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.
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ring then prop : ( GNS
- type construction) If

(EL..LRKR; pi )
has m' '" -

g :S#→ e m g is of pos. type iff

F 5 :S→FC
a
Hilbert space

St

Thun : 5h54 has RFK
.

-

If S is a set tu- a nap gls, t )
= Less

,
It ?

g. s+s→e
is of Po"
" MM fI , q! ,Ea , Kss ; , Ss;

>*÷÷÷÷÷÷÷÷÷÷÷÷¥⇐÷÷÷÷÷. "÷:

⑧ §
,

aigcsi.si ) Zo
-

= ftp.glsists)
- L .

.

-

7gfL= Qsfeerk . . . >g)
5 :S -07C is given by 3g [ s] EFC

( Ss
,
St > = 3. HT> = yest? o



If T is a group
, g :P→ Qpar

: If 9 , .ge are at pos
. type run

is of positive type if the 9
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Lem : A coogan is

bounded iff it is

ihwner
.

(Cst )
-

-
ccs ) tics) Clt ) . proof,

we let Z' ( M
,
Ti) be in space of ⇐ ) obvious .

⇒ ) set X = { Cct ) Step
a
bounded sett

cocycles .

A cocydeci 's inner if
I 5 EFC let go be the chebg¥£,

St ( ( E) =3 - HCE) g tf EEP ie. go is tie ! element
realizing the

infra- of the function

÷:c:i÷÷::÷÷::÷i±±÷÷÷÷:"Tm !?%mjig"With'T iff H' ( T , =Eo3 i
.

Eo = us
) this ) so WET

for all reps TY
. i. us> =3 .

- Tks) So
.

Do



til
Leoni H Hilbert spae XCFC bounded : . { gig? is Cauchy and so

fun F ! go EFC St this matters the
converges to go

.

"" ft"" of
Fca 51-3%1×115 -211 This shows

existence ,
but also uniqueness D

-
Proof :

on zicp , we
consider the top -

of

let dzo denote the irfemwm .

Pointwise convergence, ie
C ,
-7C

choose gn EFC St

du -- {¥×H5n -911
→ d

.

iff g. Ct >→ cct ,
it C- EM

.I we let HTLT
,

=
#" '"YB#x)

.

Then

µ5n -MIKELL.sn#littzHsnI-if-
F- - 113--252/12 ⑧ Note : If T -- CS > S finite symmetric ,

then If ↳ =D;D, does not

taking sup our zex
have spectral gpap , then tan

÷:!÷¥:÷÷:
→ o

Ds5n=cn5n
n.nu T¥hacna3



ultrafilter's on
IN property :

T ① If lie, an exists then

An ultrafilter on IN is a point

we BIN ⇐ Hanley , a )
Kieran =

'

n'Ioan .

- ② If b.a:el7N
m

l7N=C(BIN) ⇐=,@ +b.) = ma -
'' K'Iab "

=

Note: If K is cpt Hausdorff Kyw (anbu
) -⇐Iwan )(Kfwb) .

A '

- IN→ K ( continuous )
then#

F ! cont extension of : BIN suppose Hu
are

Hilbert spaces, WEPN

free ultrafilter .

we define king an
Ecw) consider GUN,

Hn)

={ 5 :iN→UHul5nEHu
This is a Banach space .

and sudd
.

W is free if it is not in IN.
If 5. zel-NN.HN))

(

data 25,2>w= wanna>

This is a non-neg definite Sesqaiiimear form .



Herk , >w)
-

- { 5ed%N,Hn) St p is a fg. gp
with symmetric

knew 11515=03. gen
at S

.

.

This is a
closed subspace

of Note of C
.

-
EZLT , H ) rn

Ci →
C iff g. ( s >

→ Ccs )

e-CIN,th) . for ses
.

we
consider the embedding

±.÷:÷÷:÷
.

""

÷:c:S:
If we have representations Tin :P→UCH

)

then we get
a rep .

'

. Z' ( pix ) is a closed subspace
of

new:r→UChIwHn ) by zoos

Tele ) ( 51=-4*3%1
.

'

.

'

HTV.im#Eo3iffF son

c.cycle
Eto St et B' ( Tik)

.



Ie
. Y

'

5 EFC we had
Note : If p=Cs > S finite symmetric .

"

÷
.

si's:*.> ÷÷÷÷÷÷¥÷÷÷= ⇐(CCS ) - Tics
- 1) CCS )

,
5 > then I unit . vectors Sn St

-
- Cls

" )
↳ 5N I cn5n

Ccs ) set ME 'fz5n

a :÷÷÷÷::i¥::÷÷⇐÷÷÷÷÷z: . Tt' ( p
,

#1€63 iff F a non-Zero
= I. Lohn , 3-7

harmonic coyote . 11 Sull
-

=/
but 1105%11' =L call 5. 112 -- Cn -203



Define on :P→ Hu by define Cw : M -7 II.w Fcn by

cult ) -- Mu - Nlt ) In Cwc E) = ( Cdt ) )n

⇐gllcnls )lF= 110%112=1 this is a co cycle .

I - * een snap nacelles
Hits,
"" 'll' 'E7w Hits , fescues) H⇒

ii÷÷::c:
" ' "" /÷÷÷i:::÷i:=Htfs2- TISM .
If I . Cw is non -zero .

"
-1hm : If p s frankly generated then

=uow ftp.msn.Y.it?nnEtI"
.



T has an approximate term
if Then -

- 5h54 has (T)

1st proof:

F Sue FC 11511=1 St fact (car,er-
killer 183) every element

of 5h54 B a product of
at most

Tsn -20

i:÷÷÷÷i÷µ÷÷÷÷÷÷÷:÷÷÷:÷:iff o is not
isolated in HTTP - If c :p→JE B any

cocycle

-
th on each subgroup

it is
bounded

Elmasry matrix 's
say by M

→

o÷÷÷?
" - It It ' Its moms
in - Hut ) HE 48M
-

'

- H'LIT)=Eo3⇒ M -- 5h54 has CT)
.



Set H={µhgTgYo) } < SEE The chinese Remainder theorem ⇒

F MED SE

IIE
,

-_ ( (IIF ) } 25421
i cud p ) for any

Ea -- { (III ) } = ¥
Prim ply st ptz .

-

'

a god ( xtmz , y
) =/

a

:÷÷÷¥:*:*:*. "f÷÷÷¥÷÷÷¥÷÷÷÷.Also SEE
-
- CE . .

Eu> .

.

- 1¥; 4. If)±E, } ?}
"

✓EEL

www.sisz-E.E.EE#qii.ey;;Y)fzIgg)--tET9)
#

Proof : w w
✓

Fix a- (I ;Iz ) c- 5421
E
,

E

-
sir.es?.EanH--4gcdlx.y,z) =/

yes ,
HEC ,

E GEEKY



[
d proof that 5h54 has CT) : ( Shalom )

. since E , h.- rel et) we have tht

Twi. If T is a fggp Htt, E , .EE/sI-Pclq.-=0 ⇒ Poke
. ,eiE0

① ( T
,

Ei ) has rel CTI 5=1,2 If .

② It normalizes E ,
and Ez

-

'

-
ne suppose ye

"#Eog
.

Fix c :p -72C I - cocycletoo ::*:÷÷÷÷. . ÷÷÷:÷÷÷÷÷÷÷÷÷Then T has (T)
.

Moreover, there is an Si St

for P; = Pro ,-qE,
re hou P

,
5,7=-0 .

Proof?
Fix a rep. x :P→

NCH) and we

will show Har
.

x ) -- Eos .
we

mkdd Z'#}?##}
Note if c ;M -77C is a cough by
=-3
,
P is the protection onto FC

"
this gives me topology an z

'

( P
,

T)

tha pce is a homomorphism into PEE)
. Fixx CEE'( BT) -0 B'(hit) .
-



-
Note : If JEH and Cgl g) =3 - THIS

.

.

. g ! - Cch ) - inch)5#
-

'

- 5. =P,
's ga -- Pats =putt cul -THS!)

f EEE ,
since CL B'( T, TY )

we
have

otic

:{
3=45.IE/-57hsi.EIsy=-Pirt4hD----P.tlsk-xcnsi: )
-5 e-

÷÷÷÷÷÷÷:/ ÷÷÷÷÷÷÷÷.
g ! - a Is ? = clhhth

" ) -

'

- Lpf + put) @ ch))
-

-
O

= continence
ttlhtklh

" )
smapp.tfp.to?.tZ0=ecn)txch1l5f-XCtt5i7-Tlhtti'k"
⇒ pit ( och,)=0

) -xa ;
.

yes , neck --Fi
"

203
.

*games! -1cm) f heh
sire n is

bounded Sen by { It, E, ,EB

it follows that C is bounded & hence owner,

hence O ②



I :P -77C cocyde claim : I c :p-77C coogee St

→ affair:#En on FL ok
,

5£" - Tess
'

?
-

by 2+5=71415 + Clt ) . check : for each
EET m segue

- C :( E ) is Cauchy

since T =L Ei , Er ?If g.→ c

I - F a coceycce E St Elt) = ! • Ci
Ct )

.

÷÷÷÷÷÷÷÷"if :÷÷÷÷÷÷÷÷÷÷÷÷iclan : 115 - Sill
-70

Pfinanayassec=
m¥ft,x##

}?
'

f?
" Open problem : Doo som infinite Burnside groups

c
,
:P -77C St cite

,

-

- 5
.

?" - Tec . ) ?? have property CT) ?

suppose g? -

→ GE ' g?-→GEE#



countably infinite.

Then:/ Def : T has the Hnagerup property
Haagernp's property

af he following equivalent conditions hold:
-

P an infinite group .

Def : A unitary rep a :P
→UCH) is

q① there is a mixing up with a. i. vectors.

mixing if
I 5,2 EFC tu ¥0 there are co Pos - type functions 9,

map Tatts
tract ) 3,27 Ist g ,→

I pointwise .

÷÷÷÷:÷: iii: ÷÷:÷::÷::*.
E : If g :P→ Q is of poss: tyre

and ④ sane a ③ but pre rep it is nixing
.

if ge Colt )
th- th

- GN-517g ⑤ turn is a proper
card

. neg . type

function ..
is uniting. proof: *

Note tf x
, y ET

t i→¢KCt)Tlxy#
" sane as far property CFD

.

I I

g. (gig't x )
→ 0 Now y proper

card
. neg . tyre

C-→x
⇒ exp L -t y

) co
and Pos . tyre .



If a :p→ UCH) rip rith a. i. rectors

"m 5in a. i.
,

E-unnerve
T as

Amenable⇒ Haagerup

( tie } choose a subsequence
af (H Haagerup + infinite

⇒ not property CIF)
.

⇒
no infinite subgroup

sit µH*)5n
- Sull ← tap for "" - If a is ""s←Frelaa

and get has

⑤ an invariant
vector

consider
c :p→7C by

pen IEK
.

at# ⑦ ILL
-NHL )

eg s↳z,
→ ( T)

'÷¥¥÷i÷÷÷:÷:¥±÷÷÷:÷i÷÷÷÷:
-
Te non- empty subsets W s{ { H , He}

Half-Aaas)
-
walls

= zu -2 SI- For each x # y c- X we
are

frankly many
walls { It, HJ

I
- C is a proper cocyck . m W that separate *

and
y ,

ie St XEH
, YEH

'

or XEH ? YEH .



Ex : X -- 212 ! !Wu EEA : T a simplicial tree . gmphedgz
- i th

.

no : I
.

- - -

-
. ii. . 1.1M¥i i .

- ÷
- B

, ✓ y l

.
.

- i -

i

- -
-
- 1¥ .

-
-

-
- -
-
-
-
-
- -

ri
-

t
-

T T
- o

'

I

' l -
-

for each edge e we
let the

• &
"

l
two

connected components
of T afterI"

removing e
be a wall

.

A half space
will be

Th- i If I,W)
is a spae

with walls

H -- { In ,m ) l n Eno
} and if dwc× , y ) denotes the

""W

!! HII
,

!÷mpu!!!
"} of walls separating x

and y ,
then

dw is a kernel of negate type .

Wall will be the corresponding

partitions .



proof .
.

let 7C denote tu collection of Half-spaces
.

×

we define es :X → IFC) ¥ ↳ y 115×-5,15=4+4

↳ *, x. ex
and sums xEi Fimiex÷÷l-T

}x= { HEH I TEH tooth } corn
.
If p acts y on a spae

- {HEH IXEIH x. EH } . with -alls, ¥5, dw*=x

"i÷¥::§÷÷÷÷÷¥÷÷:÷ . ..

- Potts dwlt -Xo
,
Xo )

115×-5,117=-2 dying ) . for any
fixed to

.

-
-

Ex : Ifn nzl have Haagwup's property .

They act on atones .

-

In fact. any
free pondduct

2%4*2421*454 ⇐ Hagerup groups
#Yagsenpthprop.



Ex :# z) Eq, (2%21)
has Haagerups property . -e ray assure tht

this word begins

and ends with a pair af tf .a-

(⑤Lik ) psh.IN/RvlA3 by
✓

claim. path) = 2%21*454 . ( aebd ) .×=axtb
- cxtd
-

S . x⇐ tix = E-x= - X - I

÷÷÷÷i÷?.se.in/:ii::i::i:io.s t±=t
E- ti ! ) E. co , ->

cc-6,07

clam .

.

there are no
relations knee

" s "d t
- W . (0,82 • ( -D,

o)

E
.

i
.
wife

.

s:ppose w B some non-trivial word 'h

s
,
t

.

By configuring by t or perhaps
t
'



Def : A group T has a proper
-all Thon : If E is fair and A has

structure , if tire
is a family at a proper wall structure ,

the "

walls W on T St ( BW) { SA has a proper wall structure
-

In particular ,
This will

hae Haagemp's property.

is a space with walls SI. the

actin of T on
itself by

left malt.

'3 a proper
action on

a space
with -

"s
.

I

Def : If A and E

the wreath product of E with

N B tu group

T ⇐nx ① E
= : ESA

^

where n acts on f⑦④I
- Thin :( cournnlier ,

Tessera ,

Valette ) : If E and r

by permuting the entries via left
have Hagerup's property then so does ESA

.

-alt
.



Thun : If E is faith and A has If xs , yt Elf

XS C- E- ( H ,m )
means SEH and Hyer .

a proper wall structure ,
the "

-

ee

-

ytefECH.ir ) ma-seiner teh
or

PISA has a proper wall structure
-

- y¥fr .
In particular ,

This will
hae Haagemp's property.

i . Hcnlqtsusupplx
- '

y )) # of
Proof :

let Wr be a proper
wall structure for A

'

'

' LH
,
H 'S separate s from sue

:÷÷÷÷÷÷: it:÷f÷÷÷÷÷÷÷÷÷÷÷÷÷¥:c.

)=
,

EPI SEH and +Her}
Inna n

is determined by Nyc

[ ( Hsm ) :' {Ede - - i . only frnoitelg many ECH.ms'S

¥N={ CECH.nl, Eat,my} I Hope
separate is

from yt .

n : H'→ E

FIELD }
.

I - izz) is a space
with nails

.



If teh the Def : tf A and B are co-algebras
and

E¥¥⇐EElt¥ , t.in) f. A →B a new m
d ' 3

Postie if 0/1×43=0 if
+ EA .

If x Eton, E turn

✓ if

xELHt.mn)
-
- EkH,xly ¢ is conpkalgposirre

we need to Shar tht
tu actin '3 focus , M¥1

→MLB) is Positnetfnzl

where 44
' ( ( ai ; );;)

-
- ( ollas) ) is .

Proper, if- , I'II-
I

E*. If a. A.→B is a
*-how-arr

""
s

Fix NZ I suppose dw¢×s, 1) EN, tu
! x is c.p. ( completely

Poston)

" If +c-A run 4.Cas -- tax

tun ESS Usuppcxx)C{ ten I dzylts.HN? B op.
-e-

f-nite

i - { xsetl dyes,eseN3 is Anse D



Then :(Stiuspring dilation more- ) pm ( Ear @ Sr
,

E ai@ 5 ; >

If A is a unital E-ally ,

4 : A- → BHC) is u.c.p.lunimic.rs.)
= Ea

,

< 465915,5; > jim,dA )
-

-

tun f a Hilbert space N, an =[¢Hµa , au
- - - an )

-

La ,
an -

- - au)) .
isometry v;H→K

and a

- 2¥

* - mpmsnmnm a.A-→BIN)
St ( sign)

,
( sign) > ZO

4cal -- Vaca>V F
AEA

.

:÷÷÷.ee#..w--/:::I:Mn::T.:i"""LL a @ 3, b@
23=444473,77 { Tla) ( b@ 5) = ab @ 5

- flat -- Tuan . D)



Remark :( Arneson ) A a unital C'-a 's , = ( or ⑤ 5 , pet)Eb⑤ 57

¢ :A-→ BHC) E.P .
.
then 3- *"FIM = (xx, pet ) Latos ),

bos>

isom'T Vitek ,

a#Pyron. , i. PCT) EY(A)
"ABM)

T : A-→Btk) ,

and a a-rep

P : GCA) '→YnBKkD so
RTN 5 = Pct) ( ios )

-
- lots -_ VTS

.

i. past
-

-
VT

.

Glas -- Vaca ,
V V AEA, -÷i÷::::¥÷:÷÷÷÷÷÷÷i:*""by PLT) ka ④ 5) = a⑤ ITS given by Mn ( [ tsetse )

(p ⑤ 5)
,

b@2> = [kcs.tl/s.tJs,f
.

-

=L 415ha ) I5,27 if this is well defined.

=L 0/15*15,72>



S a set K : Sas → G
,
kcs.SI
uses

.

indeed Lvjhcx@ 1) Vg Sa , Ss >

Thr : K is of positive type iff
↳

Mn :Blt
's)→Boos) is weep .

= ⇐ 1) SEOK , Ss⑤5s >

=L Se
,

Ss > Lx Se , Ss >

Proof:

⇒) ie pas - type ⇒ F a
Hilbert she = # s ) x St

,

Ss >
-

FL and s :S→FC
St

=Lmalt ) St, Ss ?

i:±:::i±:*.f⇐÷÷÷÷÷÷÷÷÷÷÷÷÷.Vg ( Ss )
= Ss @ 5$

as
I

Note : Tt T
ZO

.

Vg is run an isometry Eff ! ) ( = IEXE
""Jin ( x ) ⇐ V5Lx@llVguePFnTe.c.d
#

⇐ Bce,iE)



If T is a group and g:P→ Q is
Lemma : LT EE PCT)

' and RP=XCN
'

multiplierbounded
,
then the proof:

is
mg : Erp

→ c:P Et- Note teat Lpcpcp)
'
s obvious

myth )
-

- Scene t
* El? sine fee

'

a-
d

Tha. g :p
→ a bounded 914=1 .

TFAE Kp = spurt?

① g is
of Positive type we

need to show
that if TTEPCT)

"

and if S EXIT)
'

Tun STETS .

e.s.sn
Recall : EI :=XlT )

"CBU't )
=L Tse

,
Ss . . > =

-

gimpy't -- spent't t -
Tse -=f¥# St

.

Rt : - per)
"

.

suitor 's . If ss.es#pPs8stm58e--sEpF5'8s.



I - LTS Se
,
Se> =L Sse,Tse> Pfafthn :

- -

①⇒② g :p→ E
is of Pos. type.

= ¥, Bt ht "
⇐ §, ft

- ' tht i - in rural Thirst) tcfls
E'
"

B

13 of possie type.

= ( Tse, Ese> KSTSe.se) i . we saw multiplayer my :B
→BUY)

is ucp .
if

If x. yet

LTS 8,8g>KTSX.se.pg.se> ←gut
) Sx , Sy >

= 9cg Sae Sa , Sy >I=4Tx 5) See
,

Se > =§ct )
= Stax Se

,
Se ) :

. mglxe ) ⇐gets .

=L ST 8×
, Sy > i . my ( c:p )

cc:P and my
isvcp.

I - TS = ST
Nute : tf TE PITY run

Hence PLT )
'

EXT)"=Ll? p



Llnglt)p$ - Bright)) 8,8g > F: RP → BCH) st

= 4mg Sasi
, §>frights,§s) ng ca

) -

- Tuan
-
d

FCXIV ⇐ Wx +ERT

= glytsx-KT-xs-i.bg> -
- I Tsx

, Sgs >)
m
easier the representation

of T

⇐ 0 since tepcpyl
on FC given by

÷:÷÷÷÷::c:*:c.¥:÷÷: s

is up =Lmglxe) set , Se )
By Stressing F FL a Hilbert spae

=L get > At St - I , Se >

Vitti →7L isms
= get ) Kena 9,3 of

y, :c:p→ BEC) --MP ✓ Rosin type .
y



preliminary results in von Newman - algebras Ex : (x
,
m) is a standard measure spae.
-

If MCB(FL) is a * -subalgebra q,m) c B(LXX,n
)) by poison

multiplication .

St IEM ten M '3 a IItjxx.my " ⇐ LUX, .

v.nnew-ann-abi.hn
if it is

E. i. p a group up = Ip)
"cBUT)

.

cloud in the Sot tf ,¥q⇒ Ex :p a group , can
, standard Prob. 'Paa,

TALK,m ) quasi
-
invariant (preserves

null sets).

iff it is cloud in the WOT Koopman rep go :p→ULMAN
)I r:S ⇐ Sot

- ' (date .
- " Jk

(T. -stiff Tis
-55

'
'
son ) feet

iff M --M
" Ivonne-" "29) . vk.mx/n:==iqEceIEotetJ

"

-

cpcvcx.ms ⑤ IT )

s
'

:'-( TE BEC) I Ts
-

- ST

tf SES } tugzpae
ton .

-
th crodsedprodno.to/-LACx,n)u.th#

*n = push -forward of n wit Tt Felis absorptions : Lt- LUX,m) XM

ie ton (E)=m( TE)
.

Renk : If FELIX,n) , ter UEfUt==f
- -



Fell's absorption le-ma : If T a SP. Bye)=TC(HT LT
,
A > =Tr(TA)

too:p→ UHC) a rep in- {exµv=N
to ⑤ X ~ I ⑤ X

wk
.
- top on BHC) is the T

-
wot

,

this is the same as the
wot a-

barbedsets
.

proof:

pre BHC
) arraign.

ten M B ✓
ka- closed

.

define F.FLEET→FLEET by

'is:S:÷::¥÷.se/:s::::::::::::.::.:::::ini:iff A is
the
dual af a Banach Spee .

= re:S ④ Sst
corn. If M

a-
d N an

VN algs and

⇐ F r:S ① Sst

= Hoses .to/o:m-sN;n:...s:::::::::.m
-

⑦ preserves



A state T
-

-M -7 Cl ' 3 normal if

it is cont -
rt tu une- top- two , Sot? J :[(M, 7)→[(M, T )

T is faithful if T(*-x)=0
⇒x=0 .

Tits trucial if Tcxy )
-

-Nyt) if x.gem.
⑤ €9 ⇐I for xeM

Ex : . M
-

-Mulk) -- BCE)
,

a- Intr .

It > INI -- 11£14'=T(xx
.) --TW -

- Hilli

m prob If a c-M t EM
m LUX,m) www.T = f. dm

↳ a- 5) E = > a- E'=3 a
= xan

i :÷i÷:÷÷÷÷÷÷:
...

measure- preserving⇒ T
trucial

.
:

-
rorfaithful
Y- trace GNS - rep gives the

standard representation
-

Me BLUM,Y))
LTM,T ) MT

"'T Lay>z=Ky⇒
.Is



prop : we
an SMS --M

' and JM 'J=M! Kim's if g ⇐ ( spy,
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-
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3 classical facts : check : .www.ns, f) I LIAM)

• If M is an
abelian vNaA then

MELMAN) far son

-

Ellen, T ) = tf

masur spae,
LYLE.mx/3T)n-LTx,nlEe7?

• If M is separable ( speeprabupndnal)
-

→ Dixinnier's
Boon :

Von Neumann
Algierslim n -- SIM, duh -[.IE#iwzcm.s=e.-

• If 2-(M) is separable then

M has a normal faithful trace

if
¥¥¥I

)( finite von Neumann algebras)
.



Thur : ( Haddon's inequality) If A,Bi9R suppose (M,T) is a truant vN a 's .

a unital Ealy and of :A→B of :µ→M ucp St

Ticfcxx)
E- TEX)
t * EM

D ucp tun t TEA we
here

41×50/1×3<-0/44 ) . Lie
,
¢ is subtract'

')

""÷÷÷÷÷÷n÷÷. "" "i:÷¥i÷¥÷÷÷.
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St
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'
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9
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.
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-
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Thi-µ, trao.nl RN alg . gruel
suppose ¢ :< FT→IM up snbtruoial .

proof:( sketch)

turn there exists a

"
Hilbert on

"

Mq,gM me
before an inner-product

bimoduu2Cifieneha-nor-lbyLa@b.x@y >¢=- Tlytflx
-a) b)
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Zo
.
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write xicxspcgop)5 ⇐ * 5g )
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Def :• (MT) has property CT
) if Them : ifgfisonaesgrnpes tuns n was

whenever Gn :M→M are normal prT)(resp . tuHaagmpproM
iff LP also does .

↳ choda '83 ?
Ucp snbtraoial St

114nA -xlla 7*0
it XEM

,

Proof :

Ah {hefty
,

KKK) - the .

If g :p→
e is

of Pos . tyre, tan

my
'

- LP→LT
is off . and tracers÷i÷÷÷÷÷÷÷¥÷÷÷÷÷÷÷÷:*.±i
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f tem

=

-

and
- IT¢
,

EMLYN, Y)) In general if xx -yll#
E
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.
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If t does not h.- LT) tun ⇐ 5,45 , 5,7
- H Silla

-
-
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-se St 9.-→LII unit. = uol.ee) XI ) - I

I -
mg,
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in " He but IT iche) - Xe )7E )

not

-

uniformly in " "e on CLI), Ell ¢, Cte ) - XEILT.IO

I - Lt does not hone
CT)

.
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and 5
.
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.

"" i
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-

Lemma : If (M, T) a
fractal RN algebra

and BCM a
rN subalgebra
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I - Tung €ep9 't ) Prosiest pen ears EEe-Einrd.rs?ana1ex#t-
Ucp idempotent
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this is m Near) iff ye
EM →B .

"
"

B÷t9÷÷g¥¥
-

Proof.
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9 ( t )# T ( Olathe ) i3 poster. wt e,
denote
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orthogonal M°ac

-
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XD Define E : M→ BCVCB.TT ) by
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"
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[b, EBT -- 0

Fix +EM b c- B ,
c.DEB

Ibd Ect ) E. I >
=LeBxeBI, DI > E. 041,3 :B -713

up nor-
d snbtracia,

=L xd
,

DJ > H Elohim
) - b He

=T(b' data) Ell cfncb )
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→°
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'
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#B
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with property (T)
,

then Out (M )
is

÷:÷:÷::÷÷÷÷÷:¥÷÷÷÷÷÷i÷:÷÷÷÷i÷
BCM is a
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-
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FXEM
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Proof
:p, ;µ→µ ucp
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Clair : Inn(M ) is an open subgroup of wt z eye, be th f element of

A-at (M ) . ( then AutlM¥nµ(M ) ' 3 a minimal Hella
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i÷÷÷÷÷÷÷÷÷÷÷÷:t÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷÷.
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Fact. F- ( M )
- out( MEM )

fact : If M
has CT) then MEM has CT) Lp has (T )

cousclusion : If M is a II ,
factor

with LT) -

run T-cm1iscowtane_m.s@LpnSIM.dncovMoe.daiI.I:L?
"

-
Connes's popgiddy confectioner

or If M is

If Minny for x. YEA CX'

÷÷÷÷÷÷÷÷÷÷:÷÷÷:÷: ÷÷:i÷÷÷÷÷.
{ turn FIM ) -- { 03 . I . If a pos measure

subset A- CX

-

Ex:(Popa ) t -_µq÷÷÷÷, )eS↳U } St Meng
t x. STA .

Question : If M has CT) what can be

2-LIKE = ( (fi? :*) } said about in ER on Him)

-

in the integral decomposition given
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Def:(Murray - VN) A trucial
VN ab LIE does not have anna))

.

M has property (Gamma)
if tune-

exists a net (Ui!.cc UCM
) SI - If pr a finite rn ng

un-so many and Hct, He;¥ y
,

T
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normal faithful * races
th-

a

-
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if +EM
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- St
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¥
I:÷÷÷nt
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=
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Def :( Effros ) P is miner - annable if
s . una gu unit vectors

in tf

itpisnfmnef.rs a cow, inner
-t state

µ×⇐qq - really -6
KEEP

gon th St glcdp,
O
-
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Proof
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-1914Mt )) - Iff ) )
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,
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- Vaes : An example of an ice If off FET i3 a cons. inv state,
then

group p st p is inner-
awake B.pub • aAyat

" A.NAMIB
"

but IT does not hone (Gan-a) .
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a
at tu-

÷ 94lb
.
,uB) E TCA - i )

E 911ps
,
)

y ET ( 1B,uB)
TFAE ① IS a t.nu she

on tds

" f÷÷÷÷÷÷;÷.in?..i::::i.*HV.5n-5nlL-soV-rel?

-
so 91C

.
#u FEO .
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.

I
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Proof =SL↳lR~ IRP

'
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"TIE IET'S
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definite
-
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Wwe a= %) with Azl . North
- South dynamics : If tuestrtt
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St En→A teen after passing
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there exists a.BE/Ru63
I
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diagonal entries
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b tf x # a .
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*
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-
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i - Xu-76 ,
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. .
.
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-
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←
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I . If me prob( IRV {63) without
atoms
If y e f)

←

. ] a con; inv smh

and if ⇐ ignc TESLER t-
→A

St glenn EO ,
Mn
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tweets a subsea-me St - y

tf g E
still ne Lac

go of g.
us a

star on
CCIR uld)

t.cn - t.gr Two
St goof ( fo E
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i
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lit by fun
we

would her int T has

a invariant prob . measure on
1KUSD}.

¢Lf ) ( * ) = If dtxm £ , p f.*es
einer a point

or a

↳Rt (fD) (x ) ⇐ Cfcf ) ( Ext )
pair of pants in IR VES,

= J felt-4¥
giving a

contradiction .

= Sfot DEBIT
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Last tin we showed that the
henna : If TAK is a convergence

action , and meprob (K )
without atoms .

action F- Shek NRP!#
is a

pen whenever EET St ltn→#
-

year finite FFIEFNZN.
Convergence

actin

-
,
if . ,

whenever

{ Euler st en→A
ten

and YET
,
m- ten - turn -÷0 .

n-36

there exists a Subsequence
(Eun)n=, Proof:

and two points a,b EK St funnels
Suwon Eun - t - 8M¥70

A-ofa Bofb

Kiel"A¥Bk large .
F x e-K' {a}

.

i - F f c- CCK) stand a> o
Et -

Equivalently for any
nhhds A IT IS fatty - Jfd

Zoo

and B of b - hae Tang a subsequence
we can
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turn# 'A) c- B for k large enough . this is a
kit
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a

'

. #f me Prob (K ) then we h.- tint turn→ 8lb}
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#
m→ Sqbg if mfs)=o.
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[me to

i. I Stolen - fdtnrn )→ If Cb ) - flbH=o .
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Def: A%%?p p is a converse-a Def : AFgroup T is proper1gPm
group if it has a connote

if there does not east a heft

actor PAK St th
at"

Einar.mx star
on @tye.p)T*3

does not fix a point or
a #

pair of points, equivalent
'S = (right T - invariant functions in t%p }

.

÷:÷÷÷÷÷÷.¥÷÷÷÷÷÷:÷÷¥÷÷÷÷÷
Da n Xue - -30163 .

T is properly proximal iff If a M -in

a convergence
action .

State on A
.

a

A-⇒ Keiko, )tk
-
T

Kurth ) ⇐ Cottage
if get a T- inv state
then 91,5=0 Hi
i . Y defines a store on¥p)



Then : If T is a conman group : . µg( cfcf)) - Cfcf ) ) Ct )
Ten T B properly proxmnl.

Proof
suppose r

is not properly
Ronal. = J f dtr) 7¥

0

Suppose
TAK is a

convergence
action .

-

I - Gtf ) c-I
Fit mEk

) w/o
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→ IT by
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-
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= ↳ (Hlf ) ) ( t )
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✓ proof : 9
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St 91cm EO .
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Thu : M is properly proximal iff F Pf : of ten-n :

Park cpt Hausdorff St this
act'm

suppose
not I inte a subnet St

has no invariant measure ,
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WN # W

tan f c-Clap) Stt flu) # flat )

F neproblk) St a

witchy En - tsn
-
- O V- SET

.

tell
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•
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s
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-

Prot une Colnett (- - )n→x
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then f SEM ne Law Ens -2W we
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,
X IF
,
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l
- Ioana ,
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.
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.
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Def : If T a group .

Turn a boundary I • pasLuk
-
- G G -_KA+K

piece is a closed subset K -

- so" A+ '

ox.. . 1

X CAT ' IF * hat is
invariant

4. Zee
- -
-Zhou>° }

.

underTeft and right
multiplication .

For each IEKCN and C- 20

Ex :* -- prep?

÷ :÷÷÷÷*f÷÷÷±÷÷÷÷:"÷:*:"• y:p→ UCH
) a representation SI. g.→ we BT -T,
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tun y,
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- ' ( Eos )
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'
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"
"
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= - '
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,
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iff F Si > °

-

r
-St S

,
8
,
converges to
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l

S :
-

- X
,
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.

-

-
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passing to a
sub - net

Xm i3 indeed a boundary piece then there exists a n - I dimensional subspace

Wyo CIR
"

and aEaor V. EIR
"

St

for IE Kann .

Renan : Xii't Xu - re . if open
minds A of do]4RP

""

- and B of cv.IE/RP
"

For Sha -T 8=kµj%)k

÷÷÷÷÷÷÷÷÷÷÷÷⇐.
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in
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.

a runtor.

-

'

r If u how
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As a consequence : If 8, ET ST Note : x =pTip this g.
ne tu

dufort -o -

Vi →WE X , ,
fun V E ET

fro- before
.

Also note : A
,
:={ fever

I f - Relf ) C-Idt)
#

for all EET } .
Vin - X. tr Foo
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I
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for la
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we say
that T

iff § a p -in
state

on Ax
.
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YIo¥tk
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Ex : Pc SHR lattice the - In fact : By looking at the action

e- -
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-
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.
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pthhmm , If T is properly proximal ml to pf of nm from the lemma :

X , and Xu, turn
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UU Xu
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-
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lemma : suppose X is a bday piece . I . z a
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f EET
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.
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Pf of m un- n
that

@tyy.y,)PR does I . I f.
,
fu , . - ,f*Ef⇐, )"

' TR

not me an inv state
-¥#_ F E

. , . .
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tan a lift bicker of

t - ⇐ gin - Rtnlgii ) )
#



Enmore T -- Un TBN
.

Choose an app""""
Define hub by

identity { any?
,

far II. ( X ) set
. ett

V n u can choose icn ) St
Ihre = { ( ans , -d) hii

" '§ " vteBn§ bwtE
" '

eh"

Ln →~ Note 1lb - Ill
< '

z

① Illf-Rthii
" ) )H< I

"

It c- c- Ban

÷÷÷÷÷÷÷÷÷÷÷i¥¥÷'t'¥÷÷÷: it
-
L E E

'
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#

Similarly

III.adama - a) b'
" '
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⑦ E ③K EE
" hi

'
- Lenk.-a) h H
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M' Hb - f- ⇐ hr-lt.cm/)//=-oRelgllx7ca
and

- Recgllc Za .

in t%oH)
orr.rne-rwsahnc-KI.ca)k . -

i÷÷÷µ÷:÷÷÷:*Haha -Banach separator :

If € is a convex subset of

a Banach space B and + EB - E
""

then F a 9. C-B- and a EIR St



Open problem
: LLPSL, # UPS 2*24 ) ? pg↳x A IRP

"
man converse

-

mm.oz:¥EE÷9e÷:3 :::" '

this is an anmab .

-

cow pLps↳X)
- Shik) .

'

09 , is solid , ie Ef Ff
" ) amenable

.

10554
Flags in

IR
'

Ozawa : -

Bc Lt
diffuse run

a
:÷÷*÷÷:*:÷:.. .⇒¥:÷÷i÷÷""and manoeuvrable the-

t) meanly apt
Carta

-
-

[ ¥3 , ,B.)
' ALIPUR)

-
me ?

a. so .

If polar)
cpt
m

LUX ,m) x
T has

a !

if so uP$LzUHL( PS
↳ &)
-

up
to

weakly apt
Carton

smh-15 . unsay .



Cor : If n # n f -- Shik E
-
-SLU (L , } ,# mcppnxm⇒J

- - -

pm Lf,~ ) cpt EALY, V) whims If we
consider

-mnE_E7xt¥
.

E E.ie. -- I t.eu .

There exists
to EI

St ins Io Ye

÷÷÷÷÷÷÷÷÷÷÷÷÷÷ ÷÷÷÷÷÷÷÷::÷
.

- and io c- I
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)
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,
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Hyperbolic groups A geodesic triangle consists of three

-

Ut T be a c°M graphhh . vertices ×
, y , z

and three geodesics

we'll view
this as a metric space [X, y ] , Ey ,

Z ]
,
[ Z , X]

a. th in path distance - Def : A geodesic triangle
↳
a sequence

of vertices
D= Ex,y3UEy,z3uGx

] is

fine St (2*4,24*1 ))
' s "

g - gun
if tu g - nbhd

of an]

two
sides contains the third

side
.÷÷÷÷÷÷÷÷÷÷÷÷÷::fvertices .

we may
write Ex , y] for a •

Z

geodesic connecting a vertex Xy

to a vertex g . Ng( A) ={ + ⇐ T II AEA
ith

dlx
,a) ES } .



If X
, y , Z E T

,

then the Gromov where the length of each of the

legs
of the tripod are given by

product is

< y , ZZ :=IfdCy,t) tdcz,⇒
- dog,⇒)

.

th Gro-or products .

E--

For
any geodesic triangle 00 there Def : The geodesic triangle

O

is a unique
tripod T and a is g - thin if

whenever ur

unique
comparison

-up f :D→
T

are points ←
the triangle

St

' ÷
.

"-

° # x,yz
Note : of O is f - thin then it

z
s

- is f - Shin .

Z

* ftp.x.gg
and ftp.y.zz

and Def : IF is hyperbolic if there
exists

Sone 820 SI every geodesic

f- lazy ihre isometries .
triangle is g - Slim .



Them '

. If every geodesic triangle If a←Ng( [ x. y] ) run sine fluffy

in T is g - sun tune every

geodesic triangle in T is 48 - thin .
we have dlu,v ) 2228

similarly if veNg( [ × , z] )
th"

proof :

fix x. g.
ZET and sades's den,vyc28 .

Exists
,
Cy,73,8755 If u←Ng( [y ,z] )

and RENSCH'D)

i µ: :c:c:::S: In.•

i
. dlu.ir) 248 .

ZZ

weft#ist flu) -- far) general case :
f- (a) =fCV)

is on the internal

Assuring] . Since

: flu ) - far)=t . from X Fo t .

since the trough B
S - S"

Tam y
'
C- [x
, y] St ( y

'

,
't )×
c-

at Ng ( [ x,y]U[got]) = dcxwt-dx.us
.tame any geodesic .

-[z
, y
'] take

the subpath of [×,y3

siring a geodesic from Ex,y
']
.



In This new geodesic triangle
A sequence In)3n 13 a

we have that
the new comparison (Gr)-quasi -geodesic if there exists

map sends u and v to
St

c-
' d ( Limbach ) - re In

- ul

th triple point.

I . dlu.be 4S by case
1
.

DU E cdkcms.am)
# r

.

Run : If f :p→ p
'
is a quasi

-Baenre

#d #

of ne here
two

-

graphs IF an Tf
'

e-bedding pen f
tawsI geodesics in T to
quasi -geodesics

turn a -
-p ne

f : P → T
'
is a quasi

- isometric in 1
-

r>O

embedding if there exists C>Oi>o prop : If p
B hyperbolic , cel -

then there exists D > O SI- any

( C, r ) - quasi geodesic
L and

St

C-
I
dlx,y)

-

rEd(fHsf↳ ) any geodesic p hung the Sae

E Cd (x,y) # f .
origin and terminal pants, run

~ have ditch, B) CD
F a point on B

¥'t distance

i.e.
,
tf points on 2

at mot D away
andTiara

.



car : If f : T → T
'

is a quasi -Bonnie ftp..pe/Fngg=&a.,..,auB
embedding and if T

'
B hyrerho "? free generators.

pin fi is hyperbolic - Cayyglffn ) is a tree - hmu o - hyperbolic .

-

If T is a fg . group von gen
-

"÷i÷÷÷÷÷÷÷÷÷÷÷:÷f-

sat tun
id :(Bds) -747dg)

i3 a quasi -
isometric embedding .

Hence being hyperbolic
does not

depend on he generating
set



Prop : If f
B hyperbolic , G-

I rzo for

then turn
exists D > O SI- any

TIE go is some point on y
n

( C, r ) - quasi geodesic
L and For each u on p the B Sar n

'

any geodesic B hung the Sae an L St d (u,u
')E Do . wIngp

origin and terminal ports, th"

Einer d ( go
, f) I Do ,

one else

~ have I# ( L, PB )
( D

pure exist
consecutive pom 'T Uo Ui

F a point on B
¥'t distance

on B St no
'
is before Eo and

ice
. ,
tf points on 2

at mot D away
andTiara

,

uh is after Eo
.

Proof :

"

"

÷::÷÷÷f÷÷÷÷÷÷÷÷÷÷÷:±:&
.

-

- r #
BE

a s .

dlu
, ,q )
Ed ( no .no/JtdCuo5Eo )
- -

let Do =max{ dip,x ) :P
is a spot

point or B }
. ( ( ( ( 2%+1 ) ther )

.-- -



To finish the prop re ri
" that

choose geodesics j: connecting
an upper bound for

Do E- { dip,L) ) p is a Pointon B}.
bn to an

,
k€0,1 .

let d
'
be tu

subsequence
of

a
,

÷÷÷÷÷i÷÷÷÷:::÷:i÷÷÷÷÷:÷÷i÷÷÷÷÷÷:choose bo and be an P ST -

'
r the length of d

' is at
most

dlpo ,bo ) -- dlpo,
b.) =2Do

6C Do # rr

(If we cannot choose
such a bo

,

b
,

Define ✓ to be the sequence connecting

take them to be the
end points)

bo to bi b 'D taking yo then 2.
'
thug

,

• d( Po
,
8) 7- Do

choose ao
and a

,
on
L St

a length (8) E @ c. +2) Do #

Adlai
,
bi ) # dlx, bi ) .

• dlscm.ru#D)EC(ltr )



• d( Po
,
8) Z Do If P

,
is on Ebo , c]

• length (8) E Getz)
Do # A

• dlyck ) , sruti
) ) #maxlctr,

13
.

ht bi -- bo b
"

,
= c

for next
# it) oturr.ie , set b! =L ,

a-
et b

'

,
= b

,

Let c be the midpoint off V
.

Tau y
'
th subsequence of 8

Consider a geodesic triangle

D given by [ bo , c] , Esb , ]
,

B
""maths bo

"
to b!

' I :÷÷÷÷÷÷÷÷÷÷. . .bio
.

•#
• bi

ee log
( length (8) Vlog li% ) .

since p , } ② - hyperbolic tune "
is"

and Pe is on [ bot, b?] where
-

P
,

on either [ bo , c] or [ cubit boe and b? are
consecutive ter 'h Jr

in

St dlpo, P, )< S -
.

Do '- dcpo.sysl-stdlbo.BY)
E. Slog IZ )

- '

log '(6et2)Dotr) #U'tr)



Since linear growth is faster then
din )

logarithmic growth , this 9ms a o•\•pcm,

bound on
Do
,
in ter

-S of ←→ pens>
o

c. r and S
.

D -
F Lem-a : There exists C 20

Def : if a hyperbolic graph , g±
.

if × and p are equiv
-hat÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷:÷÷÷:÷÷:t:Wwe o is gone

find Pont Therefore sump dlacm ),
cm ))<re.

in M
.

-

£
The Gromov boundary of T as
\%•¥opw , JM tu

space of equivalence
o .-7

>

classes of infinite geodesics .



Lem-a : There exists C 20

SI
.

if × and f on
Proof : Fix mzdcxcop.pro , )
htt 0=210 )

infinite geodesics
and

Find mi
,

n
,
c- IN St

M Z Italo ) , Pco
) )t28 then

here exists n
ath In - nkdkco3.PH) LL (m.

)
,
Bcn , ) >o a .mn .

=

such that d(Lcm ), Pcn) ) 2C .

choose a geodesic Eo , Bcn 's]

Tate X on [o, Pln , )] such that

Therefore sump d(2Cm ),@4)
<A

. dco , x ) -

- dco
,
alms )=m

=
-

# Because triangles are g - thinif :÷÷:÷:÷÷÷÷÷:c:* .

I - deacon ) , pen ) )
< 28

income.dk. )
"I

'qT;P
" "

In -m1EdlN%KoD
• +28A.m

.

.
-

Llnl
• Pco )



conversely If sump d .
Fix a base point 0€17 For

⇒data. 2- c- 2T and Rao set

""

✓ ( z,R ) -={ XEF IF
geodesics QB

z< airs
,
plus>o=dkCmbo)tdP and

- dkkd.PH) nth A+ # * BEZ
- -

Zin - discos,o ) 1¥, IT
.

+ n - dcpco) ,
o )÷i¥÷÷÷¥÷÷÷÷÷¥÷. is

.

→x o
Umm

.

Grown boundary JT is ne ULCER ) CU (
z ,
R)

.

set of equivalence
classes of

a
✓ ( z, R )

cut ( Z , R - C ) .
infuse geodesics .;f a geodesic
F= T Udp

.

represents
ttt"

* - rose Lt€Z⇐



Lemma ; there exists
CZO St Lemma : V R >o F 570 Sf

.

if 2,2
' p ,P

'

am geodesics if y ,zeyT won ye Utes)
with ↳ =L; and A- =P

fun ✓ ( y ,S ) ⑧ Utz ,R
)
.

run
-

n' →Latent,
P'cut} Proof: Nao

It suffices to show
that if

""""

7- (Lk ), ( n ) >o
True geodesic paths £ , ?, I

- (d(dem),2cn ))
connecting o to ⇐ g. Eversman's

+dis'm 't.mn 'D →
cnn.i.ecn.D.IN

'

f¥sZ Lars, put } - IC tun denn), BCN ) ) KS

winners a-
s . '

'sdcdgags.NL?nY32EssJ
the previous le-na D i . Kaen ) , yen ) >o ⇐

Mtn - d(dCm3NnD
Zmtn - ( n-N-tdklNI.HN)) tu-NI



Def, we equip F wrrh a

+÷: :: in:iot¥F R>0 St UH ,
RICO .

if
- Utz ,R) are

all neighborhoods ✓
Th- i Eff the graph T

satisfies the

'i÷i÷:÷÷÷÷÷÷÷÷÷:":÷÷÷÷÷.JT B compact it
suffices to

Ex consider T a tree,

egg Cay 4Th , Ea ,
b ) ) show that every

sequence,
has

a nurgent Subsequence .

Tau ⇐3¥
,

'

a sequence
in 2T

tale La geodesics from o St

£nt=Xn
.

She B( 1,0 ) is fine



Connected
If a ,

dla . ,
03=1 ST

✓

a
,
= Ld , ) for a substance

If T a graph V an A geodesic

K¥7 ,
There exists are dcaya.tt

and O ET tun z
an

A geodesic 2
with Leo >

=
O

$5 an
-
- ankle )

for * "Tk- penis •n y
for

-

I such that

In this way
we

construct an n large
.

consider d lo , #
n ) )-a

Fix n
-
here it

achieves
its min

x geodesic Can ?n ,
- - Iand his is clear 's -

mom
"""

consider 2=4,U↳VI.
point of { LIE,

.

D
-

-Ex : Cayley , Canan, - -
-3)

.

T so

Ex : True
St:

each vertex has

countably infinitely many edges

attached
.

Then DTT is not compact .



T hyperbolic graph .

Fix R >o u consider UU ( b, R)

JP = equivalence
classes of = { + c-FI F geodesics x , B with

*
+
=L p+=b

and

infinite geodesics .

⇒
Can ,Bh%ZR3.

I ⇐ TULIP

÷:÷÷÷÷÷*÷÷:÷÷if÷÷÷¥:÷÷÷:÷÷÷:Proof : Emil ,

Tum tu ET St tn→X .

-

⇒
( trio , tie

- Hn '?}-S
.

Fix off
.

After passing to a -

Ee

subsequence ,

assure E¥⇒¥dP ftp.o.triruDO-LO o

and ti
'
. o→ BELT 2¥
-⇐

see
c:

°
A

-

'

*
tiiao

'¥40
b tu

'

-0
.

,

Dj



a graph
Def : If T B

'

hyperbolic
and in Particular ve have jpg@ JP

t C- Ison ( T ) then t is in this case
.

loxodromic if the mapping #

21 ⇒ E-
i-tk.co is a quasi - mmmm : If T

is g -hyperbolic (
N'IET?*,

Bactria
embedding - then tf o ,x,y,zET we

hue

dlx.yltdco.zjemaxldcx.ottdlg.tl,

÷÷÷÷÷÷÷÷:÷:
"""""¥.

Proof: Assure Cy
,
Z ? E L x,ZZ
#

large enough ne
here that

E. 55 is Knute OTH
ti : Ike's
- bg•5 ti. as ;D.es

:c to?y ! 'z
-

and y
'

Ta
z geodesic from o to 2- coinciding.

(t
"

,
577W 1→W'

O ET tan by C-Eos 's] be C- [ o , Z ] 5T

by and bz map to the triple point

is a quasi- isometric
e-bedding - of pre comparison tripod for Te

,

re dlo , by )= ( y , 't>o -

- dlo.bz)
.



ane u c- [o , +3 St dco, a) = ( Yoho Lemma : If {×, };= , is a sequence

th dlbgg, a) cdlby.bz)tdlbz,a)
ELS

.

in T such that

> (A) dlxu.is/n)Zmat(dlXntu,XntD,
-

idk,g) Edlx, a) +28 tdlbg , y)
dlxnn.in) )

=dCqx ) - dcqust28tdksyl-dlo.by) Coo)
+2871

,
w then d(Xu

,Xp ) Z In- PD for all nap
.

""""⇒ ""÷÷÷÷¥:i::::÷i÷÷i÷÷÷÷::÷÷÷¥.i-dlx.gs#dozHd0xtdly,zHt28y-'-mm(dCxnte.X+.),dCxnti,Xn) )
Z 2871 by H) .

Ippon
"#Imad) holds rumor In-PKK

we use S - hyperbolicsty from the

previous lemma applied to
( Xu , Tutu , Kuti , Kuti #K )



Lemma : If (X, };= , is a sequence
'

gun

in T such that d ( Xn,Xntu)
tdctnti

, Xntitse )

(A) dlxu.is/n)Zmat(dCxn+a,Xn+D, Imax {dcxu.tn#)tdCXntyXnttHe7dCxn,xnn+n)tdlXntyXutDJdlXnti,Xn
) ) ¥28

÷÷÷÷:÷÷÷÷:÷÷÷÷÷÷÷÷÷:c: i'a
+ rn ( dlxntefntd.dk#yIdCxn,Xntitn)tdCXntz,Xnti)

-

'

- mmldcxnte ,X+ .
)
,

dcxnn ,x. ) ) +28

7- 287A by H) .

(
I dlxnn.int , )tzstfftdcxnti.hn#)IpposeKHeIad

) holds tenure In-PISH :
- dlxn ,X* , +a) Zdlxntisxntitk )

we use S - hyperbolic' 'T fro- th

µ*a÷ttI8tAyprevious lemma applied to dlxk.xpJZ.dlx.in
,
#
+ A( X - state , Xnti , Xntittk ) Redcar

,xp >zdcxn,×p. . ) +A)
""" """""

'



Than : If t.SE Iso- CT
) are ""dm"

d(Ezio , o )zd(E.o.o )t2St
I

suck That their 4 boundary "hits #- _#

are distinct , tun
for non ↳ ( ETO

,

o ) Zd (5-70,0)+28+-1

large enough ne
here that

Lt
"

,
55 is Knute

(E :O , # o )

-
Imax ( dlt

"

-0,07
,
ICE.no,o ))
+28+1

.and reduced

(t
"

,
572Wh>

woo c- T i . If w is ang
- ward in E. 5

÷÷:¥÷÷: in:÷÷÷÷÷÷÷÷.
dit
"-0,07 - DIEGO)

↳
EIWI #

z

-ax ( dlt
"

-0,0 ) ,dC5o,oj
.##

I . the embedding# EEE
# - r '

⇐gear, san > zwi→w - o is a

quasi- isometric



Bounded cohomology obs ! gkgn
- '

z
,

Z'IGsBf
# H) =

Bride;D
)

p a group , B a Ban- oh Ha-
HK ( p ; B)⇐

Kurt In( gie )
.

b
.

PNB isometric action
.

:÷.÷÷÷÷÷:⇒⇒*÷÷÷÷÷÷÷:÷÷÷:÷:* ..C-if ( tests, -→ tie )

- f(t.ta.to , . - -stk) If BEEB

+ flti.tetz.tt , .
- ,
tu ) (Sb) ( t )

# t -b - b inner
.

-
-
- + I - 1)

'" '

fit , ,t→ . - str. - ite ) H'
'

blt ; B )
banded ' """%ae.cy.es

.

+ I - 1)
" f ( t . ,tz

,
-
- -stk - i)

Now. If B , a Hilbert
Sra -e -

HILT :B ) = { 03
.



Def : If PB is a Banach T -modal, define a cocyce c :p→ B by

then we say that this
is a

Clt ) ⇐ See , - Sees . EDB
dual Banach T - -ooh- 'f

-
- f. sees -85

BE * )← and if the action If this is inner , turn
them exists

sure ggeB St

÷:÷÷÷:÷÷÷÷:÷÷÷÷÷÷÷÷::÷::± .dual Banach T-module B

PA sgmetetric f
- sur din Funcom - / tht

ve
here H'BLT ;D ) ⇐ { 03 . is non

-zero -

Tani
-g Hahn - decomposition

gins a non-zero

M - ihr pas linear
function ,

Sharing T B
amenable

.Proof :(⇐) E-two

consider B={ ye 519111=03
.

#7
'

-#

A dual Banach T - module
.



suppose now that M is amenable - Remark : It is unknown if

and e :P -713 is a bounded Hunter , ¥43 for any NZ # .

cocycce into a dual Banach f-rookie -#

ht C -- coin { Cet ) : ter}
,

bold
.

Def :B a
Banach T-

rookie .

a map of :p
→ B is a quasi

-cocyck
-

if there
exists c > O

St tf SEEP
Hence wht -cpt.

we define an Wha-continuous
affine÷÷÷÷÷÷÷::::¥÷.! ""

i. This action maps Cimino
C
.

i
. 5cg ) # Z'ECT .

B )
.

Smee M is amenable there is a If gicq ) is a
Cohon-day

the-

Slg) -- s
'

( E )
whn of a bounded

.

fixed point M
,

then (perhaps
unbounded)

7--502=52 tees ) , ie ashy
-

§
.

'
'

e (E - E) is a
- I - coyote



-

'

- QT { quasi - does'HesY f) ( × .,× . .
. .
.,xe ) ⇐ flakes -

-

'Me )

Eli 'sB)Hooves
- fcxo , Xu , . . . , Xie )

t - -
-

↳ HILT , B ) . + ti )
"

flxo, -→Xie- i )

- E L- 1) iflxo , - -→Xi , . - - , Xk ) ..
it

:;÷÷÷÷÷÷i÷:S:
m.mn

""

#no,
Br KiB t"

'II
⇐#⇒ni"
thenwhere I

e4x"sB It:( Pat :B ) ⇐HILT ;D)
.
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"

;D ) St fltx.tn,
. ..fm/--tfcx.,Xr,--;X*e)

.



Homogeneous Inhomogeneous n

SFA = jf
exert

'

;D)
" 19M;D) ~

F' '→ Fix . ,x→→×. )
and 2.5=5 .

g

s
. )i¥.

g- ( Xo,xi , - - . ,Xn)

= xo-gcxixi.li 'x→xIxs. . . . n)
.



Ex :CBrooks 178) Fix aired drat

w in Ife Iwl 23
.

detinue ' :*
. ¥##¥
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¥
"

test
• He w ⑧ cours as a

p
Snbstrihg af f

- l

.

¥
. ¥EThis is a quasi -Eggs;÷E
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