,q2 > p — % = %(ﬁ —3). Write A (after cyclic shifting) as A;-Ay where Ay = v, (=
z)...vj(=z) and Ay = v;...vy,. Each A; contains ¢; distinct points of V/(A)—{z} and hence
¢i+1 > 3(¢—1) distinct points of V(A). Thus, applying part (b) of the Three Face Lemma
(5.1) to A = A;-A, and B gives new antifaces A’ and B’ each with at least 1((—1) = 1a—1
vertices.

Now suppose that [Y| < |Z]. Let ¢ = min(3a — 1,5(n — k — 1)). Since a > 5, a >
%a—l >c Ifb> %(n—k—l) then b > ¢ as well, and we take A’ = A, B’ = B. So we may
assume that b < $(n —k —2). Now [Y|>n—k—0b > 3(n— k +2) and therefore |[Y| > 3
since n > k + 3 and |Y'| is an integer. Uncolor some points of Z so that the number of red
points is |Y| — 1, which is less than the number of white points. Apply the Division Lemma
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(5.10) (discarding uncolored points) and part (b) of the Three Face Lemma (5.1) as in the
previous paragraph, but with ¢ = 2|Y| — 1 > 5 > 4 white or red points. This gives new
antifaces A" and B’ each with at least (¢ — 1) = [V —1 > $(n — k) vertices.

Thus, we always have A’ and B’ each with at least min(3a — 1, 5(n — k — 1)) vertices. In
all cases x € V(A') NV (B'). O

6. Proof of the main result

In this section we prove Theorem 4.1. We need one final tool, namely the touch graph
of a locally irreducible embedding. The touch graph encodes information about how each
antiface in in a locally irreducible embedding touches itself and other antifaces at the vertices,
and will make our arguments easier to explain and visualize.

Definition 6.1. Let ® be a locally irreducible oriented directed embedding. The touch
graph K is an undirected graph which may have loops and multiple edges. The vertices of
K are the antifaces of ®, and the edges of K are the vertices of D, i.e., V(K) = A and
E(K) = V(D). For the incidence relation of K, a vertex of D of type A0 in ® becomes a
loop of K at A, and a vertex of type AB becomes a link (non-loop edge) of K joining A
and B. Thus in K, AB is the set of edges incident with A but not B, A0 is the set of loops
at A, Al is the set of links at A, and V(A) is Ex(A), the set of all edges incident with A in
K. Since @ is locally irreducible, K is well-defined.

It will sometimes be convenient to represent K in simplified form, where we replace
multiple parallel edges (including loops) by a single edge weighted by the number of parallel
edges.

Critically, in the touch graph, all sets of vertices of D are interpreted as sets of edges.
Thus, symbols such as u, v, w, ... represent vertices in D but edges in K. See Figures 3, 4,
and 5.

Figure 3 shows a directed embedding of a digraph D, where D is an orientation of K
minus a perfect matching. It has two profaces, one dark teal (dark, if color is not visible)
and one light teal (light), shown on the left. It has six anti-faces, one light yellow (very
light), one orange (light), one dark red (dark), and three black, shown on the right. It is
straightforward to check from the rotations at the vertices that this is indeed a directed
embedding.

Notice that the three antifaces colored light yellow, orange, and dark red, meet at vertex
d in the embedding of D. Thus we can apply Lemma 5.1 to merge these faces into a single
orange face, shown in Figure 4. After merging these faces, the embedding of D has only four
antifaces and is locally irreducible. We can thus create the touch graph shown in Figure 5.

Note that K is connected when D is connected. This can be seen as follows. Given
A, B € A choose v € V(A) and w € V(B). The sequence of vertices on a vw-path in D
gives a sequence of adjacent edges in K with the first, v, adjacent to A and the last, w,
adjacent to B, and so K has a connected subgraph containing A and B.

We now have all the tools we need to prove the main theorem of this paper, which we
repeat here for convenience.
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(a) Profaces (b) Antifaces

Figure 3: A directed embedding of an orientation of K7, minus a perfect matching.

Figure 4: Applying the 3-face lemma to the light yellow, orange, and dark red faces at vertex
d to create only a single orange face.

Theorem 4.1. Let D be an n-vertex eulerian digraph where 0(Dys), the minimum degree
of the underlying simple undirected graph of D, is at least (4n + 2)/5. Let C be a directed
circuit decomposition of D. Then there is a directed embedding of D in an oriented surface
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Figure 5: Touch graph for the three black and one orange (light) antifaces of Figure 4, with
simplified weighted version at right.

(i.e., an orientable surface with a specific orientation) with the elements of C as the profaces
and with exactly one or two antifaces, depending on whether |V (D)| + |A(D)| + |C| is odd
or even, respectively.

This embedding has maximum genus among all orientable directed embeddings of D in
which all elements of C are faces.

Proof of Theorem j.1. We have an eulerian digraph D satisfying 6(D,s) > (4n + 2)/5. In
terms of k = n — 1 — §(D,s), this means that n > 5k + 7. By our definition of eulerian, D
is connected (this also follows from 0(Dys) > n/2).

We are given a directed circuit decomposition C of D. By Lemma 2.4 there exists an
oriented directed embedding ® of D whose set of profaces is C. As usual, we let A denote the
set of antifaces. We will show that if |A] > 3 then we can reduce the number of antifaces,
without changing the profaces. After sufficiently many reductions, we obtain an embedding
with one or two antifaces as desired. We use a case analysis, as follows. In Case 1 we
dispose of situations where ® is not locally irreducible. For the remaining cases we consider
the structure of the touch graph K. Case 2 is when K has no loops, with subcases 2.1 and
2.2 depending on whether K is not or is a star, respectively. Case 3 is when K has loops,
with subcases 3.1 and 3.2 depending on whether there are loops at two or more vertices or
at just one vertex, respectively.

Case 1. Suppose some vertex belongs to three distinct antifaces. Then applying part (a)
of the Three Face Lemma (5.1) reduces the number of antifaces.

So we may henceforth assume that Case 1 does not happen, i.e., that ® is locally irre-
ducible. We let K be the touch graph of ®. We say K is a star if K has one vertex A with
which every edge is incident; in other words, if V(A) = Ek(A) is equal to V(D) = E(K)
for some A € A.

Case 2. We begin by assuming that K has no loops.
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A |AB| >k +1 B

Figure 6: Touch graph for Cases 2.1.2, 2.1.3, and 2.1.4.

Case 2.1. Suppose K has no loops and is not a star, i.e., P0 =) and V(P) # V(D) for all
P € A. Then P1 =V(P) for all P € A. Let A, B € A be such that max{|PQ| | P,Q €
A, P # Q} = |AB|, i.e., A and B have the maximum number of common vertices over
all pairs of circuits in A. Without loss of generality assume that [V(A)| > |V(B)|, which
implies that |AB| > |BA.

Our strategy in Case 2.1 is to use the Three Neighbor Corollary (5.6) (or a similar
argument based on the Bipartite Degeneracy Lemma (5.8)) if |[AB| is not too large, or the
Diamond Corollary (5.9) if it is. Because of the structure of our argument, we deal with
small |AB)| first, and then the remaining situations in decreasing order of |AB|.

We know that every edge of K is adjacent to (shares a vertex with) all but at most & of
the other edges. If S C E(K) with |S| > k + 1, then every edge of K not in S is adjacent
to at least |S| — k edges of S, and hence is incident with an end of some edge of S.

Case 2.1.1. Suppose that |AB| < k. There is some edge v in K of type AB, and at
most k edges are not adjacent to v, i.e., at most k£ edges of K are incident with neither
A nor B. Thus, V(A UV(B)| > n—Fk > 4k + 7. Since |V(A)| > |V(B)|, we have
|Al| = |V(A)| > 2k + 4. Since |AP| < |AB| < k for all P € A with P # A, we have
|A1l| — |AP| > k + 4 for all such P. Thus, there is interlacing by the Three Neighbor
Corollary (5.6), and by the Interlaced Faces Lemma (5.2) we can reduce the number of
antifaces. (This argument also works for |AB| = k + 1, although we cover that situation in

Case 2.1.4.)

In the remainder of Case 2.1, we may suppose that |[AB| > k+ 1. Thus, every vertex not
in AB must be adjacent to at least one vertex in AB, and hence every edge of K not in AB is
incident with either A or B. Thus, V(D) = E(K) = V(A)UV(B) = ABUABU BA. Since
AB = V(D) — V(B) and V(B) # V(D) and K is not a star, we have AB # (. Similarly,
BA # (). Figure 6 shows the (simplified weighted) structure of K in this situation.

Case 2.1.2. Suppose that |AB| > 3k + 4. Since AB, BA # (), there are v € AP, w € BQ

with P, ¢ {A, B}. So by the Diamond Corollary (5.9) there is interlacing, and we can use
the Interlaced Faces Lemma (5.2) to reduce the number of antifaces.

Case 2.1.3. Suppose that |AB| = 3k + 3. If £ = 0, then we can use the Diamond Corollary
(5.9) and the Interlaced Faces Lemma (5.2) to reduce the number of antifaces as in Case
2.1.2. Therefore, we may assume that k& > 1.
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We have n = |AB|+|BA|+|AB| = |AB|+|BA|+3k+3 > 5k+7, so |AB|+|BA| > 2k+4.
Since |AB| > |BA|, we have |AB| > k + 2.

Now think of AB and AB as vertex sets in D, and consider the bipartite subgraph H
of Dy consisting of V(H) = V(A) and exactly the edges of D, between AB and AB. We
claim that H has a subgraph H’ with minimum degree at least 3. This will follow from
the Bipartite Degeneracy Lemma (5.8) with d = 2 provided |V(H)| > 4 and |E(H)| >
2(]V(H)|—2). We can satisfy these conditions as follows. We have |V (H)| = |AB|+ |AB| =
|AB| 4 3k 4+ 3 > 4k + 5 > 4. Every vertex of AB is adjacent in Dy, and hence in H, to at
least |AB| — k = 2k + 3 vertices of AB. Since k > 1, it follows that

|E(H)| —2(|V(H)| —2) > (2k + 3)|AB| — 2(|AB| + 3k + 1) = (2k + 1)|]AB| — 6k — 2

> (2k+1)(k+2) — 6k —2=2k>—k = (2k — 1)k > 0.
Thus, E(H) > 2(V(H) — 2) and we can apply the Bipartite Degeneracy Lemma (5.8) with
d = 2. Therefore H' exists, and we can apply the Three Neighbor Lemma (5.3) with
S = V/(H') to show that there is interlacing, and then use the Interlaced Faces Lemma (5.2)
to reduce the number of antifaces.

Case 2.1.4. Suppose that k +1 < |AB| < 3k +2. Then |AB|+ |BA| = n — |AB| >
(5k +7) — (3k +2) = 2k + 5. Since |AB| > |BA|, we have |AB| > k + 3. Now for any
P # A we have |Al| — |AP| > |Al| — |AB| = |V(A)| — |AB| = |AB| > k + 3. Therefore, by
the Three Neighbor Corollary (5.6) there is interlacing, and we can use the Interlaced Faces
Lemma (5.2) to reduce the number of antifaces.

In the remaining cases, Cases 2.2 and 3 below, we often need to modify the embedding
to increase the number of vertices of some faces, using the Blow Up Lemma (5.11). We can
always apply the Blow Up Lemma (5.11) to A, B € A if |[V(A)| > n—k and D has a vertex
x of type AB, because then |V (A)| > 4k 4+ 7 > 5, and we know that n > 5k +7 > k + 3.
We will say we are blowing up B using A.

When we apply the Blow Up Lemma (5.11), the number of antifaces does not change.
The two new antifaces A’ and B’ that replace A and B will have |V (A')[, |V/(B’)| > min(3(n—
k)y—1,5(n—k—1))=1(n—k)—1> (4k+7) — 1 = 2k + 21, but since these are integers,
V(AN |[V(B")| > 2k 4+ 3. We therefore create two faces satisfying the ‘moderate face’
condition of the Big and Moderate Faces Corollary (5.7). Also we know that V(A" UV (B') =
V(A)UV(B), and z € A'B’, so that A’B" # ().

Case 2.2. Suppose that K has no loops and is a star, i.e., PO = () for all P € A and
V(A) = V(D) = E(K) for some A € A. Then AP = P1 =V(P) forall P € A, P # A.
Let B € A be such that max{|AP| | P € A, P # A} = |AB|.

Our strategy in Case 2.2 is to use the Three Neighbor Corollary (5.6) if |AB| is not too
large, but if it is, we need to blow up a third face and use the Big and Moderate Faces
Corollary (5.7).

If |Al| — |AB| > k + 3 then since |AP| < |AB| we have |Al| — |AP| > k + 3 for all
P # A, there is interlacing by the Three Neighbor Corollary (5.6), and by the Interlaced
Faces Lemma (5.2) we can reduce the number of antifaces. Therefore, we may assume that
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|AB| < k +2

140 < k |BA| < k
Figure 7: Touch graph for Case 2.2 with |AB]| large (left) and for Case 3.2.1 (right).

|AB| = |Al| — |AB| = n — |AB| < k +2, i.e., that |V(B)| = |AB| > n — k — 2. Thus, at
most k + 2 vertices of D do not belong to B. The left side of Figure 7 shows the structure
of K in this situation.

There must be some third face C, so |[AC| = |V(C)| > 0. Since |V (A)| = n, we can blow
up C using A, obtaining a new embedding ®’ (and touch graph K’) with set of antifaces A’
in which A, C are replaced by A’,C" with |V/(A")|,|V(C")| > 2k + 3 and A'C" # 0. If ' is
not locally irreducible, we may apply Case 1 to reduce the number of antifaces, so we may
assume that @’ is locally irreducible.

Since at most k+2 vertices of D do not belong to B, we have |[BA'| > |V(A")|—(k+2) >
k4 1 and similarly |BC'| > k + 1. Also, A’C" # (). Thus, K’ contains at least one triangle
(A'BC") and hence is not a star.

Assume without loss of generality that |A’0] > |C’0]. If |[A’0] = 0 then K’ has no loops
(PO has not changed for P # A,C'), so we can apply Case 2.1 to reduce the number of
antifaces. So we may assume that |A’0] > 0. Then |V(A4’)] > n — k by Observation 5.5,
V(B)|>n—k—2>4k+5>2k+3, and |[V(C")| > 2k + 3. Thus, there is interlacing by
the Big and Moderate Faces Corollary (5.7), and we can apply the Interlaced Faces Lemma
(5.2) to reduce the number of antifaces.

Case 3. Suppose that K has at least one loop, i.e. there is at least one P € A with P0 # ().
By Observation 5.5, |V (P)| > n — k for each such P.

Our strategy in Case 3 is to blow up faces until we either obtain a previous case or can
apply the Big and Moderate Faces Corollary (5.7).

Case 3.1. Suppose there are loops incident with at least two vertices of K. Thus there are
distinct A, B € A with both A0 and B0 nonempty.

Since K is connected and |A| > 3, at least one of A and B, say A, is adjacent to a third
vertex C' of K, i.e., AC # (). Since |V (A)| > n—k we can blow up C using A, to obtain a new
embedding @' containing faces B, A’, C' with |V(B)| > n—k and |V(4')|, |[V(C")| > 2k + 3.
If @' is not locally irreducible we apply Case 1, and otherwise we have interlacing by the Big
and Moderate Faces Corollary (5.7) and use the Interlaced Faces Lemma (5.2), reducing the
number of antifaces in either case.

Case 3.2. Suppose there is exactly one vertex of K with one or more incident loops.
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Case 3.2.1. Suppose that the one vertex with loops has only one neighbor in K. In other
words, A0 # () for a unique A € A and AB # () for a unique B € A, B # A.

Since |[V(A)| > n—k > k+ 1, every edge of K not in V(A) must share an end with
an edge in V(A), so every edge of K not in V(A) must be incident with B. Thus, V(D) =
E(K) = A0UABU BA. Since K is connected and |A| > 3, there must be C' € A adjacent
to B in K. Since v € BC' is nonadjacent to at most k other edges of K, |A0| < k and
so |[V(B)| > n — k. The right side of Figure 7 shows the structure of K in this situation.
We blow up C using B to give ®’ containing antifaces A, B', C" with |V(A)| > n — k and
[V(B)|,|[V(C")| > 2k + 3. If @ is not locally irreducible we apply Case 1, and otherwise
we have interlacing by the Big and Moderate Faces Corollary (5.7) and use the Interlaced
Faces Lemma (5.2), reducing the number of antifaces in either case.

Case 3.2.2. Suppose there is exactly one vertex of K with one or more incident loops, and
this vertex has at least two neighbors in K. In other words, A0 # () for a unique A € A,
and there are at least two P # A with AP # (). This is our final case, so if we can modify
the embedding and obtain an earlier case, we are finished.

Choose B € A with AB # (). Blow up B using A, obtaining ®' (and touch graph K’)
with new antifaces A’, B with |V (A")|, |V (B’)| > 2k+3. If ®' is not described by Case 3.2.2,
we can apply a previous case to reduce the number of antifaces. Thus, we may assume @’
is locally irreducible, there is exactly one vertex of K’ with one or more incident loops, and
this vertex has at least two neighbors in K’. The vertex of K’ with incident loops must be
one of A" or B’, say A’, because blowing up B using A cannot create loops at other vertices
of K. Thus |[V(A")] > n— k. Let C be a neighbor of A" other than B’. Blow up C' using A’,
obtaining ®” (and touch graph K") with antifaces A”, C” with |V(A”)|, |V (C")| > 2k + 3.
Again, we may assume that ®” is described by Case 3.2.2, so there is exactly one vertex of
K" with one or more incident loops. This must be one of A” or C”, say A”. Therefore, ®”
has antifaces A", B', C" with |V(A")| > n — k and |V(B')|, |V(C")| > 2k + 3. Hence, there
is interlacing by the Big and Moderate Faces Corollary (5.7), and we can use the Interlaced
Faces Lemma (5.2) to reduce the number of antifaces.

Thus, we can always reduce |A| if [A] > 3, and by repeated reductions we obtain an
embedding @y with |A| =1 or 2 antifaces and with C as the set of profaces.

We now verify that the embedding we have obtained satisfies all the conclusions of the
theorem. Consider the given digraph D and the given directed circuit decomposition C, and
take any directed embedding of D in which C is a subset of the faces. By Observation 2.3
this is orientable, we can choose an orientation so that C is the collection of profaces, and
if W is the collection of other faces then |WW| has the same parity as |V (D)| + |A(D)| + |C].
Hence, |W| > 1 or 2 depending on whether |V (D)+|A(D)|+|C| is odd or even, respectively.

The embedding & is an example of an embedding described in the previous paragraph,
with W = A, and it achieves the lower bound on [W|. It therefore minimizes the number
of faces, and hence maximizes the genus, among all directed embeddings of D in which all
elements of C are faces. O

The proof of Theorem 4.1 describes a procedure for reducing the number of antifaces
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in an embedding, until only one or two remain. It is easy to derive an algorithm from
this proof. The key manipulation of embeddings that we use is the Three Face Lemma
(5.1), which can be implemented very simply using the rotation scheme representation of an
embedding. Almost all of the steps in the proof, and the supporting results in Sections 2 and
5, involve explicit constructions that are easily implemented in polynomial time. The one
possible exception is our use of the Bipartite Degeneracy Lemma (5.8): we use existence of a
subgraph of minimum degree at least d+1 in a graph with sufficiently many edges. However,
it is not difficult to make this constructive: if a graph is known to be not d-degenerate, then
a nonempty subgraph with minimum degree at least d + 1 can be obtained by repeatedly
deleting vertices of degree at most d until it is impossible to continue. Our proof of Theorem
4.1 therefore yields a polynomial time algorithm to find the promised embedding.

7. Conclusion

Naturally, we would like to improve our main result by weakening the required degree
condition. This seems difficult to do using our current arguments. The hypothesis §(D,s) >
(4n + 2)/5, or equivalently n > 5k + 7, is used in a tight way in many places in our proof.
Every time we use the Blow Up Lemma (5.11) to create two moderate-sized faces so we
can apply the Big and Moderate Faces Corollary (5.7), in Cases 2.2 and 3 of the proof of
Theorem 4.1, we require n > 5k + 7 to guarantee that the moderate-sized faces have at least
2k + 3 vertices. We also require n > 5k + 7 for Case 2.1: Case 2.1.4 requires n > 5k + 7 to
handle the situation when |AB| = 3k + 2, and we cannot extend the arguments in the other
subcases of Case 2.1 to handle this situation.

However, we have no evidence to suggest that the degree condition in Theorem 4.1 is best
possible. There may be a weaker condition that allows us to construct an oriented directed
embedding of an eulerian digraph D with a specified directed circuit decomposition C as
the profaces and just one or two antifaces. In particular, this condition might give Theorem
3.5 on latin squares as a corollary. The condition may even be much weaker, involving
only a constant lower bound on minimum degree (of D or D), possibly combined with a
connectivity condition such as a constant lower bound on edge-connectivity. We only have
very weak restrictions on what these bounds could be. Examples discussed in [10, Section
3] show that there are 4-edge-connected 4-regular (non-simple) graphs with no bi-eulerian
embedding, and examples from [15] and [10, Section 5] show that there are 4-edge-connected
6-regular graphs with a triangular decomposition that cannot be completed to an orientable
embedding by adding at most two more faces. Digraph examples can be derived from these
by suitably directing the edges.

For further discussion of related problems, such as determining maximum genus for
orientable directed embeddings of a given eulerian digraph, we refer the reader to [10].

We close by noting that the general problem of finding spanning walks in graphs subject
to various restrictions arises in many settings. Our work here was motivated by DNA self-
assembly problems, but protein self-assembly problems, which are also related to graph
embeddings but require different conditions, have also been studied, for example in [16]. In
addition to these applications involving biological structures, and to illustrate the range of
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these spanning walk problems, there is also the recent work [6, 7]. These papers give more
variations, such as allowing edges to be repeated multiple times in any direction with different
turning constraints from the topologically motivated ones given here, with application to
robotics. We expect that the interplay among these many and varied settings and problems
will prove both interesting and productive.
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