BALANCED METRICS ON UNIRULED MANIFOLDS

IONUT CHIOSE, RARES RASDEACONU, AND IOANA SUVAINA

ABSTRACT. We show that an n—dimensional Moishezon manifold is uniruled
if and only if it supports a balanced metric w™ ! of positive total scalar Chern
curvature. A similar statement also holds true for class 4 manifolds of dimen-
sion three.

INTRODUCTION

A compact complex manifold M is called uniruled if there exists a rational
curve passing through every point of M. A differential geometric characterization
of uniruledness in complex dimension two was given by Yau [Ya]. He proved that
a Kéhler surface S has Kodaira dimension —oco (equivalently, uniruled) if and only
if it admits a Kéahler metric w of positive total scalar curvature. This is equivalent
to

/ c1(Ks) Aw <0, (0.1)
s

where Kg denotes the canonical line bundle of S.

The aim of this article is to extend Yau’s differential geometric characterization
in higher dimensions. In one direction, the existence of a Kéhler metric of positive
total scalar curvature on projective uniruled manifolds has been recently discussed
by Heier and Wong [HW, Section 5], but a definite conclusion is elusive. Such
metrics are known to exist on some uniruled manifolds. Most notably, they exist
on projective Mori fiber spaces of dimension three, as established by Demailly,
Peternell and Schneider [DPS, Proposition 4.9]. An approach to this existence
question, which indicates that in general the answer is negative, is proposed by the
second author in the case of rationally connected threefolds [Ra]. This suggests
that instead of searching for Kéhler metrics of positive total scalar curvature on
uniruled manifolds, one should broaden the search to a larger class of metrics. To
detect a suitable such class of Hermitian metrics we follow Yau’s original proof [Ya].
Yau’s approach to find Kahler metrics of positive total scalar curvature on uniruled
surfaces relies on the minimal model theory. His proof follows in two steps:

A) Bimeromorphic invariance: Yau shows that the existence of such metrics is
an invariant property under bimeromorphic maps. In the case of surfaces,
the invariance under blow-ups suffices.

B) Existence of a K&hler metric of positive total scalar Chern curvature on an
exhaustive list of bimeromorphism classes of uniruled surfaces: Yau proved
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the existence of K&hler metrics satisfying (0.1) on all geometrically ruled
surfaces.

To extend Step A in higher dimensions, recall that any bimeromorphic map
decomposes by the weak factorization theorem [AKMW, Theorem 0.3.1] into a se-
quence of blow-ups and blow-downs with smooth centers. A well-known fact is
that, unlike uniruledness, the class of Kahler manifolds of dimension greater than
or equal to three is not closed under bimeromorphisms. We are led to consider
a larger class of manifolds which is invariant under bimeromorphisms. From the
work of Alessandrini and Bassanelli [AB1, AB2], it is known that the class of mani-
folds carrying balanced metrics, i.e., Hermitian metrics with co-closed Kéhler form
(see [Mi] and Section 1), satisfies this property. In dimension two, any balanced
metric is in fact Kéhler, but in higher dimensions there exist non-Kéahler mani-
folds which admit balanced metrics or Kéhler manifolds which admit non-Kéahler
balanced metrics. We prove:

Theorem A. Let X and Y be two bimeromorphic compact complexr manifolds of
dimension n. If there exists a balanced metric wg‘{l on X such that

/ Cl(Kx) /\W;Lci1 <0,
X

then there exists a balanced metric w§}71 on'Y such that

/ Cl(Ky) /\wg}il < 0.
Y

Demailly, Peternell and Schneider also asked if Step A can be accomplished for
normal projective varieties [DPS, Problem 4.12]. Theorem A gives a partial answer
to their question.

An extension of Step B to uniruled manifolds of higher dimensions relies on the
state of the art of the minimal model program. For projective uniruled manifolds
one can find a bimeromorphic simpler model in any dimension [BCHM]. These
bimeromorphic models are higher dimensional analogs of the geometrically ruled
surfaces, called Mori fiber spaces (see Section 3.2). We show that every Mori fiber
space admits Kéahler metrics of positive total scalar curvature, and we obtain:

Theorem B. FEvery n-dimensional, Moishezon, uniruled manifold X admits a bal-
anced metric w1 such that

/ Cl(KX) /\u}ni1 < 0.
X

Recall that a compact complex manifold is Moishezon if it is bimeromorphic to
a projective manifold.

We provide two proofs for this result. One proof uses the minimal model pro-
gram. A second proof is based on ideas of Toma [To], and it relies on the results
of Boucksom, Demailly, Padun and Peternell [BDPP], bypassing the minimal model
program.

A generalization of the minimal model program to the class of Kéhler manifolds
is known only in complex dimension three [HP1, HP2]. We prove the following
extension of Theorem B in dimension three:
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Theorem C. Every uniruled threefold X of class € admits a balanced metric w?
such that

/ Cl(Kx)/\w2 < 0.
X

Recall that a complex manifold is called of class % if it is bimeromorphic to a
Kahler manifold. This class of manifolds is strictly larger than the class of Kahler
manifolds in dimension three or more, and it contains the class of Moishezon man-
ifolds. Every class ¥ manifold carries balanced metrics by [AB1, AB2].

The bimeromorphism invariance of the class of balanced manifolds indicates that
balanced metrics are natural to be considered as good replacements of Kéhler met-
rics in order to extend Yau’s differential geometric characterization of uniruledness
in higher dimensions. However, this is not the only class of Hermitian metrics with
such good properties. In fact, every complex manifold admits Gauduchon metrics,
that is positive (1,1)-forms w such that d0w™~! = 0 [Gal]. Notice that every bal-
anced metric is a Gauduchon metric, while the converse is false. Moreover, from the
positivity criterion of Lamari [Lal] and [BDPP, Corollary 0.3] one can see that ev-
ery uniruled projective manifold admits Gauduchon metrics of positive total scalar
Chern curvature (see also Theorem D below). In Theorems B and C we prove
therefore a stronger result.

Conversely, Yau’s approach [Ya] can be adapted to show that the existence of a
Kaéhler or a balanced metric of positive total scalar Chern curvature on a complex
manifold implies that the Kodaira dimension of the manifold is —oo. One can easily
see that uniruledness implies that Kodaira dimension is —oo, but the converse is a
well-known open problem. Heier and Wong were able to show in [HW, Theorem
1.1] that every projective manifold which admits a Kéhler metric of positive total
scalar curvature is in fact uniruled. We extend here Theorem 1.1 of Heier and
Wong [HW], and combining with the results from Theorems B and C we provide
the following characterization of uniruledness:

Theorem D. Let X be an n-dimensional Moishezon manifold. The following
statements are equivalent:

i) Kx is not pseudoeffective;

i) X is uniruled;
iii) X admits a balanced metric of positive total scalar Chern curvature;
iv) X admits a Gauduchon metric of positive total scalar Chern curvature.

Moreover, the same statements hold true if n = 3 and X is of Fujiki class €.

The proof of the implications iv) = i) = i) relies on the positivity criterion of
Lamari [Lal, Théoréeme 1.2 (1)], and on remarkable results of Boucksom, Demailly,
Peternell and Paun [BDPP] and Brunella [Br].

We explore next the possibility of extending the above characterization of unir-
uledness in terms of the positivity of the total scalar Chern curvature of a balanced
metric beyond class €. In general, the existence of a balanced metric fails. How-
ever, in dimension three, a large class of uniruled manifolds admitting such metrics
is given by complex manifolds bimeromorphic to twistor spaces [AHS]. We prove:
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Theorem E. FEvery three dimensional complex manifold X bimeromorphic to a
twistor space admits a balanced metric w? such that

/ 61<Kx)/\w2 < 0.
X

1. TOTAL SCALAR CURVATURES

In this section we briefly recall some well-known background material in complex
differential geometry to introduce the terminology.

Let (M, g) be a Hermitian manifold and w its Ké&hler form. On (M, g) one can
consider two canonical connections: the Levi-Civita connection, and the Chern
connection.

Let s denote the scalar curvature of the Levi-Civita connection. The total scalar
Riemannian curvature is defined as

/ / sw"
Spg = | ——,
n

w
where pg = — is the volume form.

Let s¢ denote the scalar curvature of the Chern connection associated to the
Hermitian metric g. The total scalar Chern curvature is defined by

/ SClg-
M

The Ricci curvature form of the Chern connection represents the first Chern class
of M rescaled by a factor of 27, and ¢1 (M) = —c1(K s ), where Ky is the canonical
line bundle of M. Since the scalar curvature is the trace of the Ricci curvature form,

we can write
scw™ 2m 1
= =— Ky) Aw™ . 1.1
[ sema= [ = [ w0 A (L)

A result due to Gauduchon [Ga2, page 506] (see also [LY, Corollary 1.11]) com-
pares the total scalar Riemannian curvature and the total scalar Chern curvature:

Proposition 1.1. Let (M, g) be a compact, complex manifold equipped with a Her-

mitian metric. Then
1
/ SCpg = 5/ SHg,
M M

with equality if and only if the metric is Kdhler.

Corollary 1.2. Let (M, g) be a compact, complex manifold of dimension n equipped
with a Hermitian metric. If the scalar Riemannian curvature of M is positive, then

/ Cl(K]y[) AWl <.
M
O

Definition 1.1. Let (M, g) be a compact complex manifold of complex dimension
n equipped with a Hermitian metric g, and let w denote its Kahler form. If dw = 0,
then g is called a Kéhler metric. A complex manifold which admits a K&hler metric
is called a K&hler manifold.
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If g is a K&hler metric, then its Kéhler form w is a real, d-closed, strictly positive
(1,1)-form. Conversely, given a smooth, strictly positive, d-closed (1,1)-form w,
there exists a Hermitian metric g whose Kéhler form is w. We will use the notation
(M,w) to denote a Kéhler manifold with prescribed Kéhler form.

Definition 1.2. Let (M, g) be a compact complex manifold of complex dimension n
equipped with a Hermitian metric g, and let w denote its Kihler form. If d(w™~!)
0, then g is called a balanced metric. A complex manifold which admits a balanced
metric is called a balanced manifold. We will use the notation (M,w"~!) to denote
a balanced manifold.

Given a balanced metric of Kihler form w, the (n — 1,n — 1)-form w™! is real,

strictly positive and d-closed. Conversely, it is an easy exercise in linear algebra to
see that given a real, strictly positive, d-closed (n — 1,n — 1)-form €, there exists
a unique Hermitian metric of Kihler form w such that Q = w™~! ([Mi, page 279]).
Throughout the paper, by a balanced metric we mean a real, d-closed, strictly
positive (n — 1,n — 1)-form, denoted by w™ 1.

A Kéhler manifold is balanced, and if n = 2 the converse is also true. In higher
dimensions the converse is false. A large class of counterexamples is provided by
the twistor spaces of closed anti-self-dual four-manifolds (see Sect. 4). Another
interesting class of non-Kéhler balanced manifolds has been found by Fu, Li and
Yau. In [FLY], the authors showed that the complex structures with trivial canoni-
cal bundles constructed by Lu and Tian [LT] and Friedman [Fr] on connected sums
of S x % carry a balanced metric.

2. POSITIVE CONES IN BOTT-CHERN AND AEPPLI COHOMOLOGY GROUPS

In this section we recall the definitions of the Bott-Chern and Aeppli cohomology
groups, and of the pseudoeffective and the nef cones. In the Kahler case, these
cohomology groups are isomorphic to the usual Dolbeault cohomology groups due
to the 90-lemma. However, we prefer to work with the Bott-Chern and Aeppli
cohomology groups since the class of a d- or i00-closed positive current lies naturally
in these cohomology groups, and, moreover, the duality statements between the nef
and pseudoeffective cones (Theorem 2.4) can be naturally stated in this setting.
For more details, see [Sc].

Let X be a compact complex manifold of dimension n. The Bott-Chern coho-
mology groups are defined as

| _ {aeEx(X)lda =0}
H5e(X.C) = 55515 g1 (X))

and the Aeppli cohomology groups are

7 B {a € €55(X)]i0da = 0}
H' X0 = Gir e e, . (X € 6]

p,q—1

Since all the operators involved in the definitions of the above cohomology groups
are real in bidegrees (p,p) the real cohomology groups H3% (X, R) and H}" (X, R)
are well-defined. The above groups can be defined by using smooth forms or cur-
rents. We use the notation [s] for the class of a d-closed form or current s in HpJ
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and {t} for the class of a d0-closed form or current ¢ in H3®. The groups HEZ (X, C)
and H); 7" %(X,C) are dual via the pairing

HBA(X,C) x HP"1(X,C) = C. ([a], {8}) — /X Y (2.1)

By an abuse of notation, we also denote by («, 8) the evaluation [ @A\ B, regardless
of whether o and 8 denote appropriate forms, currents or cohomology classes.

Definition 2.1 (Lelong [Le]). Let T' be a current of bi-dimension (p, p). We say
that 7" is a positive current, and we write 7' > 0, if T'Adog Adg A -+ Aoy A @ is
a positive measure, for all smooth (1,0)—forms aq, ..., a,.

For # € {BC, A} and p € {1,n — 1} we define the following cones:
(1) the #—pseudoeffective cone

Xy ={v e HY (X, R)3T > 0,T € +}, (2.2)

where by T we denote here a current.
(2) the #—nef cone

t/V)g# = {’Y € H:/Z;:’p(X’ R)‘VE—: > 0,3a. € Y, Qe > _Ewp} (23)

where w is the Kéhler form of a fixed Hermitian metric on X and a, denotes
a smooth (p, p)—form.

Notice that all of the cones defined above are convex cones.

Remark 2.1. The pseudoeffective and nef cones é‘}l{ po and JV)% po were first
introduced by Demailly [De, Definition 1.3], who stressed their importance. We
adapt here his definitions to (n — 1,n — 1) Bott-Chern cohomology classes and to
(p,p) Aeppli cohomology classes, where p € {1,n — 1}.

The following two lemmas are standard, and some of the statements below are
proved in [De, Proposition 6.1]. As they play a crucial part in our argument, and
for the reader’s convenience, we include their proofs.

Lemma 2.2. The cone é‘}l( o s closed and JV)(I sc C é‘}l( BO-

Proof. The proof of the lemma relies on the existence of Gauduchon metrics on
any compact complex manifold [Gal]. That means X admits a Hermitian metric g
with Kihler form w satisfying 90w™ ! = 0.

Indeed, suppose ([T}]); is a sequence of pseudoeffective classes represented by the
closed positive currents Tj such that [Tj] — v € Hye(X,R). Fix g a Gauduchon
metric with K&hler form w, and notice that fX T; N w"~1 depends only on the
Aeppli cohomology class {w" !} and on the BC-cohomology class [T}], not on the
representative w. Since the sequence ([ TN w™™ 1), is bounded, we can assume,
after passing to a subsequence, that (T}); is weakly convergent to a closed positive
current T. Then v = [T] € &y pe-

To prove that AY pe C Ex pos let [a] € A} g, where a is a d-closed smooth
(1,1)-form. Then, by definition, for every € > 0, there exists . € €°°(X,R) such
that a. := ew + a + i0dp. > 0. Since fX o Aw™ ! is bounded for 0 < € < 1, we
extract a weakly convergent subsequence (o, );, converging to a closed, positive
current in class [a]. Hence [a] € &% pe. O

Lemma 2.3. The cones JV)‘?’# are closed, where p € {1,n — 1} and # € {BC, A}.
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Proof. Let {v;}; be a sequence, where v; € A ,, and v; — v in Hy"(X,R). In
each cohomology class y;, we choose the unique harmonic representative 3; and let
[ be the unique harmonic representative in v with respect to some fixed Hermitian
metric on X (see [Sc] for more on the harmonic forms in the Bott-Chern and
Aeppli cohomology groups !). Then, from the standard theory of elliptic operators,
it follows that 8; — B in the ¥ topology. This immediately implies that ~y
is nef. Indeed, for every p € {1,n — 1}, given ¢ > 0, we can find j. such that
B — ;. > —5wP. Since ;. (which is the class of 3;,) is nef, it follows that for every
d > 0 there ex1sts a smooth form A5 € «y;_ such that .5 > —§w”. Notice now
that, for every € > 0 and § > 0, 5 — ;. + A s is a smooth representative of v which
is > — 5+5wp Therefore ~ is nef. O

Given V a real vector space, denote by V* its dual. If C' a convex cone in V', we
denote by C* C V* its dual:

C* = {v* € V*v*(c) > 0,Vec € C}.
By the Hahn-Banach Theorem, we have C** = C.

Theorem 2.4. Let X be a compact complex manifold of dimension n. Then
) ’/Vl BC - (g ) )
Moreover, zfX 18 balanced, then
iii) N =(ERBe)
i) A pe = (E%a)"
Proof. The proof of the above statements either follows directly from [Lal], or the
arguments in [Lal] go through mutatis mutandis. For the convenience of the reader

we include the details in the cases ii), iii) and iv) which are not covered by the
results in [Lal].

i) This is Théoreme 1.2 (1) in [Lal]. 2

ii) Clearly JV}?f (&% pe)*- Conversely, (& pe)* C JV)?;S is equivalent to
(W)?)Zl)* C &% pe since & po is closed. Let [n] € Hpl(X,R) be such
that ([n],v) > 0, Vy € W)?’Zl. In particular, (n,€Q) > 0 for any positive

i00-closed (n — 1,n — 1) form © on X. Lemme 1.4 in [Lal] implies the
existence of a distribution x such that n +iddx > 0, that is [1] € &% -

iii) The inclusion </VX1 4 C (& Bo)* follows immediately. For the opposite
inclusion, we adapt the proof of Lemme 1.3 in [Lal] to our situation.

Let {n} € Hl’l(X, R) be an Aeppli cohomology class such that ({n},~) >
0,Vye <§’X pes and 1 € 675 (X, R) a representative.

1The Bott-Chern Laplacian was introduced by Kodaira and Spencer in [KS, page 71]. In op.
cit., Schweitzer adapted this construction to define the Aeppli Laplacian on the same model.
2The cones A3 X.pc and X_A are the denoted by Pl .(X) and II"~1, respectively in [Lal,

Théoreme 1.2 (1)].
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We proceed by fixing a Hermitian metric on X, with Kahler form ¢. Let
@'m=Lr=1(X R) denote the space of real currents of bidegree (n—1,n — 1)
on X, and define

Crl={T e 2" X R)|T > 0,(T, ¢) =1},
which is a convex, compact set.
The set V of all balanced metrics on X is an open convex cone in
E={\""1e€r, 1 (X,R)d\""" =0}.
We have (n,w™ 1) >0, Vo™ ! € V. If (n,w" 1) =0, Vw" ! € V, then
(n,\"=1) =0, VA" ! € E since V is open in E. From the duality between
HES "X, R) and Hy' (X, R) it follows that {n} =0 € N34 We can
therefore suppose that there exists wg_l € V a balanced metric such that
(n,wo) > 0. Let D"~ ! = C"~1 N E’, where
E' ={T € 2" " Y X,R)|dT = 0}.

It is a convex, compact subset of 2'"~1"~1(X R) which is non-empty, as
it contains the balanced metrics. Without loss of generality, we can assume
that wj~' € D"71 e, that (wi ™', ¢) = 1.

For ¢ > 0, set C(¢) = C" ' +ewd ™ and D(e) = D" ' + cwy™ ! As
wy ™! is d-closed, we have C(e) N E' = D(g). Since (n,T) >0, VT € D"~
and (n,wq ™) > 0, it follows that (1, T) > 0, VT € D(e). The subspace

F=FEn{T ez " YX,R)|(n,T) =0}
is closed in 2"~ 1"~1(X R) and of codimension 1 in E’. Moreover,
Ce)NF=C)NEN{T e 2™ " 1 X,R)|(nT) =0}
=D(e)n{T € 2" """ 1(X,R)|(n,T) = 0}

:@l
We can therefore separate C(¢) and F with a smooth (1,1) form S, which
n—1
vanishes on F and is strictly positive on C(g). If we let A, = ((g’won_l)),
€9 w()

then the (1,1)-form n — A.S3. is zero on E’. Therefore, from the duality
between Hy'(X,R) and Hpg'" ' (X,R), it follows that there exists 7. a
smooth (1,0)-form such that
n—Afe = _576 — 0%
and the (1,1)-form
n+ 575 + a;)/s = /\sﬂs
is strictly positive on C(e). If T € C™ 1, then T + ewj ™' € C(¢) and so
(n+07: + 09, T +ewd ™) = (n+ v + 07, T) +e(n,wi™ ") > 0.
Hence (n+ 0v. + 07.,T) > —e(n,wy ™), VT € C* L.
Set now m = (n,wy ). If T is a positive non-zero current of bidegree
(n—1,n—1) on X, then ﬁT € C™ 1, therefore
(04 0ve + 09, T) > —em(T, ¢), VT >0
which means 7 + 9y + 85. > —em¢. This implies that {n} € AY ,.
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iv) If X is balanced, then &% , is closed (see Lemma 2.5 below). Clearly
JV)?BC C (&% _4)* and the other inclusion is equivalent to (JV)?_Blc)* C Ex.a
since & 4 is closed. We adapt the proof of Lemme 1.4 in [Lal] to our
situation.

Let {#} € HY'(X,R) be an Aeppli cohomology class such that ({6}, ) >
0, Vy € JV";C, and 0 € ¢79(X,R) a representative. In particular,
(0,0 1) > 0, Vw ! € V, where V C G2y n—1(X,R) is the cone of
all balanced metrics on X. Assume there exists wj ™' € V such that
(0,wy™') = 0. Let g"' € € 1 1(X R) be a d-closed (n — 1,n — 1)-
form on X. Set wi ! = (1 — thwyp~t + "1 and f(t) = (6,wp ).
Then, there exists € > 0 such that w” V'€V for —e <t < e. There-

fore f(—e) > 0, f(e) > 0, f(0) = 0, and it follows that f = 0, and so
0,871) = 0, V3" € %ﬁiLn_1C¥JRL with dg"~! = 0. The duality
between Hpg"" ' (X,R) and H}'(X,R) implies that {0} =0 € Ex.a-
We can suppose now that (#,w" 1) > 0, Vw" ! € V. Set
U={\"'e G -1 (X, R)[A"~! > 0}
E={\""1 €%, , (X, R)ldx""! =0}
F={\""1ecE|6,\"") =0}
Then UNE =V and VNF = (), and hence UNF = (). By the Hahn-Banach

theorem, we can separate U and F by a current T of bidegree (1, 1) which
is strictly positive on U and vanishes on F'. Then T is a positive current.

0 n—1
Let w™™ 1 € V and define A = ((T’wn_l)) Then § — AT is zero on E and
W

from the duality between HYy'(X,R) and Hpg"" ' (X,R) it follows that
there exists S a (1,0)-current on X such that

0 — XTI = —d5 — 5.
Hence, the current 0 4+ 05 + 95 is positive and {0} € &% 4.

Let
Hx = {|w] € H55(X,R)| w is a Kihler metric}
denote the Kahler cone of X. Similarly, we define the balanced cone:

= {[w] € Hps"" (X, R)| w"~ ! is a balanced metric}.

Lemma 2.5. Let X be a compact complexr manifold of dimension n.
i) If X is Kahler, then e/VX{BC = X x. Moreover, 5;:41 is closed and we
have, f/V)?zl C é";qu
ii) If X is balanced, then JV"BC = %x. Moreover, Ex. 4 is closed.
Proof. The proof is an adaptation of the arguments in Lemma 2.2.
i) Since H#x C Ny pe and Ay pe is closed, we can see that £ x C Ay pe-
Conversely, fix w a Kéhler metric and let n € A} p. Then n+ tlw] € Hx
for any ¢t > 0 and n = }i_r}r(l)n + tlw] € A x. This proves that Hy = /V)},BO
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As in the proof of Lemma 2.2, we show that 5;;‘1 is closed and W)?,Zl C

5;:41. Let w be a Kéahler metric on X and n € 5’;;‘1. Let Tj posi-
tive i00-closed currents of bidegree (n — 1,n — 1) such that {T;} — 7
in H}""" (X, R). Then the sequence ([, Tj Aw); is bounded, hence we
can extract a subsequence (7},)r which is weakly convergent to a posi-
tive i00-closed current T and T' € 7. Therefore we have 1 € 5’;:41. In
order to prove the inclusion AY' ' C &Y, let n € AY,'. Then, by
definition, 7 + e{w" "1} € é”;;f, and since é”)’};l is closed, it follows that
n=limn+e{w" '} e &
e—0 ) o
ii) We have Zx C ,/V)?fBIC and, since W;BE is closed, it follows that Zx C
JV)?;C Conversely, fix w™~! a balanced metric on X and let n € JV)?_Blc
Then 7 + tfw" '] € Bx for any t > 0 and therefore n = %EIB)H +tw™ 1) €
Bx.
We show next that & )1( 4 isclosed. Let w™~! be a fixed balanced metric on
X and consider a sequence (S;); of positive i00-closed currents of bidegree
(1,1) converging to 7 € Hy'(X,R). Then the sequence (Jx S Aw™™h);
is bounded and so there exists a subsequence (S}, )i converging weakly to

a positive i00-closed current S of bidegree (1,1). That means {S} = n €
£§7A, and so the cone 5}1(714 is closed.

O

Remark 2.6. If X is a Kdhler manifold, we have a natural map w : % — A
given by w([w]) = [w" !]. Fu and Xiao [FX] showed that the map p is injective
[FX, Proposition 1.1]. Moreover, p is not always surjective. More precisely, they
provided examples of manifolds [FX, pages 11 and 12| where Zx \ w(H#x) # 0.

We have natural morphisms
J1: HEa(X,R) — HY' (X, R)
and
. n—1n—1 n—1n—1
In—1 :HBC (XvR)g)HA (XaR)

which are isomorphisms if X is Kihler, due to the d9-lemma.

Proposition 2.7. Let X be a compact Kdahler manifold of dimension n. Then

Jn-1(6% Bo) = EX A (2.4)
and
(AR o) = Axa (2.5)

Proof. The second statement follows from the first one by duality. From Theorem
2.4, we have that ('/V)g,BC)* = é‘}’g;‘l since 5;:41 is closed. Corollary 0.3 in [DP]
implies that the currents of the form 5,1 (] fY wP~1Ae]), where Y is a p-dimensional
analytic subset of X and w is a Kahler metric on X, generate the cone & ;:41. Since
the currents ([, w?~! A'e) are d-closed and positive, we see that jn_1(6% 5o) =
EX A O
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Remark 2.8. Given a compact complex Kéhler manifold of dimension n, Conjec-
ture 2.3 in [BDPP] implies that j,—1 (A pe) = W)g;l, i.e., that the dual of the
pseudoeffective cone & p is the closure of the cone of classes of balanced metrics.

2.1. Néron-Severi groups. For a compact complex manifold X of dimension n
we have natural maps

ap s HB2(X,R) — H.P(X,R),
By H%(X,R) — HYP(X,R),
vp : H(X,Z) — H7% (X, R).
Define the Néron-Severi groups
HEE ns(X,R) = (3 (H? (X, 2))) @2 R € HpG(X,R)
and
HYf\ (X R) = By (v (H*(X,Z))) ®z R C HY"(X,R).
If X is projective, then the canonical morphisms
1,1 1,1
HBC,NS(Xa R) — HA,NS(X7 R)
and
n—1n—1 n—1n—1
Hpcns (X,R) — Hy s (X,R).

are isomorphisms, and the standard notation for these groups are N! or NS%, and
Ny, respectively. The group NS% is generated by classes of divisors on X, and by
the Hard Lefschetz Theorem, it follows that IV; is generated by classes of curves on
X.

Let the subscript NS denote the intersection of a cone (nef or pseudoeffective)
with the Néron-Severi groups.

Proposition 2.9. If X is compact Kahler of dimension n, then the pairing
HEe ns(X,R) x Hy w5 P (X, R) = R, ([o], {8}) — /X ahp (2.6)

is nondegenerate and all the equalities of Theorem 2.4 hold at the Néron-Severi
level. Moreover,

jn—l(gg&lzvs) = 52,7\/15
and

jl(«/VBlaNs) = J’CA},NS'
If X is projective, then

in-1(Agons) = NN (2.7)
and

1(Esens) = EAnNs- (2.8)

Proof. The only non-trivial statement is (2.8), as (2.7) follows by duality.

Let {T} € &} yg where T is a positive, dd-closed current, and let j ([S]) = {T},
[S] € HgaNS(X, R). We want to show that [S] € €3¢ yg- For the proof, we follow
[To].

From [BDPP, Theorem 2.2] we see that it is enough to check that

([S]: {p«(A1N...NA,_1)}) >0,
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where p : Y — X is a proper modification of X and Ay,..., A,_1 are very ample
line bundles on Y. However, from Theorem 3 in [AB2], there exists 7", a positive
pluriharmonic current on Y which is the total transform of T', and we have

([S}v{p*(Al n... ﬂAn,1>}) = ({T}7[ *(Al n... ﬂAnil])
=T ,A1N...NA,_1)
> 0.
O

Remark 2.10. Boucksom, Demailly, Paun and Peternell define [BDPP, Definition
1.1] the pseudoeflective cone &ng as é”}(’dR N NSr(X), where

NSg(X) = (Hy'(X) N H*(X,Z)/torsion) @z R.

Formula (2.8) above implies in particular that, at the Néron-Severi level, the pseu-
doeffective cones é‘}éc’ NS é‘)A}’ ~ng and &g coincide via the canonical isomorphisms

between the cohomology groups H;&NS(X, R), Hi"}NS(X, R), and NSg(X).
3. UNIRULED MANIFOLDS AND BALANCED METRICS

3.1. Bimeromorphism invariance. We prove here that the existence of a bal-
anced metric of positive total scalar Chern curvature is an invariant property under
bimeromorphisms.

Proof of Theorem A. By [AKMW], we can assume that p : ¥ — X is a blow-
up with smooth center C' and let E be the exceptional divisor of p. Then Ky =
p*Kx + aF, where a = codimx C — 1 > 0.

Suppose first that X admits a balanced metric w?{l which is negative on the
canonical line bundle of X. Let ¢ : E — Y denote the inclusion. Since

/ c(E) Aprwi ! :/ prwly Tt = / Wyt =0,
Y E c
we find that

/Cl(KY)AP*W?cﬂ:/ ar(p*Kx) Ap'wi! =/ o (Kx) Awy <.
Y Y x

It is known that Y is also balanced [AB3], and if w:™ " is a balanced metric on Y,
it "~1is a balanced metric and

then p*wy " + cwy
/ er(Ky) A (pwl ! 4+ w1y <0,
Y

for a small € > 0.
Conversely, suppose that Y supports a balanced metric w{ﬁ_l such that

/ c(Ky) AwiE ™t <. (3.1)
Y
and suppose that
/ ca(Kx)Aw™ >0
b'e

for any balanced metric w™ ! on X. Then

/ ca(Kx)An>0
X
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for any class [n] € (/Végﬁ( Therefore, by Theorem 2.4 iv), {c1(Kx)} € &% 4, i,
there exists 7' a positive d0-closed (1,1)-current in the Aeppli cohomology class
{c1(Kx)}. From [AB2], it follows that there exists a positive d0-closed current on
Y denoted by T, which is the total transform of T. This means that

T' € {a(p"Kx)} = p"{er(Ex)}-
In particular, {c;(p*Kx)} € éE}},A and therefore

{e1(Ky)} = {er(p™Kx)} + af[E]} € &y 4
which contradicts (3.1). O

3.2. Metrics on Mori fiber spaces. We start by recalling background definitions
from the minimal model program.

Definition 3.1. A compact complex variety Y is called Q—factorial if every Weil
divisor of Y is Q—Cartier.

Let Y be normal variety such that mKy is Cartier for some m > 0, and let
f:+Z — Y be a resolution of singularities. Up to numerical equivalence, we can
write

Kz =q [*(Ey)+ Y aFE;,
i

where the F;’s are the f—exceptional divisors, and a; € Q.
Definition 3.2. We say that Y has log-terminal singularities if a; > —1, for all 4.

It is well-known that this definition is independent of the choice of the resolution
[KM].

Definition 3.3. A normal compact complex variety Y with only Q—factorial log-
terminal singularities equipped with a map ¢ : Y — B is called a Mori fiber space
if the following conditions are satisfied:
i) The map ¢ is a morphism with connected fibers onto a normal variety B
with dimB < dimY.

ii) All the curves C in the fibers of ¢ are numerically proportional and Ky -C' <
0.

3.2.1. The projective case. We give here a first proof of Theorem B based on the
the minimal model program. A second proof, circumventing the minimal model
program follows.

Proposition 3.1. Let ¢ : Y — B be a Mori fiber space, with Y and B projective.
Then, there exists an ample line bundle H on'Y such that

Ky -Hy ' <.

Proof. If dimB = 0, by Kleiman’s Ampleness Criterion —Ky is ample, and so
Ky - H" ! < 0 for all ample line bundles on Y.

Assume now that dimB = b > 0 and fix an ample line bundle L on B, and H)
an ample line bundle on Y. Let

H,, = m¢*L + Hy.
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Then H,, is an ample line bundle on Y for all m > 0, and
Ky -Hp' = Ky - (m¢*L+ Hy)" ™!
= ¢(n,b)m Ky - (¢* L) - H 1= + O(m*™1)
= ¢(n, bymP (L) (Kp - HY 7% + O(mb™Y),

where ¢(n,b) is a positive integer depending only on n and b, and F denotes the
fiber of ¢. By the relative version of Kleiman’s Ampleness Criterion [KM, Theorem
1.44] we see that —Kp is ample, and so Ky - H»™! < 0 for m > 0. Take now
Hy = H,, for some fixed m > 0. O

The first proof of Theorem B. Let X be a smooth, Moishezon, uniruled manifold
of dimension n > 0. Then there exists a smooth projective manifold Y of dimen-
sion n bimeromorphic to X. Since uniruledness is preserved under bimeromorphic
transformations, Y is uniruled. According to [Ko, Theorem IV.1.9], there exists a
non-constant holomorphic map u : P; — Y, such that u*Ty is globally generated.
Since we have an injection from Op:(2) = Tp1 to u*Ty, it follows that degu*Ty > 2,
and so Ky - u(P1) < 0. But the curve u(P;) moves in a family covering X, and so
by [BDPP, Theorem 0.2], the canonical bundle Ky is not pseudoeffective. This
implies, according to [BCHM, Corollary 1.3.3], that Y is birational to a Mori fiber
space ¢ : Z — B with Z and B projective. In general, Z is not smooth, and let
f: 7 — Z bea desingularization. Then, there exists an ample line bundle H, on
Z such that
K,-H} ' <.

Indeed, from Proposition 3.1, we know that there exists an ample line bundle H
on Z such that K - Hg_l < 0. Fix Hy be an ample line bundle on 7. For every
m > 0, let

H,, =mf*Hz + Hy
Then H,, is an ample line bundle on A , and

Ky H' = (fKz+ Y aiE;) - (mf Hg + Hy)" ™'

=m" 'Kz Hy '+ 0(m"™?) <0,

for m sufficiently large. Take now H, = H,, for fixed m > 0. Since H is ample,
the first Chern class of kH,, is represented by the Kéhler form of a Hodge metric
wy for sufficiently large k. In particular, we found on Z a Kéhler metric w such
that

/ c1(Ky) /\wg*1 < 0.
Z

Since Z and X are smooth and bimeromorphic manifolds, we can apply now The-
orem A to conclude that X admits a balanced metric w™~! such that

/ Cl(Kx) Awm <.
X

|
We give next a short second proof of Theorem B using the results presented in

Section 2. In fact, for projective manifolds we can prove a slightly more precise
result:
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Proposition 3.2. Let X be a uniruled projective manifold of dimension n. Then
there exists w™~ ! a balanced metric, [w"™1] € Hgalj\?;l(X, R) such that

/ ca(Kx)Aw™ 1 <0 (3.2)
X

Proof. Since X is uniruled, arguing as in the first proof of Theorem B, we see
that the canonical bundle Kx is not pseudoeffective. Hence, as in Remark 2.10,
c1(Kx) ¢ &o s As a consequence, from Proposition 2.9 we see ¢1(Kx) ¢ &5 yg-
Theorem 2.4 now implies the existence of a balanced metric w™ ! with integral class
whose pairing with ¢ (Kx) is negative. O

The proof of Theorem B now follows from Proposition 3.2 and Theorem A.

3.2.2. The Kdhler case. The first proof of Therem B can be adapted in Ké&hler
setting.?

Proposition 3.3. Let ¢ : Z — S be a Mori fiber space where Z and S are Kdhler
spaces. Then there exists a Kdhler form n on Z such that

K- [’I]n_l} < 0.

Proof. Fix wg and wz Kéhler forms on S and Z, respectively and consider the
family of Kéahler forms

=t ws +wyz, t > 0.
As in the proof of Proposition 3.1 we see that Ky - 7" ~'] < 0 for ¢t > 0. We omit
the details. ]

Proof of Theorem C. Let X be a smooth, uniruled, 3—dimensional manifold of class
% . That means there exists a uniruled, 3—dimensional, Kéahler manifold Y~ bimero-
morphic to X.

According to Horing and Peternell [HP2, Theorem 1.1], Y is bimeromorphic to
a Kahler Mori fiber space Z as in Proposition 3.3. In general, Z is not smooth. Let
f:Z — Z be a desingularization. By [Va, 1.3.1], Z is a smooth Kihler manifold.
As in the first proof of Theorem B, we can find a Kéhler metric w on Z such that

/ Cl(KZ) A w? < 0.
Y

Applying now Theorem A, we can conclude that X admits a balanced metric with
the property claimed in Theorem C. (]

3.3. Characterization of uniruledness. In this very short section, we complete
the characterization of uniruledness, by proving a converse to Theorems B and C.

Proof of Theorem D. The implication i) = i) is the content of Theorems B
and C, while #97) = iv) is trivial. Morever, from the positivity criterion of Lamari
[Lal, Théoreme 1.2 (1)] (see also Theorem 2.4, part 1)) we can see that iv) = 7).

Finally, it remains to show that i) = 4i). Since neither uniruledness nor the
pseudoeffectivity of the canonical divisor is affected by bimeromorphic transforma-
tions, we may assume that either X is projective, or X is a non-projective Kéahler
threefold. In the first case, the remarkable Corollary 0.3 in [BDPP] shows that X

3Here we have to work with singular Kahler spaces. For the basic notions in the theory of a
Kahler space we refer the interested reader to the sections 2 and 3 in [HP2].
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is uniruled, while in the second case we reach the same conclusion using the equally
remarkable Corollary 1.2 in [Br]. O

4. BALANCED METRICS ON TWISTOR SPACES

A large class of examples of uniruled complex manifolds is provided by the man-
ifolds bimeromorphic to the twistor spaces of closed anti-self dual four-manifolds.
These are compact complex manifolds of dimension three [AHS], equipped with a
one-parameter family of balanced metrics [Mi, Mu]. In this section, we show that
among these metrics there exists a balanced metric of positive total Chern scalar
curvature.

We start by recalling the construction of the twistors spaces.

Let (M,g) be an oriented Riemannian 4—manifold. Under the action of the
Hodge x—operator
* 1 A°M — A*M,
one has a decomposition A°M = A, @ A_ into self-dual and anti-self-dual forms,
corresponding to the (+1)— eigenvalues of *.
Let Z : A2 — A? be the Riemannian curvature operator. Under the action of
SO(4), the Riemannian curvature operator decomposes as

%=%Id+W—+W++?,

where s denotes the scalar curvature, W= are the self-dual and anti-self-dual com-

ponents of the Weyl curvature operator, and I is the trace-free Ricci curvature
operator. The oriented Riemannian 4—manifold (M, g) is said to be anti-self-dual
(ASD) if W+ = 0. This definition is conformally invariant, i.e. if g is ASD, so is ag
for any smooth positive function a.

The twistor space of a conformal Riemannian manifold (M, [g]) is the total space
of the sphere bundle of the rank three real vector bundle of self-dual 2—forms
% = S(Ay). Let w : 2 — M be the projection onto M. For every x € M, the
fiber @1 (x) corresponds to the set of g—orthogonal complex structures compatible
with the given orientation. More precisely, any such j defines the unit length self-
dual form

w(v,w) = %g(v,jw).

The real six-dimensional manifold 2 comes equipped with an almost complex
structure, that is an endomorphism ¢ : T2 — T% satisfying #? = —1. The
Levi-Civita connection V of M gives rise to a splitting 7% = S @Y of the tangent
bundle of & into horizontal and vertical components. At a point (o,z) € &, the
vertical distribution ¥  consists of the vectors tangent to the fiber of w, which
is an oriented metric 2—sphere, and hence equipped with a compatible complex
structure I. On the other hand, the almost complex structure j associated to o
discussed above naturally lifts to the horizontal distribution J#. Then, ¢ is defined
as ¥ = (j,I). A remarkable result of Atiyah, Hitchin and Singer [AHS] asserts
that _# is integrable if and only if the metric g is ASD. In such a case, the fibers
w~Y(z),z € M are smooth rational curves, and so 2 is uniruled.

We assume from now on that 2 is the twistor space associated to a closed,
oriented 4-manifold M equipped with an ASD conformal class [g]. We fix g € [g].
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Let h: be the family of Riemannian metrics on 2 defined by
hy = @w*g + tg"*, (4.1)

where t > 0, g is the metric of M and ¢g"*** is the restriction of the metric induced

on A, to the vertical distribution #. Then w : (2, ht) — (M, g) is a Riemannian
submersion with totally geodesic fibers. Moreover, the metrics h; are compatible
with _#. Michelsohn states [Mi, Section 6] the existence of balanced metrics on 2.
A proof that the metrics h; are in fact balanced follows from Corollary 3.5 and
Lemma 4.1 in [Mu].

The Riemannian scalar curvature of the metrics h; is computed by Davidov and
Muskarov [DM]. More precisely, in [DM, Corollary 4.2] it is proved that for every
(0,2) € Z,

t o 9 2
sz(0,2) = su(z) + L (12" — |2-15) + 5,

where s and sp; denote the scalar curvatures of 2 and M, respectively, and

K- = 51d+ W™+ 7 is the restriction of Z to A_. In particular, for 0 < ¢t < 1,
we see that the metric h; satisfies s¢ > 0.

Proof of Theorem E. Let X be a complex manifold bimeromorphic to a twistor
space Z.

Let w; be the Kéhler 2-form of the balanced metric h; on 2 defined by (4.1).
By Corollary 1.2, we have

1
LYNwi > — yw; >0,
/gcl( : wt—lzw/ysf‘”t

for 0 < t <« 1. The conclusion of Theorem E now follows from Theorem A. O

Remark 4.1. Twistor spaces of class € are rather scarce. Campana [Ca2], and
LeBrun and Poon [LP], independently proved that if the twistor space & of an ASD
four-manifold M is of Fujiki class %, then 2 is Moishezon and M is homeomorphic
to either S* or the connected sum of n > 1 copies of CP2, the complex projective
plane endowed with the opposite orientation. However, a result of Taubes [Ta]
asserts that every Riemannian manifold M can be equipped with an ASD metric
after taking the connected sum with sufficiently many copies of CP2, hence the
twistor spaces provide a large family of balanced manifolds which are not of class

€.
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