Math 4700/6700 Combinatorics Spring 2019

Recurrence relations and generating functions (ctd)
Example: a, = a,_1 + 6a,_s + 5.3", n > 2, with ag = 4, a; = 6.
Solution: Define g.f.

o0
A(m):Zanx”:a0+a1x+a2x2+....

n=0
We have
Z(an —ap_1—6a,_2)z" =5 Z 3"
n=2 n=2
Aw)(1 -z — %) = 2 44y
1-3z
_ 452% +4 — 10z — 62
N 1— 3z
3922 — 10z + 4
N 1— 3z
2 _ 2 _
o A(z) = 39x 10z + 4 _ 39x 10z + 4

(1-3x)(1 —z+622) (1—3z)(1—3x)(1+22)
To extract coefficients, expand using partial fractions:

3922 — 10x + 4 a B ol

A@) = P20 " 1-82  (G—302 " (+20)
3927 — 10z + 4 = a(1 — 3z)(1 + 22) + B(1 + 2z) + (1 — 3x)?
r=1/3: 5=239/9-10/34+4=53/3 so B=3
r=—1/2: 75/4=39/4+10/2+4=25v/4 so y=3
x=0: d=a+pF+y=a+6 so a=-—2
Thus
—2 3 3
A@) =T Y T T T

so ap = [2"] A(z) = —2[z"] (1 —3z)"" +3[2"] (1 — 32) "% + 3[z"] (1 + 2z)~"
= 23" +3.3" <” le 1) +3(-2)"
= 23" 4+3(n+1)3" +3(-2)"
= (3n + 1)3" + 3(-2)"

which agrees with ag = 4 and a; = 6.

Notes: (1) Long!
(2) G.f. method solves particular cases, doesn’t give general solution.
(3) Be very careful with summation indices.

Recurrence relations and multiplication of generating functions

Sometimes to solve rec. reln need to look at product of g.f. with itself.
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Recall: For two g.f.s,

A(x)B(x) = (ap + a1z + agx® 4+ azz® +...)(bo + byx + box® + bgz® +...)
= apby + (a0b1 + albo)ﬂj‘ + (aobz + aiby + azbo)ﬂj‘z + ...

oo

= Z(agbn + albn,l +...+ anbg)w”
n=0
Example: Find the number of triangulations ¢,, of a convex n-gon (with labelled vertices 1, 2, ...,
VAN T <o DY &
tl == 0
tQIO t3:1 t4:2 t5:5

Could also argue that to = 1 and work with that, but we will use ¢, = 0.

Solution: Edge (n,1) must be in some triangle with third vertex j, 2 < j <n — 1.

j=2orn—1: 1,1 possibilities 3 <j<n—2: ¢t 415 possibilities
Therefore,
tn = 2ty + (t3tp_o +tatn_3+ ... +t,_ot3), n=>4

(not valid for n = 3). Let T'(z) = Y-, toa™. Notice that 3+ (n—2) =44+ (n—-3) =... =n+1,
so we want this to be coefficient of "1 in our g.f. (so multiply both sides of rec. reln by z"*!
and sum from 4 to co):

o0 o0 o0
Dotar"t =23 b qa™ £y (tstug +tatnog + .t taoots)e" T
n=4

n=4 n=4

(m=n-1) (m=n+1)

o0 [e’e] [e’e]
z Y tna” = 27 > tma™ + > (tstmos + tatmoa + ...+ tim_sts)z"
n=4 m=3 m=>5

o0
a(T(x) — ts2®) = 22°T(z) + Z (totm + t1tm—1 + totm—2 + tatm—_z + ... + tmto)z™

m=0

(Note: all extra terms in last sum, including those with m = 0 to 4, involve tg, t; or t5 and so are
all 0). But now, from our formula above, the last term here is just T'(x)T(x) = T(z)?. So

x(T(z) — 2°) = 20T (2) + T(x)?
T(x)? + (222 — 2)T(x) + 2% =0
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Solve by quadratic formula:

Cx— 227 £ /(20 — )2 — 4at

T(x) = -
B x— 222+ /—4x3 + 22
N 2
x—2x%+ 21— 4z

2

Now we know that [z'] T'(x) = ¢; = 0 so choose minus sign here (plus sign would give [z!] T'(z) = 1).

Therefore
x—2x% — 1 — 4z
5 .

T(x)=

Now, for n > 3, we have
ty = [2"] T(z) = [2"] (—i2v1—42)
_ VI

o /1
=—1["] Z (Z) (—4x)* by the Generalised Binomial Theorem
k=0

Now, in general we have

(é) _ 3)(=3)(=2)...(3+1—k) _(pp 1.35...(2k —3)
k 1.2.3...k 2k k!
C(-DF1234.00(2k—2)  (-1)Ft1234..(2k -
2kl 24...(2k—2)  2kgl 2112, (k1)

_ (=DFt (2k—=2)! (=Dt (2k—2)! (—1)k-1 <2k - 2)

Kl 2P T(k—1)1 k2R L (k—1)I(k—1)! k2R T \k—1

and so, for n > 3,

B 1 2n —4
T n—1\n-—-2

which is an example of a Catalan number. We can check t3, t4, t5:

1/2 1/4 1/6
“”—5(1)—1 “‘5(2)‘2 tﬁ‘i(s)*’

which all agree with what we know.

Recurrence relations and differential equations for g.f.s
Sometimes rec. relns contain expressions which can give us derivatives of g.f. for sequence.

Note:

o0

d oo o0 o0
Al(z) = o Z apx’ = Z na,z" "t = Z na,z" "t = Z (m+ 1Dap 2™,
n=0 n=0 n=1

m=0

So expect to get derivatives when we have things like na,, in rec. reln.
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Derangements: A derangement of a set S is a bijection (one-to-one and onto function) f: S — S
such that f(s) # s for all s € S.

A derangement of N,, = {1,2,...,n} can be thought of as a permutation x125...z, of 1,2, ..., n
where x; = f(i) # i for all 7. For example:

4231 not a derangement

4321 is a derangement

Hat check problem: If n people check their hats at a restaurant, in how many ways can they be
returned so that nobody gets his own hat?

Solution: Want d,,, number of derangements of the n-set S of people (f(s) = person who gets
person s’s hat). First, find rec. reln. Consider fixed a € S, and let b = f(a) # a. There are n — 1
choices for b. Given b, two possible cases:

(1) f(b) =a (2) fle)=a,c#a,b
ae o
re >< o
([ ] ([ ]
derangement (derangement)
d,,_5 possibilities (dp—1 possibilities)
([ ] ([ ] ([ ] ([ ]
f f (f*, dashed)

(In (2) there is a 1 — 1 correspondence between f and f*, and d,,_; choices for f*.) So we get
d, = (Tl — 1)(dn,1 + dn,Q), n>2
do=1,dy =0.

We can set up DE for D(z) = do +diz + daz® + .. .. But we expect d,, to be something like n!, and
this is an arrangement-type problem, so we can’t expect a nice answer unless we use exponential
g.f.:

— x2 xB
D(ﬂj‘) :d0+d1$+d2§+d3§+

oo n o
x - - d,,
= § dn | = dnwn7 dn =
n:
n=0 n=0

To get eqn for E(x), rewrite rec. reln in terms of d,, (since n — 2 lowest subscript, divide all terms

by (n —2)!):

d, —(n dp—1 " — dp—2
(n—2)'_( 1)(”— )!+( 1)(”_2)!
d, dn1 dn—2
n(n—l)mz(n—l)(n_l)(n_l)l ( _1)(n—2)'
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where dy = dy/0! = 1 and d; = d; /1! = 0. Therefore,

Z nd,, =" Z n—1)d, 12" + i dy_ox"™
n=2 n=2
(m=n-1) (m=n-—2)
o0 o0 o0
T Z nd,z" "t = 22 Z mdpy,z™ 422 Z ™
n=2 m=1 m=0

zD(z) = z(D(z) — 1dy) = 2"( ) +2*D(x)
(z —2*)D'(z) = 2 D(x)
Dl(a:) a;2 o 1
D(x) -2 1-—zx 1—=x

Now, integrate: -
InD(z)=—In(1—z)—z+C.
But D(0) =dg = 1, so

0=In1=InD(0)=—-In(1-0)-0+C =C.

Therefore,
InD(zr)=—In(1-2)—=z
_ e T
D(z) = =e *(1—x2)"!
()= —=e"(-a)
Now
o 2l g2 3 ) 5
[ — " R -
dn—[n!}D(aﬁ)—n.[:ﬂ]<1 T +2| i > l+zx4+z2+z°+...)
ol 1
=n. - ﬁ + 5 - g +.
Check: d3 =6(1 — 1+ 5 — §) =2: 231, 312.
dy =241 —1+ 1 -1+ L1)y=0: 2143, 2341, 2413, 3142, 3412, 3421, 4321, 4312, 4123.

Note: As n — oo,

1 1 1 1
~ n! - — JRE— =nll =] =n!
dp, ~ n! <1 T —1—2' a1 —i—) —n.<e> =nl/e.

So proportion of permutations which are derangements approaches a constant, 1/e, as n — oo.
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